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SYMPOSIUM ON THERMODYNAMICS AND MOLECULAR 
STRUCTURE OF SOLUTIONS 1 

Introductory Remarks 
OTTO REDLICH 

Shell Development Company, Emeryville, California 
Received, October 25, 1948 

The problem of the relationship between the thermodynamic properties and 
the molecular structure of solutions has run through the full zigzag course 
which is the usual fate of a theory. The early successes of the laws of the 
dilute solution led to the extreme of Dolezalek’s theory (10), according to which 
all solutions are perfect and all apparent deviations from the laws of the perfect 
solution are due to association of the components and to the formation of com¬ 
pounds. 

As fashions go, the reaction came in the 1920’s, under the impact of the theory 
of Debye and Huckel. While Dolezalek completely disregarded intermolecu- 
lar and interionic forces, there appeared now a tendency to forget entirely the 
possible existence of chemical bonds and undissociated or associated molecules. 

Actually, neither of the extreme tendencies was ever fully adopted though 
their influence at times was quite strong. But the proper middle course led 
to a difficult question: How can we give both ionic or molecular interaction and 
chemical bonds their due shares? Many properties, for instance, the heat of 
mixing, do not present a safe criterion. In extreme cases, of course, the dis¬ 
tinction is obvious. The heat of mixing of sulfuric acid and water is undoubt¬ 
edly a heat of reaction, while the heat absorbed on diluting a solution of sodium 
nitrate is due to interionic forces. But the heat content does not indicate a 
clear border line, nor does any other thermodynamic property. The same is 
true for other properties such as the refractivity or the viscosity. 

Nevertheless a fairly clear-cut distinction, based directly on the traditional 
concept of the molecule, can be made. Any dissociation or association changes 
the number of vibrational frequencies. As soon as the vibration spectrum is 
fully known and interpreted, no doubt is left regarding the molecular state of a 
solution. But often a full knowledge of the vibrations is not necessary. A 
frequently discussed criterion is this: If in a solution the frequency of a Raman 
line or an infrared band continuously changes on changing the concentration, 
the shift is due to interaction with the environment. If one line gradually 
becomes less intense and a different line appears and becomes stronger, we may 
safely assume an equilibrium between two molecular species. 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solu¬ 
tions, which was held under the auspices of the Division of Physical and Inorganic Chem¬ 
istry at the 114th Meeting of the American Chemical Society, Portland, Oregon, September 
13 and 14, 1948. 
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For an illustration of the use of vibration spectra and other properties in the 
elucidation of the molecular state, I should like to discuss a few examples which 
have found no other place on the program of this symposium. 

The molecular state of nitric acid has been the subject of many investigations 
for a long time. Twenty years ago Hantzsch (15, 16) tried to support his the¬ 
ory of pseudo acids by a discussion of nitric acid, and Halban and Eisenbrand 
(14) encountered some difficulties in the interpretation of their careful measure¬ 
ments of the ultraviolet spectrum. Since that time numerous authors have 
contributed considerable information on the molecular state of nitric acid. Only 
the two latest results will be discussed here. One refers to aqueous nitric acid 
in the range between 80 and 100 weight per cent, the other to the range above 
94 per cent and to mixtures with sulfuric acid. 

According to Dalmon and Freymann (9) and to Chedin and F4n6ant (5), 
the hydrogen band observed in the infrared and Raman spectra of aqueous 
nitric acid solutions undergoes a considerable change in the range between 80 
and 100 per cent. The most intensive component in anhydrous nitric acid is 
found at 3400 cm. -1 It gradually disappears on dilution to 80 per cent, while 
another intensive component at 3560 cm. -1 and several weaker and lower fre¬ 
quencies appear. In the same range the deformation vibration, 608 cm. -1 , 
is gradually replaced by 637 cm. -1 (5). These changes have nothing to do with 
ionization, since nitric acid is very little ionized in this whole range. The 
qualitative explanation is obvious. Anhydrous nitric acid is associated through 
hydrogen bonds. On addition of water, these bonds are replaced by hydrogen 
bonds between nitric acid and water. This process is complete at 80 per cent, 
which corresponds to the composition of the monohydrate. On further ad¬ 
dition of water, ionization increases rapidly. There are various possibilities 
for hydrogen bonds between nitric acid molecules and between the acid and 
water. The available data do not appear to be sufficient for a detailed de¬ 
scription. 

For a long time it has been assumed that nitric acid in aqueous solution be¬ 
tween 94 and 100 per cent and in mixtures with concentrated sulfuric acid is 
slightly decomposed into nitrogen pentoxide and water. Recently Westheimer 
and Kharasch (23), Bennett, Brand, and Williams (1), and Ingold and his 
coworkers (13, 17) have shown that a dissociation actually takes place but that 
it leads to a positive ion, the nitronium ion: 

3hno 3 = mi + Nor + hno 3 -h 2 o 
HNO s + 2H 2 S0 4 = mt + 2HS07 + h 3 o+ 

The evidence is overwhelming. It includes extensive earlier experimental 
results of ChSdin and his coworkers (4, 5, 12). A Raman line at 1394 cm r 1 
is now satisfactorily explained as due to the linear N0 2 + ion. The freezing- 
point depression in sulfuric acid is in accord with the electrolytic dissociation 
furnishing four ions per mole of nitric acid. The absence of nitric acid lines in 
the Ra man spectrum of solutions in sulfuric acid containing less than 15 mole 
per cent nitric acid and the negligible partial pressure of nitric acid over these 



solutions furnish further evidence. The most direct proof, however, is pre¬ 
sented by the cathodic migration of nitrogen in sulfuric acid solutions. 

Very impressive is also the influence of the nitronium equilibrium on the heat 
content (7). Solutions containing a little less water than corresponds to HNOs, 
i.e., nominally 101 per cent HNO3, liberate only a few hundred calories per 
mole of water on dilution. The heat evolution increases very rapidly and at¬ 
tains a maximum of 4100 cal. per mole of water at 97 per cent. On further 
dilution the heat effect decreases steadily. This means, of course, that the 
combination of nitronium ion, nitrate ion, and water to nitric acid absorbs heat, 
while a large amount of heat is produced by the depolymerization of the acid. 

Ch6din and his coworkers (4, 6) have shown, especially by the examination 
of Raman spectra and vapor pressures, that the molecular state of nitric acid in 
mixtures with sulfuric acid and water can be described in a fairly quantitative 
way. 

The conclusions for the kinetics of nitration are obvious and well established 
(23): rapid nitration in anhydrous nitric acid or in mixed acid is due to the 
nitronium ion. 

As another example I should like to discuss briefly the problem of the asso¬ 
ciation of water. The basic hypothesis, that ice molecules are present in liquid 
water at low temperatures, was proposed by Whiting in 1884 and elaborated by 
Roentgen in 1892. This hypothesis was in various ways expanded by numerous 
authors (for earlier references see 3 and 22). The mechanism of the association 
was explained by Latimer and Rodebush (20) when they pointed out the exist¬ 
ence of hydrogen bonds. The essential points of the earlier hypothesis were 
confirmed and elucidated by Bernal and Fowler (2; see also 21) in 1933. These 
authors, indeed, found by means of x-ray analysis that in cold water the struc¬ 
ture of ice persists over short ranges (each water o molecule is tetrahedrally 
surrounded by four molecules at a distance of 2.76 A.). This structure disap¬ 
pears gradually on heating. 

Qualitatively the picture is quite clear. Various numbers of water mole¬ 
cules are connected by hydrogen bonds to associated molecules. The equi¬ 
librium is, of course, dynamic and the life of an associative bond probably short. 
The larger aggregates enclose an appreciable amount of hollow space to produce 
the abnormally large volume of cold water. The influence of temperature, 
pressure, and solutes in breaking down the associated molecules is in accord with 
thermodynamic principles. This model explains qualitatively all the perplex¬ 
ing properties of water,—volume, expansibility, compressibility, specific heat, 
infrared and Raman spectra, viscosity, and so on. 

Regarding quantitative information, we should like to know the properties 
and concentration of each molecular species or at least of the associative bonds. 
Actually our quantitative knowledge is extremely scanty. The simplest as¬ 
sumption would be that of a continuous association as proposed by Lassettre 
(19) and by Kempter and Mecke (18) for other hydroxyl compounds. But 
according to the results of Cross, Burnham, and Leighton (8) and of Eucken 
(11) it may be questioned whether continuous association represents a very good 
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approximation. It is quite possible that some polymers, for instance (H 2 0) 8 
(11), are favored. At low temperatures there is undoubtedly a considerable 
amount of aggregate of higher than fourth order present, since polymers of 
lower order cannot enclose an appreciable hollow space. On the other hand, 
ass ociation to very much larger molecules is not likely because then we would 
have to expect a high viscosity. It was pointed out (22) in 1929 that no basis 
for definite statements regarding the size of the associated molecules is avail¬ 
able. This situation has undergone little change. 

Somewhat more definite is our knowledge of the heat of association. From a 
discussion of the Raman spectrum Cross, Burnham, and Leighton (8) derived 
a crude estimate of 3 kcal. for the heat of formation of a hydrogen bond. 
Eucken (11), on the other hand, obtained the heat of association for various 
polymers from the specific heat. His estimates, changed to the heat of forma¬ 
tion of one bond, are reasonably close to 3 kcal. 

Some time ago an attempt was made (22) to derive the temperature 
pendence of the concentration of the higher polymers from the intensity of 
infrared absorption. The result is in good agreement with a recent estimate 
of Eucken (11), based on the specific heat and the volume. 

The average number of hydrogen bonds per formula weight is estimated by 
Cross, Burnham, and Leighton to be slightly higher than two at 26°C., accord¬ 
ing to the intensity of Raman bands. 

These are meager results. But there is no reason to doubt that the quantita¬ 
tive description of the association equilibrium of water presents a significant 
and solvable problem. 

Twenty years ago, when various attempts to extend the theory of Debye 
and Huckel to concentrated solutions were not very successful, a certain pes¬ 
simism was the natural consequence. The examples discussed here indicate 
that the molecular theory of solutions need not be restricted to the state of high 
dilution. 
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EQUILIBRIUM IN NON-ELECTROLYTE MIXTURES 1 

GEORGE SCATCHARD 

Department of Chemistry, Massachusetts Institute of Technology , Cambridge, Massachusetts 

Received October 25, 1948 

The following subjects are discussed or reviewed; (1) the analytical expression of 
an extensive property interesting in thermodynamics as quantity per mole of un¬ 
mixed components plus the product of two mole fractions multiplied by a power 
series in the difference between these mole fractions; (2) the related expressions for 
the two partial molal quantities and their difference; ( 8 ) the illustration of these 
methods applied to volume changes on mixing and to excess free energies; (4) the 
approximation of properties of poly component systems to those of the two-com¬ 
ponent systems comprising them; ( 5 ) the computation of analytical expressions for 
the excess free energy from measurements of vapor pressure and composition as 
functions of liquid composition, corrected or uncorrected for deviations of the 
vapor from perfect gas laws; ( 6) a “Gibbs-Duhem” test of consistency of vapor 
equilibrium measurements without differentiation, by plotting short segments of 
lines through corresponding potentials at x = 0 and 1, which should be tangent to 
the curve of molal free energy; (7) the computation of excess free energies from 
vapor pressures and liquid compositions, from liquid and vapor compositions, from 
the vapor pressure of one component, from azeotropic pressure and composition, 
from the solubility of a solid component, or from the composition of two saturated 
liquid phases; (8) the relation of the mole fraction expansion to the corresponding 
expression for the enthalpy of mixing in terms of volume fractions or other units, 
and to the Flory-Huggins expression for the excess entropy of mixing; ( 9 ) the possi¬ 
bility of expressing these two relations in terms of surface fractions rather than 
volume fractions; (10) the differences between the free energy, enthalpy, and en¬ 
tropy of mixing at constant pressure and the work content, energy, and entropy 
of mixing at constant total volume, and their effects upon the comparison of cal¬ 
culated and measured quantities; (11) the possibility of the cohesive energy density 
important in solutions being somewhat larger than the energy difference between 
the perfect gas and liquid states because of the intramolecular cohesive energy of 
the gas; (12) the molal volumes, the product of molal volume and the square root of 
the cohesive energy density of an homologous series and of the isomeric octanes; 

(IS) the calculation of cchesive energy densities as proportional to the five-thirds 
power of the refraction; (14) the sorting or non-random distribution of molecules 
in solution; (15) partial accounting for sorting by use of the law of mass action for 
association of one component with one reactive group per molecule giving only 
dimers, with two reactive groups per molecule giving all linear polymers, with 
three or more reactive groups per molecule giving three-dimensional polymers, 
and for one-to-one combination. 

INTRODUCTION 

Most of our treatment of equilibrium is based upon the finding of Willard Gibbs 
(5) that, under certain simplifying conditions, the temperature, pressure, and 
chemical potential of each component are each constant throughout a system in 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solutions, 
which was held under the auspices of the Division of Physical and Inorganic Chemistry at 
the 114th Meeting of the American Chemical Society, Portland, Oregon, September 13 and 
14, 1948. 
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equilibrium. In some eases some of the simplifying conditions have to be re¬ 
moved, but we know pretty well now how to handle these more complicated cases. 
As a consequence we usually take temperature and pressure as independent vari¬ 
ables. However, we seldom take the potentials. Instead, we usually use the 
number of units of each component and most often we choose as unit the mole. 
We reduce these to intensive quantities by dividing the number of moles of each 
component by the total number of moles in the phase, to give the composition as 
mole fractions of the components. It is then convenient to reduce the other 
extensive quantities to intensive ones in the same way. For the study of poly¬ 
component systems, or for the determination of one kind of equilibrium from 
measurements of another kind, it is essential to have analytical expressions for 
these functions. It is always useful to have at least an approximate analytical 
expression, so that the small deviations may be plotted on a large scale. 



o x, 



0 x, 


Fig. 1. Benzene-cyclohexane: volumes 


VOLUME OF MIXING 

We consider the volume first, because the relations are simple and the"measure- 
ments are so direct that each step can be easily visualized. The phase consists of 
Nj moles of component J, N K of component K, etc., and it has a volume F. 
Then the mole fraction x K is defined by the relation x K = N k /2jNj, in which 
means a sum over all the components. The volume per mole is defined by the 
relation, V x = F/2jAj and the partial molal volume of component K is defined 
by the relation 

Fe = (dV/dN K )T,p,N = (dV x 2jNj/dNK)T,p,N 

In the pure component K, V K = V/N K = V Kj which we call the molal volume of 
component K. 

Figure 1 shows on the left V s at 30°C. as a function of xj for mixtures of ben¬ 
zene (component 1) and cyclohexane (component 2) (21). Although in this case 
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the change is only about 20 per cent, it is obvious that the accuracy of plotting 
can be increased by subtracting a straight line through the end points to give 
the volume of mixing per mole, Vx, defined by the relation 

V? = V x — xjVi - x 2 V 2 

This is represented in the upper scale on the right. The scale of ordinates is 
50 times that of the plot of V M > but a parabola will allow still more accurate plot¬ 
ting. The open circles in the upper left-hand section of figure 1 are 

V? - 2Mix 2 
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Fig. 2. Benzene-cyclohexane: free energies 


The deviations are still apparently smooth, so that it should pay to consider 
higher terms. Since the parabola accounts for most of the volume of mixing, 
it is convenient to keep this term and to expand in the form 

Vx = XiXi 2,VUxr - Xi ) r 

with v summed from 0 to n? V\i is the coefficient of the v th term (it is not Vn 
to the v th power). If we were trying to do the best job possible, we would use 
the method of least squares to determine the coefficients. Even then it is often 

* This form was suggested by Guggenheim (6) for the excess free energy, and has since 
been used by many others. Redlich and Kister (15) have shown that with this form many 
polycomponent systems can be treated to a good approximation by adding the expressions 
for all the binary pairs composing them. A less elegant expression of this function was 
used by Scatchard and Hamer (18) to compare the development in mole fractions with that 
in volume fractions, and the latter expression was used for polycomponent mixtures by 
Scatchard, Wood, and Mochel (23). 

For a binary system there is no fundamental difference between this and other methods 
of expressing concentrations, such as that used by Benedict, Johnson, Solomon, and Rubin 
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convenient to work with deviation functions. Since we have already pinned 
down the function at the two ends and the middle, it is convenient to pin it down 
also at the one-quarter and three-quarters points and to determine two more 
constants by the relations: 

Vo.75 - Vo .25 = 3V12/I6 

Vo. 25 + V 0.75 - 3V; 2 /8 + 3V" 2 /32 

Vq, 7 s is the molal volume when x\ = 0.75, and V 0.25 the volume when Xi = 0.25, 



The filled circles in the upper left-hand section of figure 1 are 

V* - xM2.Q - O.lfe - x 2 ) + 0.2(3! - 3 2 ) 2 ] 

The scale is 500 times that of V*. Except for the last point the average devia¬ 
tion is less than 0.002 per cent. 

THE EXCESS FREE ENERGY 

The free energy of mixing per mole at 50°C., F*, for the same system (21) is 
shown in the left side of figure 2 as open circles. The half-filled circles are 
F* + 13863x32. The parabola does not give a satisfactory correction near the 
ends. If there had been accurate measurements in more dilute solutions, the 
discrepancy would have been even more obvious. The reason is that the slope 
of Fx is infinite at the ends, even for ideal solutions. Figure 3 shows the free 
energy of mixing for an ideal solution as curve 0. Curve 1 is corrected for the 
parabola and curve 2 for the fourth-degree term. All odd terms are zero, since 
the curve has axial symmetry. 

(1) for the excess free energy of mixing. If one constant is used, their 2A 12 = Fit; for two 
constants 3l n2 = F? 2 + Fit, 3 Am « F? 2 - Fu; and for three constants 4A m2 * Fit + Fit + 
Fit, 3 A2122 “ Fit — Fit , 4A1222 =» — Fit 4 * Fit. 
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So we define the excess free energy of mixing per mole, F% as the free energy 
of mixing minus that of an ideal solution, or 

F e x - F* - RT In Xj 

F x for this system is plotted as filled circles on the left of figure 2. 

The open circles on the right are 

F E — 283x1^2 

on a 50 times larger scale, and the filled circles are 

F E — £i#2[283 + 17(xi — £ 2 ) + 12(zi + x 2 ) 2 ] 

on a scale 100 times larger again. The agreement could be improved still more 
by a more careful choice of constants. 

POWER SERIES EXPANSION 

These two applications show the usefulness of the method and its limitations. 
It can be applied to any function which is never infinite itself and has no infinite 
derivatives. It fails for F x because of the infinite slope at zero concentration. 
It will fail also for Fl , V x , or any similar functions of dilute electrolyte solutions. 
The Debye theory tells us that for such solutions F%, V x , H x , etc. are proportional 
to the square root of the mole fraction of the ions when this mole fraction is very 
small. The theory also enables us to calculate an electrostatic term F x , such 
that ( F x — Fx) may be treated as F E X for a non-electrolyte mixture. One of the 
important achievements of the Debye theory is to confirm the assumption which 
had been made empirically for many years, that for very dilute solutions of non¬ 
electrolytes F E is proportional to x. The method can be applied, of course, to 
the enthalpy and energy of mixing H x and E x , as to the volume, and to the ex¬ 
cess entropy and work content, S E = Sx + R'Z % x i In Xi and A x —A x —RT2 t x t 
In Xi, as to the excess free energy. 

If a tangent is drawn to a curve of a molal quantity against the mole fraction, 
the intercepts at xi = 1 and at x 2 = 1 are the corresponding partial molal quan¬ 
tities of components 1 and 2, respectively. Thus when V x is plotted against x , 
the intercepts of the tangent are Vi and V 2 ; for V x the intercepts are Vi = 
Vi — Vi and V 2 = V 2 — V 2 . For F x the intercepts are hi =* RT In <n and 
ii 2 = RT In 02 , and for F£ they are juf = RT In 71 and yfi = RT In 72 , in which 
Oi and 02 are the activities of the components with the component liquids as the 
standard states, and 71 = <h/zi and 72 = a 2 /x 2 are the corresponding activity 
coefficients. 

For the deviation curves it is necessary to add to the measured intercept the 
analytical expression corresponding to the equation used. 

If 

Gx = XiX2 2,Gu(Xi — X 2 y 

= #2 — $1 — ZyGuKxi — x 2 ) y+1 — 2vxix 2 (xi — a? 2 ) r ” 1 ] 
ox 1 

Gi = x\ — x 2 ) y + 2vx\{xi — x 2 )^ 1 ] 

(j 2 ~ Xi !jvGi 2 [{Xi — X 2 y — 2vx 2 (xi — 


d Gx 

dx 2 
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in figure 4 are plotted the contributions of the first five terms to Gx, each expressed 
as Gx/G’u. Note that the maximum effect decreases as v becomes larger, and 
that the maxima spread away from the center. It is obvious that Gh — Gu(— l)'. 
Figure 5 shows the corresponding values of Gi — Gi. It is worthy of note 
that the term with v — 1 is the only one which is not zero at the midpoint. 
Figure 6 gives the corresponding curves for G». Those for Gi are obtained by 
interchanging subscripts and multiplying by (— 1)'. Each term beyond the 
first changes sign and each beyond the second changes sign twice, once at the 
midpoint and once at a lower concentration. 

The excess free energy makes the best function for correlating vapor-liquid 
equilibrium data when both the equilibrium pressure and the vapor composition 



have been determined. Each point represents two potential measurements 
weighted as they would be for a least squares treatment, by multiplying by the 
corresponding mole fraction. It is sometimes convenient to use the correspond¬ 
ing function uncorrected for deviations from the perfect gas laws and divided by 
2.3 RT: 


Qx = xi log Pyi/Piai + Xi log Pyi/Pi&z 

Figure 7 shows Q x for chloroform-ethanol mixtures at 45°C. as open circles (20); 
Xt is the mole fraction of ethanol. The filled circles are Q x - O.tfOxiXz and the 
open circles near the zero line are 

Qx - x ^ O .470 + 0.219(aii - a*)] at 45°C. 
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Fig. 6. Expansion of Gi 

These last are replotted on a larger scale in figure 8, together ■with the correspond 
ing functions 


Q x — xi%[0.462 -f 0.255(zi — x 2 )] at 35°C. 
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and 


Qx — 2i2;2[0.455 + 0.183(a:i — a^)] at 55°C. 



Fig. 7. Chloroform-ethanol: vapor pressures at 45°C. 

The next term in the expansion with v = 2 is very small. The curves are drawn 
to give an approximate fit for v = 3 at x = § and £ as well as at £, and f. 
The curves at all temperatures are for the function 

Q.Q78xiXi(xi - x 2 )[(a;i - 2 2 ) 2 - 0.25] 

This term gives a considerable improvement in the fit at 35° and 45°C., but not 
much improvement at 55°C. 
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This analytical expression of the partial pressures is often called an integration 
of the Gibbs-Duhem equation. The Gibbs-Duhem equation is not sufficient 
because it also applies when the slope is infinite, as in the free energy of mixing. 
However, the measurements do give more than the excess free energy of mixing; 
they give the excess potential of each component. The consistency of the 
results may be determined by a reversal of Gibbs’s method of determining the 



Fig. 8. Chloroform-ethanol: the curves represent 0.078^ix 2 (xi — x 2 )[(xj — x 2 ) 2 — 0.25] 

potentials as the intercept of the tangent to the curve of G x vs. x\ with the or¬ 
dinates xi = 1 and x 2 = 1. If the measured value of Gi at Xi = x is plotted at 
x t — 1) the corresponding value of G 2 at x« = 1 and the straight line drawn 
through them, the intercept with the ordinate xi = x is the corresponding value 
of Gx and the line is the tangent to the curve of G x vs. xi at that point. For a 
difference function we substitute the corresponding differences in the potentials. 
In practice it is simpler to calculate G x algebraically as X\G x + x&i and to draw 
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a short segment of the line through G x and one of the end points. The segments 
of straight lines should be tangent to the smooth curve through all the points. 
These lines are drawn in figure 8. 

This method has the advantage over any other “test of the Gibbs-Duhem 
equation” which I know in that it involves no differentiation, but the measure¬ 
ments at each point are compared with the smooth curve through all the points. 
It shar es the disadvantage of all such tests that we do not know how large an 
error in the measurements corresponds to a given deviation in slope. We can 
tell that the deviation of a single point from the smooth curve through the other 
points probably means an error in the pressure if the slope is correct but the posi¬ 
tion is in error, and probably an error in y if the position is correct and the slope 
in error. Deviations in both slope and position may indicate an error in x. 
A more exact comparison may be obtained by calculating P and y from the equa¬ 
tion and comparing each with the corresponding measured quantity. 

The scale of figure 8 is such that it should show the deviations of Q x from an 
extensive property. At 45°C. the correction may be represented quite accurately 
by FI/2.ZRT — Q x — — 0.01xix 2 , but the tangent does not give the correspond¬ 
ing values of the potentials. It would be hard to say, however, that the cor¬ 
rected points are more consistent than the uncorrected ones. 

If only the liquid and vapor compositions have been determined, the coeffi¬ 
cients can be determined from the equation 

1 d F e P 

log «, - log ftft/aft = Os? + Iog ?5 

= A- - x 2 ) ,+1 - 2vxix,(x 1 - x 2 ) v ~ 1 ] 

Kedlich and Kister (15) have discussed the determination of the parameters of 
this equation. If we pin down the curve at f, $, and f, with the values yi, y 2 , yz : 

A = 2(j/i + y 3 - y t / 2)/3 

Qli — V\ — Vi 

Q'i 2 = 4(22/2 — 2 /i — y s )/3 

If only total pressures have been measured, the vapor pressures of the com¬ 
ponents and of one mixture are sufficient to give one constant. If the mixture 
is equimolal 

log Po. s = log (P,o + P»)/2 + Qi 2/4 

further approximations must be made by trial and error. If the vapor pressures 
of the two components are approximately equal, two more constants can be ob¬ 
tained readily from the measurements at x = | and f in addition to the meas¬ 
urements used above. 

If only one component is volatile, all the parameters contain the square of the 
mole fraction of the other component as a factor. There is therefore a great 
advantage in using measurements in solutions as dilute as possible. A plot of 
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log Py/PiXi minus an analytical function vs. x\ will indicate the next function to 
choose. 

The azeotropic pressure and composition are sufficient to determine two con¬ 
stants if the vapor pressures of the components at the same temperature are 
known. They may be determined from the equations 

log Pa/Pio = (1 - x A f[Qn + QUZ ~ 4^)] 

log Pa/P* = x\[Q\, + Qn(l - 4 x A )] 

in which P A is the azeotropic pressure and x A the mole fraction of component 1 
in the azeotrope. The solubility of one solid component in the other will give 
one constant if the difference in potential of the solid and liquid is known from 
thermal measurements or from other solubility measurements. If the system 
is only partially miscible, the compositions of the two phases in equilibrium deter¬ 
mine two constants (18). 

When the deviations are large and positive it is always well to check that the 
equation does not demand separation into two liquid phases when there is none. 
This can be shown by the plot F%, which shows an inflection if there is separation 
into two phases. Usually it is shown more clearly by plotting hi or p*, which 
show a maximum and minimum if there are two liquid phases and a horizontal 
inflection at the critical mixing point. 


EFFECT OF DIFFERENCES OF VOLUME OR SURFACE 

Expansion in power series of the mole fraction is not always the most eco¬ 
nomical expression of these functions. Eighteen years ago I showed (17) that 
for simple binary non-electrolyte mixtures, the excess free energy per unit volume 
should be expressed approximately by a constant times the product of the volume 
fractions of the components, that the constants should be calculable from the 
energies of evaporation of the components, and that the excess free energy of 
polycomponent solutions can be calculated with no new parameters. We have 
also shown in several papers that introduction of a second term is more effective 
with this expression than with mole fractions, although mixtures of a non-polar 
compound with an alcohol seem to be represented more simply by the mole 
fraction form. The simple one-parameter equation has since been much used 
by Hildebrand and his collaborators with solutions of small molecules and by 
many high-polymer chemists for the enthalpy of mixing. Professor Hildebrand 
discusses it more fully in this symposium (10). For a two-component system, 
if p = Vz/Vi, 

f b = a l_ 

ViXi + V 2 X 2 p+1, p — 1 , N 

1 - —j—. (xi - Xi) 

p I 1 


2$V, 

p + 1 



(%i 


-x 2 y 
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So 


F[» = 


2/37, 


P + 


1 / w V 

1 \p +1/ 


The corresponding expressions for the chemical potentials are 


Pi - PVX ^ 

= ^ (v!*! + Vs®*) = 


4/37ip 2 x 2 
(P + D 2 

4/37 2 xf 
(p + l ) 2 


i - 7+i - **) 


i 


‘ 1 “ “ **)y 


The series F [ 2 converges for any finite value of p, and it converges rapidly if p 
is near unity, say between § and 3. The mole fraction form is not a useful one 
for high polymers because of the slowness of convergence and because it fails to 
show simply that the enthalpy of mixing of a given mass of polymer is nearly 
independent of its molecular weight. 

These relations hold equally well if p be defined differently, provided the prod¬ 
uct /37 2 be defined to correspond. The equation of Langmuir (13) is equivalent 
to definingp as (7 2 /7i) 2/3 , and that used by van Laar (25) is equivalent to defining 
p as 62 / 61 , the ratio of van der Waals 6 ’s for the two components, which is almost 
the same as taking Vt/V\. In the “van Laar equation” often used by chemical 
engineers, however, both p and /37 2 are determined empirically, usually as /37 2 
and / &Vz/p. 

In my first treatment I assumed that simple non-polar solutions are regular, 
that is, that the entropy of mixing is the same as for an ideal solution. Almost 
everyone treating solutions was making this assumption, and the attempts to 
prove it were often more amusing than convincing. I accepted Hildebrand’s 
justification ( 8 ) that solutions are regular when “orienting and chemical effects 
are absent and the distributions and orientations are random.” 

Since then the high-polymer chemists have shown that volume differences lead 
to an excess entropy of mixing. Starting with a quasi-crystal lattice model in 
which each solvent molecule and each polymer unit occupies one unit cell, Hug¬ 
gins (11) and Flory (3) arrived independently at expressions which may be 
written as 

Si = - R 2 ,-Xj In Vf/V m 

This question has been treated more elegantly by Guggenheim ( 7 ). Although 
the original derivations apply to linear polymers which cannot coil back on 
themselves, Huggins suggests that the equation should apply to any mixture. 
Hildebrand ( 9 ) has recently reached the same conclusion, without using a quasi- 
crystal lattice, but with the assumptions that there is an entropy term propor¬ 
tional to the “free volume,” and that the “free volume” per mole of a liquid is 
proportional to its total volume. This second assumption does not seem very 
probable to me. 
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For a binary mixture, the Flory-Huggins expression may be written: 

= Xi In p - In [1 + (p - l)xal 
The corresponding values for the partial molal entropies are 

1 , (p - j> 

R n 1 + (p - l)x + 1 4- (p - l)x 

_8[ _ , p _ (p - i)(i - x) 

R n 1 + (p - 1)* 1 + (p - l)s 


In comparing other analytical expressions with the power series expansion, 
we may use two methods, both of which seem to me dangerous, however, when 
applied to curves from experimental measurements. The first is to determine 
the coefficients of the power series from the value of the other function and its 
derivatives at x = 0.5 by the relation 


G’n = 



( d°(?A 

-jThe second is to utilize the extrapolation of Q* to 
at xi = 1 and of (j 2 to (G%)\ at Xi = 1 to give: 


[(# 1)2 + (#2 )i]/2 = S(?I 2 even 


m) 2 - (Gf) 1 ]/2 = S G v u odd 


Carlson and Coburn (2) use these two equations to determine two parameters 
from the extrapolation of experimental measurements. In the Margules equa¬ 
tion their parameters are Fit and F [ 2 ; in the “van Laar equation” they are 
PV? and pVi = pV 2 /p. 

It is possible to determine any number of parameters from the derivatives at 
the midpoint and to check by extrapolation of the partial quantities to determine 
the residuals such as SGw even — Gu or 2 Gn even — Gis — Gfn and 2 (?i 2 odd — Gu- 

Figure 9 shows Fn/Fi*, Fn/F\i, (2F 12 odd - F^/Fu and (2Fi2even ~ ^12 - 
F"i)/Fn for the volume fraction expression given above, with F' 12 and F" 2 deter¬ 
mined from the derivatives at the midpoint. The dotted lines are F' u /Fu and 
F’i 2 /F 12 with F'i 2 and F[ 2 determined from the values of F 12 and F* at x — \ and 
f. The value of F? 2 does not depend upon p. 

Figure 10 shows the first four curves for the Flory-Huggins entropy. The 
value of F ?2 does depend upon p, and is given as the broken curve with ordinates 
at the right. The Flory-Huggins entropy is more symmetrical than the volume 
fraction expression for the same value of p. It corresponds roughly to the latter 
at p 2/3 . 

The Flory-Huggins treatment gives too large an effect in many cases. Zimm 
(28) has assumed that high-polymer molecules are so much bigger than those of 
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the solvent that the solvent may be treated as a continuous medium, and has 
made calculations for dilute solutions which are equivalent to the calculation of 
van der Waals’ b for spherical molecules and for long cylinders. His results for 
long cylinders are larger than the simple Flory-Huggins result. The quantity 
(v/RTc — l)/c, with t the osmotic pressure, is V 2 — V\/2 for ideal solutions. 
Zimm obtains lV 2 /d for cylinders with length, l, greater than ten times the diam¬ 
eter, d. By the Flory-Huggins assumptions this is Vl/fi, which is_twice their 
value for this term. For large spheres, however, Zimm obtains 4F 2 , which is 
much smaller than the Flory-Huggins value. 



Fig. 9. Volume-symmetrical deviations 


It is probable that the Flory-Huggins model represents mixtures of straight- 
chain hydrocarbons to a fair approximation, but most mixtures of small mole¬ 
cules cannot be pictured as fitting into a simple lattice. Nor can the size of one 
kind of molecules be neglected relative to that of another. In treating energy 
the lattice theory treats the number of contacts between the central molecule and 
those surroun d i n g it. This should be represented approximately by the surface 
of the central molecule. It is not at all certain that the effective surface of a 
molecule is independent of the nature of the molecules around it, but it will be 
an improvement to make this assumption and take p as the ratio of surfaces 
instead of always the ratio of volumes. For long-chain molecules the surfaced 
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practically proportional to the volume, so p will still be the ratio of molal volumes. 
For molecules of different sizes but the same shape, the surface ratio is the two- 
thirds power of the volume ratio, corresponding to the formula proposed by 
Langmuir (13). To justify the use of a smaller p with the Flory-Huggins 
theory, we may assume that the “free volume” of a molecule is proportional to 
its surface, and follow Hildebrand (8) in the rest of his derivation. 

This problem is of prime importance to the high-polymer and colloid chemist. 
Its relation to the association of small molecules is discussed later. With small 
molecules the place where I have found it most important is in the study of the 



I 5 10 

? 

Fig. 10. Flory-Huggins deviations 


effect of changing solvent on the rate of reaction, where the rate depends upon the 
ratio of the activity coefficients of the reactants to that of the critical complex. 
The Flory-Huggins contribution is 



= In 


? c v x 


+ 1 


?A + “ V 0 

v x 


If the volume of the critical complex is the sum of the volumes of the com¬ 
ponents, this becomes — In V x + const., which means that the rates should be 
compared in volume concentrations rather than in mole fractions. I have long 
insisted that the reverse is true, and experimental results have supported my 
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thesis (22). If the volumes should be replaced by surfaces, the surface of the 
critical complex should be expected to be less than that of the reactants. If the 
difference is just the mean surface of a solvent molecule, the change with surface 
of solvent molecules is zero. It is possible that this relation is satisfied well 
enough so that the mole fraction expression holds approximately. It does 
seem a very complicated justification of a simple relation, and I am not happy 
about it. 


EFFECTS OF VOLUME CHANGE ON MIXING 

If distinction is to be made between the enthalpy and the minus temperature 
entropy product, it is important to consider the effect on these properties of the 
change of volume on mixing (19). This effect nearly cancels out in the free 
energy. The change in state considered in the foregoing theories, as in prac¬ 
tically all other theories, is not the same as that treated experimentally, and it is 
important to consider the difference. 

We shall limit ourselves to an isothermal change in state, T = To throughout. 
We shall let N A be the number of moles of component A initially at a pressure 
■Paoi with molal volume energy, entropy, enthalpy, work content, and free 
energy F A0 , P A o, S a0> H A o, A a0 , and F a0 . The general isothermal change in 
state is 

N a A(P a0 , T„) + N b B(P s0 , T„) +-> N a A(P, To) + N*B(P, T 0 ) + • • • 

unmixed mixed 

In the initial state 

Fo = N A V Aa + AT b Fb„ + • • • • , 

Eq = N A E A o + -VbPbo + •••• , etc. 

In the final state 

V = 7 0 + V M 
E = Eo -f- E M , etc. 

There are two special cases which are so important that we shall give them 
special subscripts. In both the initial pressures are all the same: 

P A o = Bbo • • • • == Po 

In the constant-pressure case 

P = P A o V - Fo + Vjf E = Eo = P* etc. 

In the constant total volume case 

F = Fo or Ff = 0 E = E 0 + B?, etc. 

Most measurements with liquids are at constant pressure. Although in meas¬ 
urements of vapor-liquid equilibrium, P A o is the vapor pressure of pure com¬ 
ponent A, P B0 is that of pure component B, and P is the vapor pressure of the 
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mixture, the correction to constant pressure is easily made and is usually much 
smaller than the correction due to deviations from the gas laws. 

All theoretical calculations are at constant total volume. The lattice treat¬ 
ment assumes tacitly that the initial pressures are such that a unit of each com¬ 
ponent occupies the same volume, which may require that P A o is very different 
from P B0 . More general theories will permit that they are the same, or, 

P ao = Pbo = ••• = Po 

In this case we can calculate some very interesting relations from thermody¬ 
namics alone. 


p - p -=-L 

F? 


Vo 


\ In (1 + V M /Vt) since dp = - ^ 


v 0 +v M fiv j8 


fiv 


A? = (P - Po)7 0 = j° In (1 + V M /V 0 ) 


r v o 

Fp - F? - / 

J v 0 


Vq+V** 


dv 

J 


ft 


F% - A* = F? - A? = ^ Pn (1 + V M /V 0 ) - V M /V J 


-(y 0 /2ft)[(V M /Vo) 2 + 


Sl-SZ = S?-S?= (%) dv 

Jv 0 \0l /v 

,r„+yK r/gv d(1/j8) Vo + 

- L Lw- + ~df~ 111 ——_r 

= (g?). + []n (1 + yM/Vo) ~ yM/n 

Hp - E? = V M T + j (l + Dn (1 + V M /Vo) - V*/V 0 ] 

T (§) = T%° = “Internal pressure” 

\dl /v Po 


fdhxV\ 

“ V dT )„’ 


Oto 


fto 


_ (d In 7 0 \ 

V ar A’ 

= / —d In F 0 \ 

V ap A 




The terms in [In (1 + V M /V 0 — V x /Ve] are usually negligibly small, and 
'-here is no other term for F E P — A E . The terms in (dPo/d T)„ in the entropy and 
enthalpy are far from negligible. For non-polar mixtures I have calculated 
(19) that Vp = ft 0 F E , so that 

H x - E? = TaoPp 
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For most organic liquids, ao is about 10 3 , so Tao varies from 0.25 to 0.5 at the 
temperatures which interest us most. 

INTRAMOLECULAR COHESIVE ENERGT 

I found eighteen years ago (17) that the cohesive energy density of a mixture 
of simple non-polar liquids, defined as the difference, E/Vo, between the energy 
per unit volume in the liquid state, Ei/V 0 , and the energy of the same material 
in the perfect gas state at the same temperature, EJVo, should be a quadratic 
function of the volume fractions of the components, and that the coefficient of 



Fig. 11. Normal aliphatic compounds: volume 

each term is the product of the square roots of the cohesive energy densities of 
the two components involved in that term. 

E/Vo « (Ei - E g )/V o - 2 zN/VfiNuVMtok/Vl 

- EuNuYuoV^k/Vl = (2iNiV»\fe/V o) 2 

Q>jk ^ V djj QfJch CLjj = Ejj V yo 

Last year 8 1 made the suggestion that long flexible molecules should have an 
intramolecular cohesive energy in the perfect gas state, so that the energy avail¬ 
able for interaction is larger than the difference between the liquid and the per¬ 
fect gas. 

* This section was presented at the 111th Meeting of the American Chemical Society in 
Atlantic City, April 17,1947, but has not been previously published. 
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To study this effect let us first consider the different parts of a single molecule 
as components. Then members of a homologous series correspond to mixtures 
of different composition. Testing first the additivity of volumes, figure 11 shows 
the volumes of several normal aliphatic compounds plotted against v , the number 
of atoms other than hydrogen. The lines are all drawn with slopes of 16 ml. 
per carbon atom, which appears to be the volume occupied at 20°C. by a CH 2 
group in straight chains. This volume is also almost independent of the tem- 




Fig. 12. Normal aliphatic compounds: (upper) refraction-volume; (lower) cohesive 
energy-volume. 

perature, and the thermal expansion is almost entirely in the intercepts, which 
differ for different series. The top curve represents hydrocarbons and iodides, 
the second the ethers, the third alcohols and the fourth phenyl derivatives. 

The lower part of figure 12 shows (V 0 E/ 2.3) 1/2 for these same substances. This 
should be a linear func tion of v if the cohesive energy density is a quadratic 
function and a jk = Va„ a kkj for 

VoE = Vl(E/Vo) - oV%) 2 
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Ihe linpg all have the slope of 60 units per carbon atom. The series are again 
characterized by the intercepts. The top curve represents the iodides, the sec¬ 
ond the hydrocarbons, the third the ethers, and the fourth the phenyl deriva¬ 
tives. The alcohols lie near the iodides and could be fitted by a straight line with 
slope slightly greater than that of the others. The slope would be increased if 
the interaction of the end groups, methyl and hydroxyl, with methylene groups 
is slightly greater than the geometric mean of the interaction of end groups with 
end groups and methylenes with methylenes. 

The upper part of figure 12 shows the cohesive energy densities calculated 
from the refraction, (n 2 - l)/(n- -j- 2), for the sodium D line. The dispersion 
or London energy of two molecules depends upon the polarizabilities and is usu¬ 
ally calc ula ted as depending upon some other function of the mobility of the 
electrons. We shall assume that this part is also a function of the polarizability, 


j. 

A 


Fig. 13. Octanes: deviations from normal divided by change for one carbon 

and that the cohesive energy density is proportional to some power of the re¬ 
fraction. Empirically I found the five-thirds power, and chose a coefficient to 
fit an average for the non-polar substances in this figure. The lines are taken 
directly from the lower figure. 

We notice first that the alcohols have dropped from the top curve to the bot¬ 
tom. This is not surprising, since a large part of their cohesion comes from the 
exposed dipoles or hydrogen bonds. We notice next that every series indicates 
a slope slightly greater than that of the lines. This difference may be due to 
errors in our assumptions, but it cannot be corrected by a reasonable change of 
the exponent of the polarizations. If we assume that it is real, the difference 
indicates that the energy of evaporation gives too small a value for the cohesive 
energy of molecules long and flexible enough to show intramolecular cohesion in 
the perfect gas state. 

Figure 13 shows the volume and the square root of the volume cohesive energy 
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product calculated by the two methods for the isomeric octanes. The formulas 
of the isomers are given at the bottom, going from n-octane through 2-, 3-, and 
4-methylheptanes, etc., to 2,2,3,3-tetramethylbutane. Except for this last 
substance the measurements are from Dr. Rossini’s laboratory in the United 
States Bureau of Standards (27). Each function is represented by the differ¬ 
ence from n-octane divided by the difference of n-nonane from n-octane. 

The circles represent the volumes. I find little regularity except that a branch 
on the 2 carbon tends to increase the volume, and other branches tend to de¬ 
crease it, particularly two branches on adjacent carbons. One might expect 
more regularity in these volumes. They are measured at atmospheric pressure, 
but an increase of only 0.01 per cent gives the volume under no external field with 
negligible differences between isomers. 

The root energy-volume products calculated from refractions follow the vol¬ 
umes to a certain extent, but show a smaller deviation. The measured root 
energy-volume products show a very different behavior. The differences are 
greater and also more regular. The broken line in the figure drops an equal 
amount for each branch in the chain regardless of its position. It represents the 
experimental points to a fair approximation. 

The evidence is clear that there is more intramolecular cohesive energy in the 
perfect gas state for branched chains, although it is not proven that this energy 
is available for intermolecular cohesion in the liquid. If it is available, the re¬ 
fractions should give a better measure of the behavior of solutions than the cohe¬ 
sive energies themselves. At the worst, the refractions should serve as an 
approximate measure of the cohesive energy density when direct measurements 
are impossible because of high melting point or decomposition on vaporization. 
For such substances the refraction, and if necessary the volume, may be measured 
in solution. 


SORTING OF MOLECULES 

Of course the distribution of the molecules in a solution will not be random 
if there is a change of energy when contact between two A molecules and that 
between two B molecules is replaced by two contacts between A and B molecules. 
The effect of this deviation on the thermodynamic properties has been calculated 
by Rushbrooke (16), by Kirkwood (12), and by Guggenheim (7) for spheres of 
equal volume with z nearest neighbors. Kirkwood’s expression is 

E£ - Brtuxt - (2 B 2 u/zRT)xlxt 
with B n independent of the temperature: 

Si = - {Bn/zR)x\x\ 

If there were no other cause for deviation from the simple theory, we would have: 
Fx P = jBi2£iX2[1 — (Bn/sRT)XiXz] 

In terms of the expansions used above we may say, since XiXi = -—— , 

Eln = JJu(l - Bn/2zRT), E'Jn = B\,/2zRT, Sin - B°n/4zRT, S'Jn - 
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Bu/izRT, Fin = Bn{l ~ B u /izRT), F% = Bn/AzRT. The deviation is 
always negative. If B 12 is positive and z is 8, the deviation is small until there 
is separation into two liquid phases when 



This treatment is based on the assumption that the energy of interaction is 
independent of the orientation. The theory of polar molecules would be ad¬ 
vanced greatly if we had a similar treatment in which the interactions vary from 
spot to spot on the molecules. In the meantime we must be satisfied with treat¬ 
ments in terms of combination or association which do not distinguish between 
energy and enthalpy. By combination we mean interaction between unlike 
molecules which can be expressed by the law of mass action; by association we 
mean similar interaction between like molecules. Three types of association are 
important. In the first there is only one spot of special reactivity in each mole¬ 
cule, so the association is limited to dimers. We shall call this “acid-type asso¬ 
ciation.” In the second type, which we shall call “alcohol-type association,” 
two active spots on each molecule permit the formation of linear chains of any 
length. In the third type, which we shall call “water-type association,” four 
active spots on each molecule permit the formation of three-dimensional poly¬ 
mers. It is convenient to discuss the general case in which the number of reac¬ 
tive spots in each molecule is two or more. We shall discuss only the simplest 
type of combination, in which each molecule has but one spot which can react 
with a spot in a molecule of the other species. 

We shall not make the assumption that chemical action is the only cause for 
deviations from the ideal solution laws. It has been known for many years (26) 
that no combination of reactions which obey the law of mass action can lead to 
separation into two liquid phases. We shall follow Redlich and Kister (14) in 
assuming that the non-chemical deviations do not depend upon the complexity 
of the molecules. It follows that the equilibrium constants do not depend upon 
the composition of the system. 

We shall use the subscript A for the component which associates and B for the 
other; n A and n B are the numbers of formula weights of the components; x K and 
Xb are the stoichiometric mole fractions, x A = nj (n A + n B ); v g is the number of 
moles of the species g\ and % g and £b are the “true” mole fractions, = ^/(n B + 
2*y ff ). The parts of the chemical potentials due to association, or combination, 
are 

HaJRT = In ya./0a = In £ 1 / %a£i 

1 &/RT = In 7 b//3 b = In &/x B = In &/(l - x A ) 

in which y A and y B are the stoichiometric activity coefficients, /S A and # B are those 
parts which are independent of the amount of chemical action, and £? is the value 
of & when x A = 1. The free energy per mole of components due to chemical 
action is 


Fl/RT = z A In &A'a!°i + (1 - x A ) In fe/(l - x A ) 
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It is convenient to work with one mole of total species, and very convenient to 
take $1 as the independent variable. 4 Then it is necessary to determine £? as a 
function of K , and and £ B as functions of K and £ 1 . We shall also use Q x = 
Fx/2.3RT, etc. and common logarithms. 


ACID-TYPE ASSOCIATION 

In the acid-type association there are but three species, B and the monomers 
and dimers _of A, and 

& - Kfx 

ft a ^ 4" 2^2 = Ji(l + 2IT£i) 

ftB — £b — 1 •“ fi(l + ^Qi) 

= &(1 + 2K£i)/(l + K£ i) 

|S = (V1 + 4Z - 1)/2Z 
So 

(1 + K&2K 


Ql = s A log 


+ (1 - *a) log (1 + K%\) 


(1 + 2^0 (VI + 4 K - 1) 

The expression for z A is a quadratic and it is possible to solve for & and to 
express Q x explicitly,in x A , but the expression is probably too complicated for 
general use. 

Since 

(Qa)b = — log £i 

and 

(Qb)a = log (2 — £?) 
it is easy to obtain the results 

2£ab ev» = I log (2/i - 1) = (1 - |i)/2.3 + ••• 
and 

SQABodd = § log |S(2 - 5?) = (1 - &V2.3 + .. . 

When Xj, = § 

Si - Vl + 3/C - 1)/3Z 
So 

4 (1 + QK - Vl + 370 2 


Qw = 2 log 


27 X(2V1 + 37v + DiVlTW - 1) 


EXTENDED ASSOCIATION 

For the alcohol type Redlich and Kister (14) follow previous workers in assum¬ 
ing that the association constant, K, for the reaction 

A + An_i = An 

4 This is equivalent to taking temperature, pressure, and the potential (or activity) of 
component 1 as independent variables and closer to Gibbs than our usual procedures. 
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does not depend upon the order of the association. They obtain results which 
may be summed as 

Ql - log [(1 - KhY + Kg[{l + K) 

Ob = log [(1 — Kh) 2 + K^l ]/(1 — K%{) 

Q .„ - 4 k* [i + (Vn ? - lj ‘ ] - 4 

SQab even — log (1 + K) 


2Qab odd — 0 


The symmetry of their results depends upon the expression of the equilibria 
in terms of mole fractions. The association polymers must give deviations due 
to different sizes of the different polymers. If we assume that the potentials 
are given by the Flory-Huggins expressions, the constants should be expressed 
in terms of volume fractions or concentrations (4). 

We follow, in so far as we need to go, Stockmayer’s method (24) of treating 
branched polymers. We consider a system of N monomer units of component 
A, existing as M molecules, and N B molecules of component B which does not 
associate. We let / be the number of reactive spots on each unit, and a be the 
fraction of those spots which have reacted. From the assumption that there 
are no rings, M = IV(1 — af/2), and all of component A is in a single molecule 

when af/2 = 1 — From the assumption that every reactive group has the 

same probability of reacting, the number of monomer and dimer units, mi and 
m 2 are given by 

m-i/N = (1 - a) f 


m 2 /N = fa(l - a) 2 '" 2 /2 


Stockmayer finds that his expression for the number of a large polymer becomes 
invalid when af/2 = f/2(f — 1), but there seems to be no reason why those parts 
which we have taken should not hold to the limit af/2 = 1. 

We use the equilibrium expression for the formation of the dimer 

m 2 _ fa 

ml ~ 2N(l - af 

But by the Flory-Huggins expression 

m2_ h _ 

m| N + p N b 


if P - F b /7i 
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To find fa we go to the limit a = ao when N B = 0 


fa 


N 


f <*o 
2 (1 - a 0 ) 2 

Xa a(l — an) 2 


N + piV B 1 + (p — l)z B (1 — a)‘ 


a 0 


It is convenient to use ao as the measure of the tendency to associate and to use 
a as the working variable. With the Flory-Huggins expression for the activity 
coefficients, we obtain 

« - ~ Ios!(1+1 * ( ' - 1)1 + V 1 - - rr^] 

®" iogp - kg [i+ib( " - 1,1 + s t 1 - p i vjr- 2 y 


If p = 1, aj A = 


a(l — ao) 2 


a 0 (l — a) 2 

01 = I [ log (r^i) + A (XAa ■ ao) ] 


2 2.3®*“ 


08 


= 4/[ lo gL 


a 0.5 . 1 / \ 

- + Ya \ a 0.5 “ OLo) 

— a 0 4.6 


] 


2 ( 2 “ 


= —| log (1 - ao) 


2Qab odd = ^[log (1 — ao) + gg “oj 
If we assume the mole fraction form, on the other hand, 

g-gqf + yj 

Mi 2 (1 — a 0 ) 2 


For/ = 2, £ = 

1 “ Ql0 

Qab = 4 log 2(1 - Vl ~ ao) 

2(3aB even ~ log (1 ao) 

2Qab 0 dd = 0 

To show these relations graphically figure 14 gives (2ab2//, — 2(2 ab odd 2// 
and (2(2 ab even — Qab)2// plotted against ao for the Flory-Huggins expression 
of extended association with p = 1. The broken lines show the corresponding 
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OC.0 

Fig. 14. Extended association 

functions for the mole fraction expression for / = 2. In this case each Q 0 dd is 
zero. 

Figure 15 shows the Qab, — ZQodd, and (2Q e ven — Qab) as functions of a 0 
for the acid type of association in terms of mole fractions. The difference from 
figure 14 is not very great. 

In figure 14 the curves for each value of / stop just before ao = 2//. Since 
Co2//is approximately proportional toa 0 , the value of <?o is about the same for 
all values of / at the same value of ao//2, that is, for an equal number of linkages 
per unit or an equal degree of association. The higher terms become relatively 
less important as / increases. 

It is most interesting to note that the disappearance of the odd terms for the 
alcohol-type association depends upon the use of the mole fraction form, as well 
as upon the nature of the association. The quantitative values given in figures 
14 and 15 are probably inaccurate because of the errors in the Flory-Huggins 
equations, but there must be enough truth in their picture to show that this type 
of association should not lead to symmetrical expressions. It must be remem¬ 
bered, moreover, that both treatments depend on the assumption that there is no 
ring formation. The probability of this assumption decreases as f increases, 
but it must be in error even for / = 2. 
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ONE-TO-ONE COMBINATION 


If we have the reaction 


£c — K .% i£b = 1 — ft - {b 

1 ~ ft 


A + B = C 

mi - *) 


1 + Aft 


£b = 


1 + Aft 


n A - ft + 5c = 


ft(l -(- K) 


1 + Xft 

= £b + £ c = 1 — ft 

Ml + g) 


3a = 


1 + 2Kb ~ Kg 

Qx == ®A log 


1 + Kb- Ki , , , 1 + 2A& - iff? 


+ (1 - Xa) log - 


1 + K 
(QX) B * - log (i + 20 

(Qb)a = - log (1 + K) 

SQIb even = ~ log (1 + 20 = — 2 log (1 + « 0 .s)(l — « 0 .s) 


(1 + KbY 
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in which ao.s is the fraction of groups reacted when x = 0.5. In the case of one- 
to-one combination, the deviations must obviously be symmetrical, so each 
Qodd is zero. When z A = J, 


& = £b = (Vl + K - 1 )/K 


So 


QU - 4 log 2(Vl + K - 1 )/K = 4 log (1 - 0 ^. 5 ) 



Figure 16 shows Ql B and — CTen — <$&) as a function of ao. 6 . The 

scale of the ordinates is ten times as large as in figures 14 and 15. Since the 
higher terms have the opposite sign to Qo, the curve is more pointed than the 
parabola of a symmetrical solution. 

If each type of molecule has a single reactive group, we should expect dimers 
of each component and the one-to-one compound. If either has more than 
one group, more complicated behavior may be expected. The free energies 
illustrated in figures 7 and 8 may be approximated by assuming the formation 
of two complexes (CjHsOH^ and CHCl 3 (C 2 HsOH) 3 , and doubtless could be 
approximated by linear chains of alcohol molecules branched, but with weaker 
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links, at chloroform molecules. It is probable that the behavior of any com¬ 
pletely miscible solutions can be expressed by chemical reactions obeying the 
law of mass action. However, it is certain that no partial miscibility can be ex¬ 
plained in this way. Moreover, the assumption that the equilibrium constants 
are independent of the medium is a most improbable one, for the reactive groups 
such as hydroxyl must also interact with non-polar groups, and differently with 
different groups. Finally, all the other causes of deviations from ideal laws dis¬ 
cussed earlier must also operate in systems in which there are chemical reactions. 
The best advice which comes from years of study of liquid mixtures is to use any 
model in so far as it helps, but not to believe that any moderately simple model 
corresponds very closely to any real mixture. 
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The present state of theory is indicated by a classification of solution types 
based upon deviations from ideal (zero) heat of mixing, ideal entropy of mixing 
due to unequal molal volumes, and excess attraction between like molecules (asso¬ 
ciation) or unlike molecules (solvation). The quantitative formulation of the 
effects of unequal molecular attractions and sizes has been made by the aid of 
simplified models, and sources of error and uncertainty include: ( 1 ) the assumption 
that intermolecular forces are radial from molecular centers, (2) the neglect of 
dipole interactions, which are especially large in cases of hydrogen bonding, (S) 
oversimplification of repulsive forces, (4) the Berthelot relation between attrac¬ 
tion constants, (5) the assumption that thermal agitation is sufficient to give 
completely random distribution despite unequal attractive forces, (6) neglect of 
volume changes on mixing liquids, (7) uncertainty regarding the values of heat 
of vaporization at various temperatures, (8) in the case of solid solutes, the extra¬ 
polation of liquid properties below the melting point, (9) uncertainty regard¬ 
ing the entropy of mixing molecules of different sizes and shapes, and (10) chemical 
interactions. 

The magnitude of the net uncertainty attending solubility calculations for 
regular solutions is appraised by calculating solubility parameters from actual 
measurements for a number of interrelated Systems and noting their mutual con¬ 
sistence. 1 

The present state of the theory of solubility of non-electrolytes may perhaps 
be best appreciated by the aid of the scheme in table 1. This represents a 
classification of the main essential factors rather than of solutions themselves, 
because scarcely any actual solution can be said to behave solely in any one of 
the several ways designated by such terms as “ideal” or “regular.” 

Solubilities express the composition of phases in equilibrium, and hence are 
to be calculated as free energies. Recent attacks upon the theoretical problem 
have split it into its two natural components, heat and entropy. The “ideal” 
or “perfect” solution is formed from its pure component liquids with zero heat 
of mixing at all temperatures and its components must accordingly have a 
partial molal entropy of transfer from pure liquid to solution of — s 2 = 
— R In x 2 , for component 2 and similarly for component 1. Such a solution obeys 
Raoult’s law, which is that the activity of a component equals its mole fraction, 
oa — £ 2 . It has only recently been fully recognized that the components must 
have substantially equal molal volumes in order for Raoult’s law to hold strictly, 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solu¬ 
tions, which was held under the auspices of the Division of Physical and Inorganic Chem¬ 
istry at the 114th Meeting of the American Chemical Society, Portland, Oregon, September 
13 and 14, 1948. 
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except in the special case of molecules such as two normal paraffins of different 
lengths in parallel array (3,10). However, there can be considerable difference 
between the molal volumes of the pure components without causing serious 
departures from Raoult’s law, because the radii of two molecules will be much 
more nearly equal than their volumes and therefore a considerable volume 
discrepancy can exist without greatly affecting the structure of the solution. 

The possibility of designating many non-ideal solutions as “regular” was 
pointed out by me many years ago (2). These are solutions in which thermal 
agitation is sufficient to overcome the segregating effect of unequal molecular 
attraction and give a structure with maximum disorder or randomness, and a 


TABLE 1 

Classification of solutions upon basis of enthalpy and entropy involved in transferring 1 mole 
of component 2 from its pure liquid to a solution in which its mole fraction is 


Hi -Ei 

— 0 

S 2 — S2 

0 

V2<£i(5i — $ 2 ) 2 

—22 In Xt 
—22 In x 2 


0 

—22 I In <$2 



+ <t>i 

1.—1 

'Tip' 

1 

0 

—22 Jjta <p» 



+ <£1 ^1 

1 

1 ... ! 

Positive 

Negative 

> (—22 In x%) 
< (—22 In x 2 ) 



DESIGNATION 


1. Athermal, 

ideal.. .. 

2. Regular — 

3. Athermal, 

non-ideal. 


4. General, no 
specific in¬ 
teraction. . 


5. One compo¬ 

nent asso¬ 
ciated... . 

6. Solvated_ 


02 = $ 2 , Raoult’s law, Vi =* v* 

02 > X 2 y Vi V 2 , O 12 ^ V011022 
O 2 < $2, Vi 7* V 2 , Oi 2 — \/On022 


012 » yjauOn 


ttl2 ^ •n/Oh022 
<h2 > Van022 


partial molal entropy considered originally to be ideal, i.e., — 1? In x«. If the 
structure can be assumed to be thus random, it is possible to integrate the 
intermolecular potentials of all the like and unlike molecular pairs over the 
whole solution and, invoking the Berthelot relation, an = Vo u Oj 2 , for the con¬ 
stants of attraction between the two species, to express the heat of miying in 
terms of the molal volumes and energies of vaporization of the pure components. 
The expression for the partial molal heat of mixing of component 2 is given in 
table 1, where <pi denotes the volume fraction of component 1 and 3i and o 2 
are what I shall call the “solubility parameters” of the pure liquids; they are 
the square roots of their energies of vaporization per cubic centimeter, i.e., 
Si = (AeI/ Vi) 1 ' 2 , where Ae v and v are molal quantities. The solubility equation 
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for a regular solution is obtained by combining the heat and entropy terms to 
give 2 

RT In (az/xi) = v 2 <pl(5i — S 2 ) 2 (1) 

I shall return to this equation after discussing briefly the other types referred 
to in table 1. 

The question of the entropy of mixing molecules of different sizes and shapes 
has recently received much attention, stimulated immensely by the develop¬ 
ments in the field of high polymers. It has led to the equation derived inde- 



*. 

[Fig. 1. Effect of inequality in molal volumes of the components of a binary solution 
upontheir activities. 


pendently by Flory and Huggins according to which the partial molal entropy 
of mixing is (5) s 

§2 — s 2 = — fi![ln fa + 0i ^1 — (2) 

The difference between this and R In x 2 is small for volume ratios of the order of 
2:1, which are seldom exceeded by non-polar liquids with which we ordinarily 
deal. For example v = 61 cc. for carbon disulfide and 132 cc. for n-hexane 
at 25°C. The sign and magnitude of the deviations from Raoult’s law given by 

* For an account of the development of this equation and its underlying theory see 
reference 9. 

3 For a rdsumd of the development of this theory see Hildebrand (5). 
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equation 2 for volume ratios of 2 and 5 are illustrated in figure 1. There is 
some reason to believe that the equation overdoes the correction. It is to be 
noted that whereas the positive heat of mixing of regular solutions corresponds 
to positive deviations from Raoult’s law, i.e., (h > £ 2 , the effect of inequality 
in molal volumes is to produce negative deviations, i.e., (h < x 2 . 

Since most non-polar solutions in which specific or chemical interactions are 
absent would present both volume discrepancy and positive heat of mixing, 
one may combine equations 1 and 2 to give, for class 4 in table 1, 

RT In = V2<pi(5i — 5 2 ) 2 + RT <pi(l — V 2 /V 1 ) (3) 

If one component is associated, as by hydrogen bonding, its dilution by the 
other causes heat absorption and we have chemical equilibria to deal with. 
The effect is to give positive deviations from Raoult’s law (class 5). An en¬ 
hanced attraction between the unlike species, on the other hand, is accompanied 
by positive heat, diminished entropy, and negative deviations from Raoult’s 
law (class 6). 

Actual solutions may, of course, present combinations of the above effects 
which may be difficult or even impossible to disentangle. The present critique 
is aimed at an appraisal of the adequacy of equations 1 and 3 to solutions where 
there is reason to believe that the highly specific chemical effects referred to in 
classes 5 and 6 are practically absent. Moreover, since equation 2 has not been 
thoroughly tested, we shall concern ourselves mainly with components for which 
the molal volume ratios do not exceed 2 and apply equation 1. 

Let us begin by reviewing the various sources of error or uncertainty. In 
deriving the above equation, the following assumptions were either stated or at 
least implicit. I say implicit, because those of us who had a hand in it were 
not always conscious at the time of their precise import. (1) The intermolecu- 
lar forces operating are the short-range additive “dispersion forces,” for the 
understanding of which we are indebted to London. If the molecules possess 
dipoles, strict additivity can no longer be assumed. London (12), in an im¬ 
portant paper on “Centers of van der Waals Attraction,” has discussed two 
sources of non-radial behavior, stating that “(1) The elementary units of the 
dipole interactions are, in general, not at all spherically symmetrical forces. 
They have rather to be built up by highly anisotropic force centers . (2) In 

certain large molecules we encounter characteristic, long, extended electronic 
oscillators. In these molecules the spatial extension of the oscillators has to 
be accounted for, .... and it is suggested in these cases that the molecular 
forces be built up by certain smaller units, which forces, however, are no longer 
additive” 

(8) These force fields are considered as radial and of similar form. This is 
an obvious oversimplification for molecules such as paraffins, geometrically 
far from being spherical. Furthermore, Gilman and I (7) have presented evi¬ 
dence that two molecular species such as ethane and 1,2-dimethylbutane, which 
are closely similar except for considerable difference in size, do not conform to the 
theory of corresponding states, as they should if their force fields were like those 
of the monatomic gases. 
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The errors introduced by neglecting dipoles depend upon both their magni¬ 
tude and their location within the molecules. If the dipole moment is not 
greater than about 1 Debye unit and is somewhat buried within the molecule, 
as it is in the cases of chloroform and ether, its effect may be mainly to alter the 
apparent solubility parameter, but larger or more exposed dipoles, such as hy¬ 
droxyl, obviously introduce highly specific interactions which render equation 
1 more or less inapplicable. 

(5) Repulsive forces are simplified by assuming them to be of a uniform, ra¬ 
dial, high-inverse-power type. 

(4) The constants of attraction between unlike molecules are assumed to be 
the geometric mean between those for the like molecules (Berthelot relation). 
This is obviously violated whenever there are such interactions as hydrogen 
bonds, or electron donor-acceptor chemical reactions. These may be so small 
as to have eluded recognition by ordinary criteria and yet be sufficient to have 
considerable effects upon solubility relations. A striking illustration has re¬ 
cently been discovered by Benesi and Hildebrand (6) in the increasing solvation 
of iodine in benzene, toluene, xylene, and mesitylene, in that order, an appar¬ 
ently acid-base type of reaction that could scarcely have been predicted. 

{5) The thermal agitation is assumed to be sufficient to overcome completely 
the segregating effect of unequal attractive forces. While this cannot be strictly 
true, there is a good deal of evidence that appreciable disturbance occurs only 
in the immediate neighborhood of a critical mixing point (4, 8,11). 

(6) Equation 1 does not take cognizance of changes of volume on mixing, 
although the formation of regular solutions is usually accompanied by expan¬ 
sion and increased entropy. The treatment can be refined by measuring and 
allowing for this expansion, but I propose in this critique deliberately to neglect 
this correction on the ground that our purpose is to predict the behavior of 
solutions from the properties of their pure components alone; if we must measure 
other properties of solutions in order to calculate solubility, we might as well 
measure the solubility itself. We can at least be reasonably sure of the sign 
and rough magnitude of the errors entailed by neglecting these volume changes. 
That we shall ever be able to calculate them for the wide variety of molecular 
types seems quite unlikely. 

(7) The numerical values of the solubility parameters, 5, are often desired 
for temperatures far from those at which the heat of vaporization has been 
accurately determined, and the difference between the heat capacities of liquid 
and vapor, necessary for an extrapolation, are known only for comparatively 
few substances. 

(8) In order to deal with the solubility of a solid, we refer its activity to the 
substance in the supercooled liquid form, to calculate which accurately we need 
not only the heat of fusion at the melting point but also the heat capacities of 
the solid and liquid forms. Even where these have both been measured, which 
is often not the case, the heat capacity of the liquid has to be extrapolated 
below the melting point. 

With all the above sources of uncertainty, one might expect that equation 
1, or, even where Vi > V 2 , equation 3, would yield only extremely rough figures 
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for solubility; hence those who have become sufficiently conversant with both 
theory and data to judge have doubtless come, like myself, to feel both surprised 
and gratified to find how well it holds. This is well illustrated by the solubilities 
of iodine (table 2) in liquids of widely different solvent power, selected from a 
more extensive study by Benesi and Hildebrand (1). It will be noted that, 
although the solubility of iodine ranges from 0.0185 to 7.82 mole per cent, and 
its activity coefficient, (h/x%, in the saturated solutions ranges from 3.30 to 1400, 
these solubilities substituted in equation 1 yield <5 2 values for iodine agreeing 
within 3 per cent. Moreover, the dipoles present in chloroform, bromoform, 
and 1,2-cfibromoethane and the large molal volume of normal perfluoroheptane 
appear to cause no serious disturbance. Numerous other cases of similarly 
good agreement have been presented. 

We see, also, that the average of the 5-values for iodine calculated from its 
solubilities is a little larger than the value we obtain from its energy of vaporiza- 


TABLE 2 

Iodine solutions at 25° C. 


SOLVENT 

MOLECULAR 

VOLUME 

MOLE PER CENT 
12 

al/x 2 

h 

81 

TI-CtFjb. 

cc. 

227 

0.0185 

1400 

5.7 

14.2 

SiCl 4 . 

115.3 

0.499 

51.8 

7.6 

13.9 

CC1 4 . 

97.1 

1.147 

22.5 

8.6 

14.2 

TiCl 4 . 

110.5 

2.15 

12.0 

9.0 

14.1 

CHCls . 

80.7 

2.2S 

11.3 

9.3 

14.3 

cs 2 . 

60.6 

5.46 

4.73 

9.9 

1 14.1 

CHBr 3 . 

87.8 

6.16 

4.19 

10.5 

14.1 

l,2-C 2 H 4 Br 2 . 

86.6 

7.82 | 

3.30 

10.4 

14.1 

Average. 

14.1 

l . 

59.0 

25.8 

1.00 

(Ae v /v) 1/2 =13.6 


tion per cubic centimeter. It is evident, therefore, that 14.1 would be a better 
figure than 13.6 to use for calculating its solubility in a new solvent, and this is 
not an isolated case. It seems worth while, therefore, to study the interrela¬ 
tions of a group of substances to see whether it is possible to derive a consistent 
set of 5-values from solubility data. It is, of course, desirable for this purpose 
to select solutions with large values of S 2 — 5j. 

We have data for the solubilities at 25°C. in a more or less common group of 
solvents of the following solutes of comparatively high internal pressures, or 5- 
values: phosphorus (P 4 ), iodine (I 2 ), sulfur (S 8 ), stannic iodide, p-dibromo- 
benzene, naphthalene, anthracene, and phenanthrene. The data are nearly 
all given, with references, in the third edition of Solubility of Non-Electrolytes 
(9) and need not be repeated here. The values of 5 2 — 5i in equation 1 calcu¬ 
lated from these data are represented in figure 2. The vertical scales for the sol¬ 
utes have been displaced so as to make the line connecting the points for carbon 
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tetrachloride horizontal. If the equation applied rigidly to. all the solutions 
represented, the other lines would also all be horizontal. The departures repre¬ 
sent the various degrees of inadequacy of equation 1. The discrepancies are 
seen to be greatest for (a) iodine in ether, (6) 1,2-dichloroethane and 1,2- 
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dibromoethane, and (c) carbon disulfide. The first of these is explained by the 
evidence of strong solvation furnished by the brown color of the solution. The 
second pair of solvents have two strong dipoles each; hence some irregularity is 
to be expected. Carbon disulfide has the smallest molal volume of all the sol¬ 
vents represented, and some, at least, of the drop in its line in going from P4 and 
I2 to S 8 and Snl< may be explained by the increased difference in molal volumes. 
The line would be more nearly horizontal if the partial molal entropy of the 
solute were calculated by the aid of equation 2, instead of — R In x 2 . The neg¬ 
lect of this factor is intentional. 

The fluctuations of the lines for the various solvents from the horizontal 
seldom exceed 0.3 unit, if we exclude the cases of strong dipoles and solvation 
mentioned above, and we may regard this as determining the uncertainty in 
calculated values of solubility. In the case of iodine in carbon tetrachloride, 
for example, the measured values are: Vi = 97.1 cc., v 2 = 59.0 cc., a| = 0.258 
(the activity of solid iodine referred to supercooled liquid), and Xi = 0.01147. 
These give 6 2 — 5i = 5.6. Reversing the calculation and taking S 2 — 81 = 
5.9, one obtains X 3 — 0.0094, an error of 18 per cent. The logarithmic relation 
between x% and (o 2 — 5i) 2 naturally enhances the percentage error in calculating 
x%. 

It is noteworthy, next, that all the solubility data agree in assigning 
to chloroform a 6-value of about 9.0, less than that of benzene, 9.16, whereas its 
(Ae v / v ) 1/2 = 9.3. It might be expected that its dipole moment would have 
some such effect, and it is our good fortune that it is so nearly the same 
with different solutes. 

This study appears to me to justify the following general conclusions. Equa¬ 
tion 1, or equation 2 if a volume ratio far from unity appears to make it worth 
the extra computation, applied to solutions in which specific interactions are 
absent, can yield figures for solubility of moderate reliability with uncertainties 
corresponding to 0.2-0.3 unit in 6-values. It can predict relative solubilities 
in different solvents with much smaller uncertainties. The direction and rough 
magnitude of departures from values which may be caused by association and 
solvation can often be fairly well estimated. 

The quantitative limitations set forth in this paper are not so serious as to 
prevent the theory from being qualitatively very serviceable. We seek qualita¬ 
tive and relative solubility data far more often than exact figures. We seek the 
best or sometimes the poorest solvent for a certain solute. We seldom want to 
know a solubility to, say, 1 per cent and, indeed, we seldom control temperature 
or purity to a corresponding degree. If we do need a solubility to that accuracy 
we must rely upon measurement, better measurement, indeed, than many in 
the literature. All theory can do for us in that case is to select, out of the scores 
of solvents upon our shelves, the few likely to serve our purpose. 
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A liquid mixture of two kinds of molecules is treated as composed of quasi-micro- 
crystalline regions of twelve or less molecules. Interactions within these regions 
are explicitly represented by a Boltzmann factor with specific energies for each 
kind of molecular pair. Interactions between molecules in different crystalline 
regions are represented by a Boltzmann factor involving an averaged energy term. 
The partition function of the mixture is obtained by summing over all configura¬ 
tions, weighting each term by the appropriate Boltzmann factors. In the case of 
approximately equal-sized molecules, explicit expressions are obtained for the 
properties of the solution, notably the consolute temperature, in terms of the 
coordination number and the interaction energies. For mixtures of molecules of 
widely different sizes, the corresponding equations are derived but explicit results 
have not yet been obtained. 


INTRODUCTION 

A number of treatments have been proposed for the problem of the inter¬ 
actions between molecules in the liquid state (4, 5), most of which can be shown 
to give the essential properties of such systems in a more or less quantitative 
manner. Generally, the most profitable approach has been that of consider¬ 
ing the liquid to be a distorted crystal, in which the long-range order has been 
replaced by smaller regions within which a lattice array of molecules is at least 
momentarily maintained, but between which no order is observed. 

To treat this ensemble of cells, it is necessary to approximate the configura¬ 
tional potential energy integral in the partition function (3) in some appropriate 
manner. In this paper, an adaptation of the order-disorder theory originally 
due to Bethe (1) and later applied by Peierls (7) to the adsorption of gases on 
surfaces and by Cernuschi and Eyring (2; see also 6) to the theory of condensa¬ 
tion will be used. The theory is applied directly to a simple model of approx¬ 
imately equal-sized molecules, and the direction of extension to more realistic 
systems is indicated. 


THEORY 

It will be assumed (1) that the molecules of the liquid occupy positions of a 
lattice (although the lattice will not be constrained to maintain any but topo¬ 
logical identity) and each molecule will be supposed to have a number Z of 
nearest neighbors; (2) that when to a molecule of kind i a nearest neighbor of 
kindy is added to the lattice there is a resultant enhancement of the probability 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solu¬ 
tions, which was held under the auspices of the Division of Physical and Inorganic Chem¬ 
istry at the 114th Meeting of the American Chemical Society, Portland, Oregon, Septem¬ 
ber 13 and 14, 1948. 
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of i being there owing to the attraction between the molecules; (3) that all inter¬ 
actions of a molecule in the first neighboring shell with any but the central mole¬ 
cule will be represented by an averaged energy. 

Consider then such a mixture of molecules (designated as kind 1 and kind 2), 
and let the ratio of the partition function for a molecule in the liquid to that in 
the gas be represented by fi and fo. In view of the greater deviation from ideal¬ 
ity for the liquid, the gas will for the time being be considered a perfect gas. 

Suppose a given lattice site is occupied by a molecule of kind 1; several pos¬ 
sible configurations may then arise (figure 1). 



Fig. 1. Representation of a mixture of molecules of kinds 1 and 2 as a plane lattice 

CO If all the positions in the first shell are occupied by similar molecules, 
the partition function for this configuration will be given by the expression 

fi */ifP7 u-/iton....=* fi‘(fifivn) 2 ( 1 ) 

where the factor fi corrects for all interactions of a shell molecule except the 
interaction with the central molecule, as assumed previously, and ijn provides 
for this omitted interaction. 

(*) If aU of the positions in the first shell except one are of kind 1 and the 
2 th is of kind 2, the partition function will be 

Z 'feiVn 'fitiVii . M2V12 = Z-fi • (ftfwu)*” 1 • (jf 2 f21712) 


( 2 ) 
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where the factor Z acknowledges that such a configuration may occur in Z ways. 
Continuing in this wise, it may readily be verified that the complete expression 
is the sum of the terms in the binomial expansion thus: 


Uttivu + Mwu] z (3) 

The partition function, one sees, is the sum of the weighted terms for each con¬ 
figuration. Clearly the analogous result for the case in which the central site 
is occupied by a molecule of kind 2 will be 

+ fifavz.] 2 (4) 


The ratio of the two expressions (3 and 4) will be equal to the ratio of the prob¬ 
abilities of the central point being occupied by molecule 1 to that of its being 
occupied by molecule 2, that is, to the mole ratio 6 /1—6 : 

6 _ fi _ [fitvin + 

l — 0 fi [/ifi Vn + fiti Va] Z 

On the other hand, if one counts the configurations in this manner, the mole 
ratio 6 /1—6 must also be given by the expression 

_ fifi ' [/iTitii + /g\ 

1—6 fi fa [fihvn + fi U 22 ] 

where attention is now focussed upon a molecule in the shell of neighbors. 
Here there are two configurations if the particular neighboring molecule is of 
kind 1, since the central molecule may be of either kind. In one case the par¬ 
tition function will be fiti-fifiVn, while if the central molecule is of kind 2 one 
will have ftfvfitovz- The partition function for the case of the type 1 shell 
molecule will then be the sum of these expressions. A similar approach gives 
the result for the case of a molecule of kind 2 in a shell position, and the ratio 
of these two sums is then the mole ratio as indicated in equation 6. Since the 
distinction between a “ central” position and a “neighboring” position is a purely 
formal one, the two partition function ratios clearly must be identical. 

It is convenient, for purposes of computation, to make the substitutions 


/ = / 1//2 v — tia /722 
X — Ul/fih P = 2/11/1722 

when equations 5 and 6 become, upon rearrangement 



6 _ „ fv + vx\ 

1-6 \l + W 


( 7 ) 

( 8 ) 
(9) 


One may identify the function / with the ratio pi/pl/jh/pl, where pi is the 
partial pressure of component 1 and is the vapor pressure of the pure liquid 1. 
Since only for a perfect liquid mixture is the total pressure a linear function of 
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the composition, it is necessary to obtain a third relation which will permit 
evaluation of the individual partial pressures, rather than their ratio alone. 
This desired relation is obtained from the Gibbs equation 

(I0) 

(where 6 represents the mole fraction of component 1, and juti the partial molar 
free energy of the same substance in the solution). Making use of the defini¬ 
tion of / and remembering that the gases are considered ideal, whence 

/4i = RT In pi/pl \x 2 = RT In p 2 /pl (11) 

one obtains the result that 


dinged/- 0 

Equation 12 may be integrated in the form 

5—KH 

or, for computational purposes, expressed in terms of the variable x as 

(z - 2 )^ - v y 


e 


hg.-,/ 

p 2 Jo 


0 L 


jxx 2 + 2 tjx + 1 J 


dx 


( 12 ) 

(13) 


(14) 


Integrating equation 14 one finds two solutions, depending on the relative values 
of the constants. For > ju 


In = 17a; + —--— In [jiX 2 + 2 yx + 1] — 

n 2/X 


(Z — 2)ri(rj 2 — fi) 

2/j, 

while in the case n < n, 


m 


In 


v + (v —it) itx + v — (v —it) 


1 / 2 ' 


hg-,*- 


(Z - 2)( m - v 2 ) 

2it 


V — (v 2 — It ) 112 Itx + 1J + (jj 2 — Ii) m 


In L ux 2 + 277m + 1) 


(15) 


+ 


(Z - 2)1,0, - vY 2 

lt 



flX + I) 

(jt - n 2 ) m 


— tan 1 


_!?_1 

(m - v 2 ) 112 ) 


(16) 


The two forms (equations 15 and 16) of the integral express the fact that two 
possibilities may arise when two liquids are mixed at a given temperature. 
Equation 15 gives the result for In p 2 /p 2 when there is no maximum in the 
Pr-0 relation. Equation 16 permits of such a maximum, and hence expresses 
the result for a two-phase region (see figure 2). 

To examine this point more closely, one may observe that the function 6 , 
the mole fraction of component 1, has the derivative 


d(? _ r\yx -f 2 ux + 1 
dx [rjixx 2 + 2rjfiX + [x] 2 


( 17 ) 
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so that 0 is a monotonic function of the variable x (n and 77 being intrinsically 
positive) while the derivative of /, 

= ( 1■ + r _ (z - dq. - fh i 

dz V 7 ! + M®/ L (1 + i)%) 0? + M^)J ' J 

shows that / has a maximum and a minimum if 

t 2 <(^- 2 )M (19) 

the corresponding values of / being determined from equation 8 and 



Fig. 2. Vapor pressure-composition curve for a binary solution 


Now one may write, for x = x *, the expression 


( 9 +g4g) (i -»+ rh) 


ij 2 0(1 - 0) v 7 

Equation 21 gives the relation between the composition of the pairs of equilib¬ 
rium solutions and the temperature, since the ??, n may be expressed as Boltz¬ 
mann factors of the form 

v = e <'is-«2s)Mr M = e («u-«j2 >/*r (22) 

Using equations 22 one obtains, setting 


« — 2 ( e n + *22) — €12 


( 23 ) 
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the result 

T-2c L in l(i - 6 ) 

The temperature is maximum at 8 = 1/2, and its maximum value is 


" “ Z - 2 

It is interesting to note that if the coordination number Z were to change 
suddenly with temperature, i.e., to drop from 12 to 4 with a few degrees increase 
in temperature, it would be possible to be above the consolute temperature at 
low temperature (and low coordination) and to be below the mixing tempera¬ 
ture at high temperatures (and high coordination). Such a situation would 
give rise, albeit crudely, to the phenomenon of a lower consolute point. One 
may also readily see that under certain circumstances, the upper consolute 
temperature may be impossible of attainment, at least under conditions of 
normal pressures. In fact, unless 

Tmeltiag < -C Tconsolute ^ Trolling (26) 

the liquid pairs will either be completely miscible or will be partially soluble 
over the whole range of temperatures of the liquid state. Now approximately, 
one may write 


by Trouton’s rule, and 


A H v — 6 ( €ii0 -I - (1 — 0 ) 622 ) 


since the energy of about six bonds in the liquid state must be broken to vapor¬ 
ize a molecule (assuming twelve neighbors). Then 

Tboiung « O.29(e u 0 + (1 - 0 ) 622 ) (29) 

Since 0 = 1/2 for the consolute composition we have for this composition: 

Tboiling ~ 0 . 15(611 + 622 ) (30) 

Dividing through by equation 25 gives: 


Tboiliag 

Teoasolute 


“£ = 0.15 Li?? & in 


Z 

Z -2 


and 0.15 -—— k In -■■■■ — must be greater than unity for the consolute tern- 

perature to appear in the liquid region. If we write: 

^melting ^ ^boiling (32} 


€11 + €22 
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= 0.15 ha ( e JL+J?) In 

■i consolute \ € / & & 

If we make the estimation a = 0.73 as in the case of water we obtain: 

= 0.11ft ( tn + In * (34) 

Referring again to equation 25, it is apparent that since « (as defined by equa¬ 
tion 23) may be negative, there should exist systems for which no consolute 
temperature may be found, even in principle, above the absolute zero. That 
is, if the mean of the interactions between like pairs of molecules should fall 
below the interaction between unlike pairs, the two liquids should be miscible 
in all proportions at any temperature whatever, provided of course that such 
temperatures may be obtained without fusion or vaporization. In other cases, 
with sufficiently positive e, a consolute or critical mixing temperature should be 
realizable, perhaps under high pressures. 

To examine the applicability of equations 3, 9, and 14 to experimental data, 
it is convenient to plot the ratio of partial pressures against the ratio of mole 
fractions (or the mole ratio). From equations 8 and 9 one may note that 



and the relation is linear for / plotted against 0/1 — 6 in the region of small 
x (hence small 6 ). The slope of this limiting straight line will then be rr z . 

In addition, when/ = — - - , — ~j~ — — 1, and 

1 — 0 ij -jum 
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hence 


P — v 


/ = 


6_ = 1 - y 

1 — 6 p — ii 


(36) 


at the point at which the curve crosses the ideal solution line, f — 6/1 — 6 
(figure 3). 

The form of such experimental curves may be seen in the model curves of 
figure 4, drawn for the set of constants, 


Z = 12 

— «22 = — 84.0 cal./mole (37) 

eu — €22 = 209.6 cal./mole 


With this choice of constants, the consolute temperature, or critical solution 
temperature, will be about 400°K. 
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Fig. 3. Plot of partial pressure ratio vs . mole ratio for determining constants of equation 



Fig. 4. Model curve 


Finally, one may readily test equations 24 and 25. Equation 24 may be 
arranged in the form, 


T = _ In Z/Z - 2 _ 

00 - - 0 ) 


(38) 
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which is a one-parameter family of curves for T/T e o nso i a te in terms of 6 . Fig¬ 
ure 5 gives this relation in graphical form for selected values of the coordina¬ 
tion number Z. From equation 29 it should be possible to determine Z, and 
from the relation 

€ = fcTconsolute In ^ j (39) 



Fig. 5. Temperature (in terms of consolute temperature) as a function of solubility 
for various values of the coordination number Z. 

one may then obtain the value of e, the difference between the mean of the in¬ 
teraction energies between like molecules and the interaction energy for unlike 
molecules. It should be noted, of course, that expression 25 relates the tem¬ 
perature not strictly to the solubility, but to the value of 6 corresponding to 
the maximum of the vapor pressure-composition curve. Clearly, the actual 
composition at the saturation point will be somewhat less than the 0 of equation 
29 on one branch of the curve and somewhat greater on the other. In general, 
however, there will be some curve of this description, and the principles involved 
will be the same. 




56 


R. B. PARLIN AND H. STRING 


Consider now the case of a mixture of two kinds of molecules, of which one 
sort occupies two lattice positions while the other occupies but one (figure 6). 
The double molecules will be designated by the subscript 2, the single particles 
by 1. To obtain the partition function for a molecule in the field of its nearest 
neighbors one writes the sum of all possible combinations; if the central mole¬ 
cule is of kind 2, there will be a contribution /* to the partition function in the 
absence of neighbors. If all of the Z — 1 nearest lattice points contain type 
1 particles, the contribution is 

(fifo&O*-*-/* (40) 



Pig. 6. Representation of a mixture of single (1) and double (2) molecules as a plane lattice 

Continuing in this fashion, the total sum will be found to be 

+ /ifx’toF -1 (41) 

Similarly, if the central point is occupied by a molecule of kind 1, the corre¬ 
sponding expression will be 

filffoyvt + fi£ivu] z (42) 

In the same way, if one considers a molecule of kind 2 in the first shell, its par¬ 
tition function will be 


f£s U&W22 + /ifi’7is] (z 1)/z 


( 43 ) 
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while that for a molecule of kind 1 will be 




( 44 ) 


Now the ratio of expression 27 to 28, as of expression 29 to 30, must be the ratio 
of the probabilities of finding an arbitrary molecule to be of kind 1 or kind 2 , 
hence the mole ratio: 


6 _ h [fi ~t~ /lfiiuJ 2 _ /af 2 4* ^ lz 

1 — 6 fi [fztivu "i" fi£iVn\ z /ifi I/sf 2*712 "i - fihyu] 

Equations 31 may be written in the form 



(45) 


(46) 


(47) 


Since in this case the expressions are not homogeneous in/ift and fiU, the simple 
expressions analogous to expressions 6 and 7 are not possible, and a second 
implicit variable (/jtf 2 ) z- 1 /(/ifi) z appears. However there is still a third equa¬ 
tion, the Gibbs equation, which has again the form 


J>2 

- 0 - exp 

Pi 


{-£>- 8- 


Pi/P°i 


(48) 


and in principle it should be possible to calculate the equilibrium curves of 
partial pressure vs. composition. In practice, the expressions have been found 
too unwieldy for numerical computation as yet. One may note that for large 
values of coordination number, Z, 


(hh) z ~ l 

(Jih) z 


reduces approximately to 

hii 


or in terms of the previous notation to x‘. 

A number of difficulties arise in the manipulation of the equations for any 
case except the simple one of molecules of equal size. In principle, however, it 
should be possible to treat almost any kind of mixture of arbitrary molecules to 
the point of setting up the equations. In particular, it is noteworthy that 
special kinds of interactions such as forces between dipoles may readily be in¬ 
cluded, as it is only necessary to identify such special forces with one of the 
Vij, the energy for which will be determined by the nature of the case. 

Further, it is possible, and may in some cases be essential, to consider the 
various not as energies (heats) but rather as (Helmholtz) free energies: thus 
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if the Uj are considered to be linear functions of the temperature, one may 
write for e, 


« = 2 ( 6n "f" €22 ) — «i2 = E — TS (49) 

where the terms B and TS represent the temperature-independent (energy) 
and temperature-dependent (entropy) parts, respectively. The counterpart 
to equation 25 will then be 

^oonsolute = y (50) 

for the eonsolute temperature. It is apparent that if the term S in the denomin¬ 
ator were to be larger than the coordination number term, the eonsolute tem¬ 
perature would be sensibly independent of the coordination. 

Finally, one may remember the empirical fact that the use of volume fractions 
in place of mole fractions in many cases removes the anomalies found in some 
of the properties of liquids which arise from the unequal size of the molecules. 
It is tempting to suppose that the variation in the consequences of equations 
46, 47, and 48 from those of equations 8, 9, and 13 which arise from just such a 
source may be reproduced by using the simpler theory with the mole fraction 
terms replaced by volume fractions. 

REFERENCES 

(1) Bethe, H.: Proc. Roy. Soc. (London) A150, 552 (1935). 

(2) Cernuschi, F., anb Eyeing, H.: J. Chem. Phys. 7, 547 (1939). 

(3) Fowler, R. EL, anb Guggenheim, E. A.: Statistical Thermodynamics , p. 322. The 

Macmillan Company, New York (1939). 

(4) Reference, 3, pp. 350-69. 

(5) Kirkwood, J. G.: J. Phys. Chem. 43, 97 (1939). 

(6) Lennarb-Jones, J. E., and Devonshire, A. F.: Proc. Roy. Soc. (London) A169, 

317 (1939). 

(7) Peierls, R.: Proc. Cambridge Phil. Soc. 32, 477 (1936). 



THE DIELECTRIC CONSTANTS OF HYDROGEN-BONDED 

SUBSTANCES 1 


WENDELL M. LATIMER 

Department of Chemistry , University of California , Berkeley , California 
Received October 25, 1948 

Evidence is presented to show that the abnormally high values for the dielectric 
constant of many hydrogen-bonded substances are probably due to the “atomic 
polarization” of the proton in the bond. A mechanism is suggested for the orienta¬ 
tion of the dipoles in ice which depends upon the jumping of protons over the 
potential barrier in the hydrogen bond and not upon the rotation of the water 
molecules. The calculated activation energy for the process is in agreement with 
the experimental values obtained by Wentsch. 


My discussion will be confined largely to two subjects: (1) the general effect 
upon the dielectric constant of small “atomic polarizations” due to proton 
displacements and (2) a mechanism for the orientation of the dipoles in ice 
which does not require a rotation of the molecules. 

As an introduction, a brief review will be given of the status of the general 
problem of the dielectric properties of liquids. The Clausius-Mosotti equation, 
relating the dielectric constant and the distortion polarization, and the exten¬ 
sion by Debye (1) to include the effect of permanent dipole account most satis¬ 
factorily for the behavior of gases and dilute solutions of polar molecules in 
non-polar solvents: 


€ — 1 4ttN / jjl \ 

r+2 3\ a + 3 kf) 


( 1 ) 


where e is the dielectric constant, a the distortion polarization, N the number 
of molecules per cubic centimeter, and p the permanent moment. Its applica¬ 
tion to liquids fails for the same general reason that the perfect gas law cannot 
be used to calculate pressure-volume relations in liquids. The problem of 
relating the dielectric constant of a liquid to the properties of the individual 
molecules is obviously highly complicated and doubtless not subject to exact 
formulation, but substantial progress has been made toward an approximate 
solution. 

Wyman (15) observed that for non-associated liquids the dielectric constant 
is linearly proportional to the polarization per cubic centimeter calculated from 
the moment of the gas molecule and gave the equation: 


(e + 1) = AP (2) 

The data for ethyl formate and acetone in table 1 indicate the order of agree¬ 
ment which he found, with A equal to 8.5. 


1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solu¬ 
tions, which was held under the auspices of the Division of Physical and Inorganic Chem¬ 
istry at the 114th Meeting of the American Chemical Society, Portland, Oregon, September 
13 and 14, 1948. 
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Equation 2 does not hold for hydrogen-bonded liquids, as is illustrated by the 
data for water and formic acid. 

Onsager (11) recognized the importance of Wyman’s contribution. He 
wrote: “Wyman’s relation implies quite simply that the polarization of the 
dielectric (by orientation) involves practically no change of the internal energy 
.... Such a discovery belies the pessimistic expectations of the ‘association 
theory’ and indicates that our theoretical understanding of polar liquids is 
capable of great advancement.” 

Onsager treated the molecule as a cavity of dielectric constant equal to the 
square of the optical refractive index of the liquid surrounded by a continuum 
of liquid of uniform dielectric constant. He introduced the concept of a reac¬ 
tion field which acts upon the dipole as a result of the electric displacements 
induced by its own presence and obtained the equation: 

(e — n)(2e + ri) _ 4xW/i 2 

e(n 2 + 2) 9 kT W 


TABLE 1 

Comparison of Wyman’s calculations with experiment 


COMPOUND 

P (from gas) 

e exptl 

<calod 

Ethyl formate. 

1.21 

8.6 

9.4 

Acetone. 

2.62 

21.5 

21.1 

Water. 

4.24 

78.5 

35.0 

Formic acid. 

1.08 ! 

62 

8.2 


For high values of t this reduces approximately to the Wyman equation with 


- fr 2 + 2) 2 


(4) 


and the value of A equal to 8.5 corresponds to a reasonable average value of 
1.46 for 7i. The Onsager equation also fails to account for the high dielectric 
constant of hydrogen-bonded liquids and would require that n for the water 
molecule in the liquid be around 3 X 10 -1S . Near the end of his paper Onsager 
makes the remark, “Incidentally our ‘refractive index’ should include the 
‘atomic polarization’ due to elastic displacement of the atomic nuclei by the 
electric field.” It is apparent from equations 2 and 4 that even small atomic 
polarizations will have a significant effect upon e, since it enters the constant A. 
This point will be amplified later in more detail. 

Kirkwood (7) has attacked the problem of the hydrogen-bonded liquids by 
assuming hindered rotation of the dipole due to short-range intermolec ular 
forces. His treatment leads to the equation 
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where V — molar volume, a — optical polarizability, p = the dipole moment of 
the liquid, and g is given by the expression 

g = [1 + Z (cos r)av] (6) 

where Z is the average number of nearest neighbors and (cos y) hV is the average 
value of the cosine of the angle between the given dipole and one of its neighbors. 

The effectiveness of Kirkwood’s treatment is indicated by the calculated and 
observed values of « for water and the aliphatic alcohols summarized in tables 
2 and 3. In making these calculations the dipole moment p of equation 4 was 


TABLE 2 

Dielectric constant of water 


/ 

Ccalcd 

«ob«<I 

°c. 



0 

84.2 

88.0 

25 

78.2 

78.5 

62 

72.5 

66.1 

83 

67.5 

59.9 


TABLE 3 

Dielectric constant of the aliphatic alcohols 


ALCOHOL 

<calod 

«o bad 

Methyl alcohol. 

29.2 

32.8 

Ethyl alcohol. 

21.3 

24.6 

n-Propyl alcohol. 

17.3 

19.5 

tt-Butyl alcohol. 

14.6 

18.0 

n-Amyl alcohol. 

12.6 

15.8 



calculated from the Onsager expression for the relationship between p and 
po of the molecule as a gas: 


p = 


2e+ 1 n 2 + 2 
2e + n*' Mo 


(7) 


ATOMIC POLARIZATION IN HYDROGEN-BONDED LIQUIDS 

There is considerable evidence for a very appreciable contribution to the 
dielectric constant of hydrogen-bonded liquids by the “atomic polarization” 
of the proton in the hydrogen bond. Hobbs, Gross, and coworkers (9, 12) 
have studied the apparent moments of the carboxylic acids in organic solvents. 
The acids were present as equilibrium mixtures of the monomer and the sym¬ 
metrical dimer, 


0-H—0 
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Evaluation of the parameters by successive approximations gave the equilib¬ 
rium constant and the apparent moments of the monomer and dimer. From 
their data they concluded that the symmetrical dimer had an atomic polariza¬ 
tion of about 20 cc. 

Coop, Davidson, and Sutton (2) found a similar moment in the formic acid 
dimer in the vapor phase. They showed that the moment was independent of 
the temperature and therefore not due to an orientation type of polarization. 

Recently Collie, Hasted, and Ritson (1) have reported an extensive study of 
the dielectric constant of light and heavy water as a function ofjfrequency. 
They analyzed their data in terms of the equation, 


€ — eo =* 


1 + far 


( 8 ) 



Fig. 1 . Raman spectrum of water (from Hibben) 


where r is the relaxation time, e the complex dielectric constant at angular 
frequency u, eo the electronic and atomic polarization, and t s the static dielec¬ 
tric constant. At constant temperatures equation 8 gives an‘accurate repre¬ 
sentation of their results with a constant value of r. They find «o = 5.5 for 
both light and heavy water, a value which is considerably larger than the square 
of the index of refraction, and conclude that the atomic polarization in water is 
much higher than is generally assumed. 

It seems likely that an atomic polarization of hydrogen-bonded substances 
is to be associated with a low-frequency vibration of the proton and it is there¬ 
fore of interest to examine the infrared spectrum for such frequencies. 

Hibben (5) has given the Raman spectrum of water reproduced in figure 1. 
The bands at 500, 1650, and 3200-3400 cm."" 1 are hydrogen vibrations, since 
they are shifted by approximately \/2 in deuterium water. 

The 3200-3400 cm."" 1 band is v z of figure 2, since the frequency is only slightly 
less than the corresponding O—H frequency in water vapor. The 176 cm."" 1 
band has been attributed to vi and the 500 cm. -1 band to v%. 
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The polarizability, a, of a harmonic vibration of charge e, mass m, and fre¬ 
quency v is given by the expression 


a 


4ir 2 Wlv 2 


(9) 


The molal polarization, P, is 


P = N^TCt = 


Ni 

3 rmv* 


( 10 ) 


From equation 10 the polarization per mole of hydrogen for the 500 cm. -1 
frequency is 39 cc. The number of hydrogen bonds in water is indefinite; 
hence the number of proton vibrators in a given direction in water is not defi¬ 
nitely known but the maximum polarization per mole, taking into account the 
two hydrogens and the two-dimensional vibration, would be of the order of 
magnitude 2 X f X 39 or 52. Even if only one-third of the possible hydrogen 
bonds are formed in water, this would give a polarization of 17 cc. From 
the index of refraction and the Clausius-Mosotti equation the electron polariza¬ 
tion is 3.7 cc. It is obvious that this equation cannot be used to calculate the 


t T 

0—»■ H «—0 OHO <-0 H-+ <-0 

1 

VI l>2 Vz 

Fig. 2 


dielectric constant for high values of the proton polarization, but a polarization 
of 17 cc. appears adequate to account for the value of to observed by Collie, 
Hasted, and Ritson. The polarization for a deuterium vibration would be the 
same, since the decrease in the frequency by the factor of the square root of 
2 balances the increase in mass. 

As pointed out in the discussion of the Onsager equation, even a small value 
for the atomic polarization can thus produce a large change in a, since it affects 
the proportionality constant between e and P as indicated in equation 4. In¬ 
deed, the experimental value of eo (5.5), obtained by Collie, Hasted, and Ritson 
for water, appears to be too high, as it would lead to a dielectric constant of at 
least 125. The contribution of the proton polarization will vary considerably 
from one hydrogen-bonded compound to another, depending upon the value 
for the vibrational frequency. In some compounds the frequency may be so 
high that the effect will be quite small. This may be true, for example, in 
KHF 2 . 

Hydrogen-bond formation also lengthens the X—H bond distance. From 
the change in Raman frequency, Sutherland (14) has calculated that the in¬ 
crease may be as large as 0.1 A. for the O—H distance on association of two 
carboxyl groups. The dipole moment of a molecule such as water would then 
be appreciably increased over the value for the vapor, but in terms of the 
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Onsager equation, this effect on the dielectric constant of hydrogen-bonded 
liquid should not be as significant as the contribution from proton polariza¬ 
tions. 


THE MECHANISM OP DIPOLE ORIENTATION IN ICE 

An interpretation of the dielectric constant of ice must account for the follow¬ 
ing facts: The constant has a value of 75 at 273°C., and the relaxation time is 


TABLE 4 

AS and A S for the dipole orientation activation in ice 


•RVP’F'P TMTrUT RB 

A E 

AS 

Wentsch... 

kcal.fmole 

9.3 

cal ./ degree/mole 

0 

Murphy. 

14.4 

17 

Smyth and Hitchcock. 

12.2 

13 




Temperature, °K. 

Fig. 3. Heat capacity of ice; C p in calories per degree per mole 


between 10 -5 and 10 -6 sec. at that temperature but rapidly inc re a s e s at lower 
temperatures. For comparison the relaxation time in water is around 10 -10 
sec. For frequencies greater than 10 kilocycles the dielectric constant falls to a 
small value (less than 10) at low temperatures, but there is evidence that the 
constant for infinite wave length does not decrease. Thus Murphy (10) charged 
an ice condenser for 1 hr. at -138.7°C. and by successive discharges collected 
about the same total charge as is obtained at 0°C. Also by rapidly cooling an 
ice condenser with liquid air, it is possible to freeze a permanent electric moment 
into the ice, which again indicates that a dipole must go over an appreciable 
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barrier in returning to its normal position. Quantitative information on the 
activation energy of the orientation barrier can be obtained from the tem¬ 
perature coefficient of the relaxation time. Kauzmann (6; see also 13) has cal¬ 
culated the values summarized in table 4. The specific heat curve obtained by 



Fig. 5. Potential diagram for the proton in the hydrogen bond in ice 

Giauque and Stout (4) is given in figure 3. Around 120°K. the curve looks 
as though it would extrapolate to a value of C p = 6, which would correspond 
to the equipartition value for the oxygen, and then it rises in almost a straight 
line to the value of 9, or 1.5 cal. per hydrogen higher. This rise is not the sort 
of curve one expects with the acquisition of rotational energy. 

The Raman spectrum, again from Hibben, is given in figure 4. It has the 
same general characteristic as the water spectrum but the 500 cm." 1 bond is 
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located at 600 cm. -1 and is sharper. Presumably it is due to the hydrogen 
vibrations at right angles to the bonds. At 273°K. such a two-dimensional 
vibration with u/T = 2.2 would have a specific heat of 1.8 cal. per gram-atom 
of hydrogen, which is approximately the excess over 6 noted above. 

If the water molecules in ice are not rotating, the question arises as to how it 
is possible to obtain the dipole orientation which is required for the high dielec¬ 
tric constant. In answer to this question the following mechanism is suggested. 
The frequency of the first vibrational state, vz of figure 2, is 3200 cm. -1 from the 

I 


t t 
H a 



l 



Fig. 6. Mechanism for the dipole orientation 

Raman spectrum. This corresponds to 9100 cal./mole. Protons in this state 
should be able to cross the barrier, as is indicated in figure 5. While the popu¬ 
lation of molecules in the resulting HsO + and OH~ states will be quite small, 
the rate at which such ion pairs are forming and disappearing will be quite 
rapid. This process provides a mechanism for dipole reorientation, since in 
the H 3 0 + ion there is the possibility of any one of the three protons jumping off 
and on the OH~ the possibility of any one of three protons returning to form the 
neutral molecule. As illustrated in figure 6, if the H 2 O gains a proton at X 
and loses one at a, the dipole is reoriented. Likewise a loss at y and a gain at b 
produce a similar orientation. Ordinarily the same proton which jumped 
over will jump back, but there certainly will be conditions on the neighboring 
molecules which will permit the optional process and under the influence of an 
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electric field a certain amount of orientation in the direction of the field will 
occur. The value of 9100 cal. for the vibrational excitation agrees with the 
experimental value of Wentsch (9300 cal., table 4) and such a process would 
have a very small entropy change. It would be difficult to account for an en¬ 
tropy of activation as high as 17 cal./degree, which was calculated from the 
work of Murphy, since the total entropy of an ice molecule at 273°K. is only 
9.1 cal./degree. 


SUMMARY 

In 1920 Latimer and Rodebush (8), in their paper in which they introduced 
the idea of the hydrogen bond, made the suggestion that the displacement of 
the proton in the bond was doubtless related to the high dielectric constant. 
This relationship may now be summarized. 

1. An appreciable displacement of the proton along the direction of the bond 
increases the permanent moment of the molecule. 

2. A small atomic polarization of the proton in an electric field results in a 
big change in the dielectric constant, as indicated by the Onsager equation. 

3. A transfer of the proton over the barrier offers a mechanism for the orien¬ 
tation of the dipoles by an electric field in ice and probably other solids. 
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The phase relationships in a two-component liquid system are generally ex¬ 
pressed in a temperature-composition diagram for constant (usually essentially 
zero) pressure, by a coexistence curve which gives the composition of the two 
liquid phases in equilibrium with each other at any temperature. Frequently 
there is a temperature above which (upper critical solution temperature) or below 
which (lower critical solution temperature) the two liquids are completely mis¬ 
cible, forming only one phase regardless of composition. It will be the object of 
this paper to consider the phenomena which occur in the neighborhood of such 
a critical point. In order to understand the problems involved, it will be well to 
start with a brief review of critical phenomena in the vapor-liquid equilibrium 
of one-component systems, which have many points of similarity. 

I. CRITICAL PHENOMENA IN ONE-COMPONENT SYSTEMS 

In a one-component system, the coexistence curve gives the molal volume (in¬ 
verse of concentration) of the liquid and vapor phases which are in equilibrium 
at any temperature or any pressure. According to the van der Waals theory, 
the coexistence curve has a rounded, roughly parabolic shape in the neighborhood 
of the critical point. However, careful observations of the meniscus separating 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solu¬ 
tions, which was held under the auspices of the Division of Physical and Inorganic Chem¬ 
istry at the 114th Meeting of the American Chemical Society, Portland, Oregon, September 
13 and 14, 1948. 
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vapor and liquid phases in a number of cases (21, 26,35; see the last of these for 
earlier references) indicate that in a diagram in which either pressure or tempera¬ 
ture is plotted as ordinate against molal volume as abscissa, the coexistence curve 
has a flat top, having the appearance of a truncated parabola. There is a range 
of molal volumes (volume of 1 mole of the entire two-phase system) over which 
the m enis cus disappears, within the limits of error, at exactly the same tempera¬ 
ture, which is designated as T m . 

This observation is in accord with the results obtained from the statistical- 
mechanical theory of condensation of Mayer and Harrison (11, 22). They also 
believed, on the basis of this theory, that at temperatures just above T m the iso¬ 
therms should have a horizontal (constant-pressure) portion extending over a 
range of volumes. 

McIntosh, Dacey, and Maass (5, 19) believed that they observed such hori¬ 
zontal portions in the isotherms of ethylene above the temperature at which the 
meniscus could be observed, but their data can be fitted just as well by curves 
with finite slopes in this region (31). Data on carbon dioxide (23) definitely 
seem to indicate that the horizontal portion is of finite length in the last isotherm 
which has a horizontal portion, and that only 0.15° above the critical temperature 
the isotherms have everywhere a finite slope. However, in this case the meniscus 
was not observed, so the question cannot be considered to be entirely settled 
experimentally. 

Recently (31) I have considered the process of condensation of a vapor from 
the point of view of associating molecules (2,8,30). This involves the considera¬ 
tion of the equilibrium between single molecules, double molecules, triples, and 
higher clusters or droplets, the molecules within a cluster being held together by 
van der Waals or, possibly, dipole forces. As the system is compressed to 
smaller volumes, more and more of the larger clusters are formed. If it is com¬ 
pressed sufficiently clusters of macroscopic size suddenly become stable, i.e., 
condensation begins. 

However, events will proceed in this way only if the surface tension of the drop¬ 
lets is positive. The surface tension of a liquid decreases with increasing tem¬ 
perature and will eventually approach zero. Then the sudden shift of stability 
to the large clusters will not occur. Instead, the number of large clusters and 
their average size will gradually increase until finally, when the free volume of 
the large clusters is reduced to zero, they coalesce into one. The free volume of 
a large cluster is determined, not by the freedom of motion of the individual 
molecules within it, but by the limits within which the cluster as a whole can 
move without becoming joined to another cluster. Thus the free volume of the 
large clusters may be reduced to zero when the density of the system is still rather 
low. The coalescence of the droplets does not result in a phase which is sepa¬ 
rated by a meniscus from the vapor, but, instead, it will produce a spongy, com¬ 
plexly interconnected mass of variable density. The process of condensation 
will now consist of the compression of the spongy mass, reducing the at first inter¬ 
connected regions of low density to the status of disconnected bubbles in the 
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liquid. In this process there will be a decrease in the surface, but there will be 
no resistance to the compression, since the surface tension is zero, and the pres¬ 
sure will remain constant until this process is finished; further compression re¬ 
quires actual squeezing of the liquid, rather than squeezing out of “gaseous” 
portions of the mass. The process which takes place at constant pressure pre¬ 
sumably corresponds to the change of volume across the flat top of the coexistence 
curve. 

Above the temperature T m the surface tension will become negative. Once 
the spongy mass is formed, it will require a small but steady increase in pressure 
in order to squeeze out the interstices, for this requires a decrease in the total 
amount of surface, which is now resisted on account of the negative surface ten¬ 
sion. Thus, according to this view, there will be no constant-pressure portion 
of an isotherm above the temperature T m . This apparent contradiction to the 
statistical theory of Mayer and Harrison (11, 22) may, in my opinion, be ex¬ 
plained in the following way (31). In the theory of Mayer and Harrison there 
appear certain cluster integrals, which are assumed to be volume independent. 
The integrals which involve numbers of molecules comparable to the total num¬ 
ber will, however, become volume dependent when the volume actually filled by 
these molecules is comparable to the total volume. If these integrals are then 
important in Mayer and Harrison’s equation, their theory will break down. It 
is difficult to prove at just what point this breakdown occurs, but it is reasonable 
to believe that it happens when the spongy mass described above is formed. If 
this is the case, it is shown in the previously cited work, that this will—or at least 
may—cause Mayer and Harrison’s theory to break down before the flat portion 
of the isotherm, predicted in their theory, is reached. 

n. FORMULATION OF THE PROBLEM FOR A TWO-COMPONENT SYSTEM 

In many ways the two-phase two-component system of two partially immis¬ 
cible liquids is analogous to the two-phase one-component system. With the 
total pressure of the two-component system held constant, the number of degrees 
of freedom is the same. The concentration of one of the components takes the 
place of the molal volume (actually it is analogous to the inverse of volume) of 
the one-component system, and the fugacity of this component is analogous to 
the pressure of the one-component system. (Often it is more convenient to work 
directly with the chemical potential.) 

We can therefore see at once the questions which arise in the case of the two- 
component system. These are twofold: (I) Does the coexistence curve have a 
horizontal portion (constant temperature over a range of concentrations) at the 
critical temperature? (2) Just above or below the critical temperature, in the 
region where there is apparently complete miscibility, is there a range of tempera¬ 
tures for which an isotherm shows a constant fugacity or chemical potential for 
one component (and hence for the other also) over a range of concentrations? It 
will be the purpose of this article to consider these questions from both the theo¬ 
retical and the experimental points of view. 
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in. GENERAL THERMODYNAMIC CONSIDERATIONS 

We sTifl.11 set up the following notation in dealing with a two-phase binary 
liquid system (see figure 1): 

' refers to one of the phases, “phase-prime” 

" refers to the other phase, “phase-double-prime” 

Subscript a refers to component A 
Subscript b refers to component B 
x'„, x' b , x'i , x'l are mole fractions 
By definition x' a > x'i and x'i > x [, so 
Component A is solvent for phase-prime and 
Component B is solvent for phase-double-prime 


/ / tt 

Pa j Pb > Pa 

, a ib are 

chemical potentials 

A'is * ( 

' ) 

, * ( 


RT\ 

A In xj 

t,p RT \ 

,d In Xb/ T ’ 

A " ifl 1 

( dy/i 

) =- 

( ^ ) 

A RT 

\d In xi 

Jt,p RT 

\d In x'/Jt,]) 


(The relations follow from the Gibbs-Duhem equation) 

So, §6, s", are partial molal entropies 
Afio = §o — So and A& = s& — s” 

From the general equation for constant pressure, written with either subscript 
and either prime 

d/t = -s dT + RTA d In z (1) 

and from the general set of conditions of equilibrium 

Va = lUl M 6 = iH (2) 

d/ a = djuoj d/4 = dju" 

we obtain (18): 

0 = - ASodT - A'RT d In x' a + A"RT d In x'i (3) 

0 = ASid T - A'RT d In x' b + A"RT d In x'i 

In these equations we have used the total differentiation sign to mean differentia¬ 
tion along the coexistence curve. This convention will be used throughout the 
argument leading up to equation 10. In any differential of this sort it is under¬ 
stood that the displacement along one branch of the coexistence curve corresponds 
to (implies the same dT) as displacement along the othqr branch. 

Since cta a = — dxs and cb 0 = —d x'i, we can write 

d In x'i = — ( x'i /x'i) d In x'i (4) 

d In xi = — ( x'jx'b) d In x' a 

IJang these in equation 3 and solving the simultaneous equations, we obtain 
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d In xl _ A St — (x'jx' b )AS a , , 

d T ~ A"RT{x' a xt/x'tx: - 1) W 

These equations determine the coexistence curve. We shall now consider the 
necessary conditions that the coexistence curve should have an upper, or a lower, 
critical temperature. To fix the ideas, let us first consider the case of an upper 
critical temperature, and let us suppose that the curve does not have a flat top 
but is curved in the region of the critical temperature. Then both d In x' a /dT 



Fig. 1. Schematic diagram of a coexistence curve, illustrating the notation used 

and d In x b /dT will be infinite at the critical point and they will be negative in 
the immediate neighborhood of the critical point, as will be clear from figure 1. 

Let us now consider the behavior of the quantities in the fractions on the right- 
hand sides of equations 5 and 6. A' and A” cannot be negative in any physically 
realizable state of the system. Since x' a > x a and x b > x't, the factor x' a xt /x'&a 
— 1 must be greater than or equal to zero. Thus the denominators must be 
positive or zero; hence the numerators must be negative or zero in the neighbor¬ 
hood of an upper critical point. At the critical point where x' a = x" a and x't = x b 
they clearly must be zero. We also see that 

d / x' a x" _ A _ d (x'g/x't) 

d{xl/x a ) Kx'txl ) x't x" a d{x n b /x" a ) 

d(x' a /xt)/d(xt/x'a) must be positive; thus the above expression is positive and 
x'ax't /x'txl — 1 vanishes to the first order at the critical point. 

Let us now consider the numerator of equation 5, which we shall designate as 
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p. Differentiating along the coexistence curve, remembering the definitions of 
A S a and A S b , we have 

dp _ / 3s" A _ / ds a A d(a Cb/x'a) 

&(x'b/Xa) \d(x'b/Xa)/T \d(x' b /x' a )/T d(x"/x") 

x'l ( 3§j \ d(x'b/x a ) x'l ( 3§£_^ _ A<? 

zZ Wxl/x'jh d(x" b /x" a ) + x: \d(x'l/xl))r * 

dAS a d T xl dASb dT 

If dixl/x'l) x" a dT d (x'l/x'l) 

The partial derivatives with respect to T are taken at constant mole fraction. 
Since, at the critical point, x' a = x a and xl = x b , both 3A S a /dT and dASb/dT are 
zero. The factor dT/d(x'l /xl) is also zero. Hence the last two terms in equa¬ 
tion 7 will not even contribute to the second derivative at the critical point and 
may be completely neglected. At constant temperature we have the general 
relation 

z"dg" + zjdSj = ZodSo £jd§£ = 0 


Hence equation 7 reduces to 


dty_ _fx' b x'l\( 3s l \ dixl/xg) „ . . 

'I/x'l) \x: xl) \d(xl/xl))r dixl/xl) b 


d(x'l 

At the critical point xl/xl 
vanishes. 

Omitting terms which vanish at the critical point, the second derivative is 


n , n 
%b j %a 


and ASb are both zero. Hence this expression 


d*P 


d (xl/xl? 


_(d (x'b/x'a) \( dsl A d (x'b/x'a) ( dASb \ 

\d{x’l/xl) )\d(x'b/x' a ))Td(xl/xl) Kdix'l/x'D/r W 


On account of the symmetry of the curve in the immediate neighborhood of the 
critical point d(x b /x a ) = —d(x' b /x' a ). Hence equation 9 becomes 


** _o I 

( \ _ 

( dASb A 

dix'l/xy 

Kdixl/x'D/r 

\d (x'l/x'l)) 


Actually S b and S b are the same quantity; one of them is merely evaluated on 
one side of the coexistence curve, the other on the other. In the same sense, 
x b /x a and xl/xl are essentially the same variable. Therefore at the critical point 

ml/d{x' b /xl)} T m {d&l/d(x'l/xl)] T 

But since along the coexistence curve d(xl/dxl)/d(x'l/x'l) - -1, we see that 
\ds/b/d{xl/xl)\ T = [ds,l/d{xb/xl)] T d(xl/xl)/d(xl/x'l) = -[dH,'l/d(x"b/xl)} T 


With this we can reduce equation 9a to 

. / dASb \ 

d{xl/xlf ~ " 2 \d(x'l/xl)) T 


( 10 ) 


Now we have seen that p = 0 at the critical point and must be negative in the 
neighborhood of an upper critical solution point. Since dp/d(xj /x a ) is also zero 
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at the critical point the second derivative must be negative. Since xl /r" in¬ 
creases on leaving the critical point along the coexistence curve, it is seen that 
this requires that A Sb increase also. Since A<S& starts at zero, it must be positive 
near an upper critical solution point. A similar discussion of equation 6 will 
show that AS a must also be positive near an upper critical point, and both AS a 
and ASb will be negative near a lower critical point. 

Furthermore, since the first derivatives of the numerators vanish, the numera¬ 
tors themselves must vanish to the second order at the critical point. Since the 
factor x' a Xb /x'bx a — 1 in the denominator vanishes only to the first order, this 
means that A' and A" must vanish to the second order in order for the left-hand 
side of equations 5 and 6 to become infinite to the first order. This corresponds 
to the vanishing of both (dp/dV) T and (d 2 p/3F 2 ) T at the critical point according 
to the van der Waals theory, in a one-component system. 

The signs of the AS’s can be interpreted in terms of the molecular structure of 
the liquids. If A S a and ASb are positive, this means an increase of entropy on 
transfer of material from a more concentrated to a less concentrated solution. 
This, of course, is the normal expectation, and results in an upper critical tem¬ 
perature. If AS a and ASb are negative this can result only from special inter¬ 
actions between the two kinds of molecules, such as hydrogen bonds, which are 
known to be instrumental in causing lower critical solution temperatures (13). 
If a molecule introduced as a solute into another liquid can cause a considerable 
degree of orientation of the solvent molecules, this orientation may lower the 
entropy of the solution to such an extent that transfer of the solute molecule from 
a concentrated to a dilute solution can actually result in a decrease of entropy. 
Since the interaction between the two kinds of molecules is mutual, it is not at all 
surprising that AS a and ASb should be negative at the same time. If they had 
opposite signs the coexistence curve would have neither an upper nor a lower 
critical temperature, and this is also a possibility which must be reckoned with. 

Some pairs of liquids show both an upper and a lower critical point. It would 
be naturally expected that the orientation effect would be most marked at a low 
temperature, so it is possible for AS a and ASb to change sign in such a way that 
there is a lower critical temperature and a higher upper critical temperature, the 
coexistence curve then being a closed curve. 

The above discussion deals only with the case where the coexistence curve is 
rounded at the critical temperature. If the coexistence curve is flat at the critical 
temperature, d In x' a /dT and d In xi /dT are infinite for a range of concentrations, 
so that we do not in general have x a = x a and Xb = at the critical temperature. 
Then the numerators of equations 5 and 6 will be finite and the factor x' a x'b /xbx" a — 
1 will be finite and positive. It is thus not necessary for A' and A" to vanish to 
the second order at the ends of the range of concentrations over which the 
coexistence curve is flat. If the two branches of the coexistence curve are to 
turn toward each other (as they always do) as the critical temperature is ap¬ 
proached, then for an upper critical temperature we would have 

ASa ~ (x"b/Xa)ASb < 0 
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and 

A Sb — (x'a/x b )AS a < 0 

Multiplying the second of these by xl/x" and adding to the first we obtain 

(1 — Xbx' a /x a Xl)AS a < 0 , 

Since the term in parentheses is always less than zero, we find A S a > 0. Simi¬ 
larly A Sb > 0. These then represent necessary conditions for coexistence curves 
of normal form at an upper critical temperature, regardless of whether the top of 
the curve is flat or rounded. Similarly A S a < 0 and A Sb < 0 are in general 
necessary conditions for a lower critical temperature. 

IV. ASSOCIATION THEORY FOR THE BINARY SYSTEM 

McMillan and Mayer (20) have developed a statistical theory of multicom¬ 
ponent systems which can be applied to binary liquid systems. Their conclusions 
are very similar to those of Mayer and Harrison (11, 22) on the vapor-liquid 
critical point. The vanishing of A' to the second order involves two independent 
conditions, which McMillan and Mayer believe could be satisfied simultaneously 
only if the attractive forces were of a very special type. However, they appar¬ 
ently hesitate to exclude entirely the possibility of a critical point with a rounded 
coexistence curve. The normal type of coexistence curve would seem, never¬ 
theless, to be one with a horizontal section of the critical temperature. In this 
case, according to McMillan and Mayer, the chemical potentials should be con¬ 
stant over a finite range of compositions even beyond the critical point, that is, 
at temperatures at which the two liquids form a single homogeneous phase. 
However, in this region the theory will meet with the same difficulty as does the 
theory of Mayer and Harrison above the critical point of a one-component 
system. 

In this paper we shall adapt the theory of associating molecules to a binary 
system. This theory is not as rigorous as that of McMillan and Mayer in the 
region where two phases are formed; I believe, however, that it is better for the 
region where only one phase is formed. In any case, the mathematical formula¬ 
tion is much simpler. Since the theory has already been developed in detail for 
one component systems (31) we can make some of the discussions brief, referring 
the reader to the previously published work for details. 

General theory 

The theory will be the same for either the prime or the double-prime phase as 
described in Section HI. Let us consider the former, in which component B is 
the solute and component A the solvent. Component B can occur as single 
molecules, as pairs, as triplets, etc., in general as clusters of s molecules each. 
Within these clusters of species B there may exist in turn molecules or clusters of 
species A. However, a cluster will be designated by the number of molecules of 
species B. We let the number of single molecules of B in a volume V be desig¬ 
nated as ftji, the number of pairs as nm, • • • , the number of clusters of s mole- 
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cules of species B as »&„ • • • . Then 

S s $n&, = Ni (11) 

where Nt is the total number of B molecules. We let the concentrations (wm/F, 
nw/F, • • • nu/V, • • • ) be designated as cm, cm • • • cm, • • • , and the respective 
chemical potentials (referring to single, rather than moles of, clusters) be denoted 
by mm, mm, • • • , mm, • • • . Then if the solution is sufficiently dilute so that the 
laws of dilute solutions may be considered valid, 

mm = s<j>ba + kT In cm (12) 

where sft, is the value of mm when cm = 1. We now define a quantity ft by the 
equation 

ft = - 4>bi (13) 

ft, then, is the free energy of “condensation” per molecule, of single molecules 
at unit concentration to form a very large cluster. 

If we form a cluster of s molecules of B from single molecules, this may be con¬ 
sidered as the condensation of s — 1 molecules on one molecule, and the free 
energy of condensation at unit concentration would be ft(s — 1), except for some 
corrections. In the first place, the free energy of condensation of the molecules 
added to a small cluster is not typical of those added later if the cluster is made 
to grow. This difference in free energy will persist in the total energy even for 
a large cluster. 2 This correction we shall call cm. For large s it should 
approach a limit which we shall call e&». There will also be a correction for sur¬ 
face, or, rather, interfacial energy of the form y$ il3 , where y is a constant related 
to, but not exactly equal to, the interfacial tension. This form will also break 
down for small s, but we may take any correction into «m- Collecting all these 
terms we get for the free energy of condensation of s single molecules into a single 
cluster, both types being at unit concentration, 

s<t>bs — sfti = ft(s — 1) + ys 2lz + ft, (14) 

For the special case s = 1, we see that equation 14 gives: 

fti = —y (15) 

The condition of equilibrium is that the total free energy F of the system should 
be a minimum. Hence 

5F = 2,MM§nM — 0 (16) 

subject to the condition, which follows from equation 11, that 

2,sS?im = 0 (17) 

In equation 16 we have no term which explicitly refers to the solvent. In view 
of the fact that a droplet or cluster of solute molecules may have in turn solvent 

1 In the work on condensation of a vapor (31) I assumed to be zero. It is seen that this 
is not correct, but actually it does not affect the conclusions of my earlier paper. This 
will be discussed elsewhere. 
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molecules dissolved in it, this may seem to be an oversight. However, the solvent 
within any given cluster is assumed always to be in equilibrium with its sur¬ 
roundings. Therefore it is only necessary to impose the condition 16 on the 
number of solute clusters of various sizes. The effect of solvent is taken care of 
implicitly in the expression for s<ft 3 to be obtained from equation 14. 

From equations 16 and 17 we obtain by the standard procedure 

nu + abS = 0 (18) 

where at is a constant to be determined (the Lagrange multiplier). With equa¬ 
tions 12 and 14 this gives 

a, = exp[(ft - o tbS - ys 2li - eu)/kT] (19) 

where 

db = 4>bl + ft + <Xb 


In particular, remembering equation 15, 

Cbi = e Wb ~ ai)lkT 


( 20 ) 


ah is determined by equation 11, or it may be considered to be determined by 
equation 20, all the c is being determined in terms of cm. may be interpreted 
as the difference between the chemical potential <ft« of very large drops and that 
of the prime solution as it actually exists. We may build up the solute in the 
prime solution by small additions of single unassociated molecules of component 
B. Between the small additions we allow equilibrium between clusters to be 
reestablished; this takes place with no free energy change, since we never depart 
appreciably from equilibrium. Hence 

4 - no. - 4>bi + kT In Cbi 


— 4>bl + ft — db — 4>b x — ab 
Hence, as was to be shown, 

ab = - n'b ( 21 ) 

may be taken as the chemical potential per molecule of B of the double-prime 
phase at the concentration given by the coexistence curve at temperature T. An 
infinitely large (macroscopic) drop of component B contains within itself droplets 
of component A. If the concentration of A within this large drop of B exceeds a 
certain value (as it would tend to if the over-all concentration of the solution were 
on the prime side of the coexistence curve), component A will condense out as a 
macroscopic droplet within the drop of B. The free energy of transfer of single 
B molecules at unit concentration to form a macroscopic cluster will, therefore, 
be the same as the free energy of transfer into the double-prime phase; in other 
words <&» = ti b . The concentration term in equation 12 is unimportant for 

S = oo. 
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Critical point with horizontal portion of coexistence curve 

One condition that the two macroscopic phases should be in equilibrium with 
each other is that fa* = juj should be equal to p't, hence a& = 0. Let us now 
examine equation 19 with this condition in mind. In the first place we note that 
a more positive value of on corresponds to a smaller concentration. As long as 
at is positive we see from equation 19 that large clusters are very improbable. 
Even when at is zero, the ys 2/s term makes the large clusters improbable, provided 
y is positive. As soon as on becomes ever so slightly negative the expression 19 
ceases to converge; that is to say, the large clusters suddenly become extremely 
probable. This corresponds to the formation of a new phase. The one-phase 
system is stable as long as at is positive. 

The above deductions are based on the assumption that the ideal solution laws 
hold. It is clear that qualitatively the same results would be obtained if this 
were not the case. However, deviations from ideal solution laws become impor¬ 
tant when y is close to zero. This has been discussed in detail in reference 31 and 
essentially the same method of handling the situation can be applied here. Equa¬ 
tion 19 will still hold provided the concentrations are considered to be concentra¬ 
tions in free volume. This is not the same as replacing concentration by activity. 
Replacing concentration by concentration in free volume corrects only for the 
entropy effects; energy effects are implicitly taken care of by changes in the values 
of fit and the a,. The free volume may, in a given solution, be different for 
clusters of different sizes, but we assume that it approaches a definite limit for 
large s. The characteristic thing about this limiting value of the free volume is 
that it can approach zero while the concentration is still finite. This occurs when 
the large clusters are compressed so closely together that they can no longer exist 
as separate entities but are forced to coalesce. It is to be noted that only the 
effect of the clusters on each other is to be considered. The volume occupied 
by the solvent molecules does not affect the free volume in this sense, for the 
concentrations at high dilution are defined in terms of the total volume of the 
solution. 

We can now understand the situation when y becomes zero. This case is of 
particular importance, since if y becomes zero we shall no longer expect to be able 
to distinguish a meniscus, and we shall now show that the conditions for the 
occurrence of a critical temperature are fulfilled. This matter has been dis¬ 
cussed in some detail, though from a more qualitative point of view, by Frenkel 
(7) - 

We define a total effective concentration in free volume as Ct = Nt/Vf, where 
V/ is the limiting value of the free volume for large clusters. If a is very small, 
so that most of the molecules of B are in large clusters, we may write 

Ct — S a s ct* (22) 

If 7 = 0, equation 19 becomes for large values of s 


C&g ™“ & 


( 23 ) 
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If we insert equation 23 into equation 22 we obtain an approximation, the sum in 
which is readily evaluable. With a b /kT very small it takes the form 

C b = e^- li ‘ )lkT (kT/ ab ) 2 (24) 

which, solved for on,, gives 8 

= kT[e {h - H ~ )!kT /C b ] m (25) 

As we have noted, Cb is defined as Nb/Vf. Let us now investigate the proper¬ 
ties of 7/. Let us suppose that Nb is constant and that the concentration of the 
solution is varied by changing the total volume, using a semipermeable piston 
through which solvent A can pass, but which is capable of controlling the volume 
V available to solute B. The free volume is the volume through which the center 
of a cluster is free to move, without coalescing with another cluster, and it may 
be considered as the cube of a free length. The latter may be set roughly equal, 
or at least proportional, to V llz — F /1/3 , where V' is the volume which would be 
occupied if the system were compressed, without change in the density of or the 
total amount of material in the large clusters, until the free volume just vanished. 
We thus write 

yl/3 ^ yl/Z __ yf 1/3 

= (F — F')/3F' a/8 (26) 

if F — V is small compared to F. 

Actually, compression of the system may well cause a change in density of a 
cluster. And since the clusters are certainly not spherical when y = 0 or even 
when y is positive but very small, compression might change the effective volume 
occupied by a cluster by changing its shape. Thus F' will vary with F and, on 
account of the change in shape mentioned in the last sentence, we might even 
have dF'/dF ~ 1 in a highly concentrated solution. The actual value of F at 
which Vf vanishes, we shall call Fo; at this volume Fo = F = V'. 

Equation 26 gives: 

C b = N b /Vf = 27A 4 F'7(F - F') 3 (27) 

Setting equation 27 into equation 25 we obtain: 

= kTe^-^ ,UT (V - F') 8 7(27W>) 1/! F' (28) 

The terms e (h and V' (in the denominator) will have a relatively smg.11 

dependence on F as compared with (F - F') 3/! when F is close to V'. We there- 
fore can write approximately 

0«6/*F)r = ikTe^- ( ^ )mT (27N b r u \V - FO^F'" 1 (l - *0 (29) 

We now see that {da b /dV)r vanishes when F = V' — Fo. By equation 21 this 
means that (&&*,/ dV) T — (d/ b /dV) T vanishes. In view of the disonsgin n follow¬ 
ing equation 21, we conclude that (a&./dF), = 0; hence at F = F' = F^we also 
have (d/t,/dF) r = 0. Of course the argument applies just as well to the other 



critical phenomena in binary liquid systems 


81 


side of the coexistence curve,'where (d4> am /dV) T and (du"/dV)r will be equal to 
zero. This in turn means that A' and A" of Section III will vanish. Thus it is 
seen that the conditions are fulfilled for a critical temperature, with the coexis¬ 
tence curve having a horizontal section, 3 since the left-hand sides of equations 5 
and 6 will become infinite. 

If the vanishing of (dai/dV) T depends only on the term (7 — V') 112 it vanishes 
to a low order. As indicated above it may vanish to a higher order on account 
of the term 1 — d7'/d7. This has already been discussed for the liquid-vapor 
equilibrium of a one-phase system (in Section 5 of reference 31), and the argu¬ 
ments need not be repeated here. It may be added, however, that the above 
discussion depends on the assumption that we can always recognize the bound¬ 
aries of a cluster, even when it is close to another cluster. There may actually 
be some haziness in this matter, which would lead to haziness in the concept and 
evaluation of the free volume. This might result in a further smoothing out and 
rounding off of the curve of chemical potential vs. concentration. 

The manner in which the interfacial tension, or y, which is proportional to it, 
vanishes is of some importance. Let us write 

y = rj — To (30) 

where y and <r are, respectively, proportional to the interfacial energy (more 
exactly enthalpy) and entropy (the proportionality being the same as that which 
relates y to the interfacial tension). 

In general, when y is positive y and <r have the same sign. If they are positive, 
then at a sufficiently high temperature y vanishes, giving an upper critical tem¬ 
perature. If they are negative, then at a sufficiently low temperature y vanishes, 
giving a lower critical temperature. 

If there'are no special forces involved between the molecules of components 
A and B, then we may in general expect a to be positive. For the interface is 
then a place where the two species of molecules mix, and where there is more dis¬ 
order than in the bodies of the solutions. Under the same circumstances we 
expect AjSj and A*S 2 to be positive, and from either o or AiSi and A<S 2 , we conclude 
that if we have any critical temperature it will be an upper critical temperature. 

On the other hand, if there are special forces between the molecules there will 
be a tendency for the molecules of A and B to be bound to each other in a special 

8 In reference 31 we considered the possibility that the expression for the chemical po¬ 
tential should have an entropy term of the form kT a In s, where a is a constant which 
would remain even when y was zero. Such a term would be of the nature of a surface ten¬ 
sion, but one which varied with s and became smaller for larger s. Such a term would, of 
course, affect the form of equations 24 and 25 and could affect the conclusions to be drawn 
from these equations if a became of the order of magnitude of 1. Actually, of course, our 
whole development is based upon the assumption that there does exist a temperature 
at which any term which is not proportional to s becomes negligible for large a, or is coun¬ 
teracted by some other effect. It seems likely that the term 1 — d7'/d7 in equation 29 
has more effect on the shape of the m vs. concentration curve than the effect considered 
here. These details of behavior at the critical temperature obviously require further 
study. 
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way at the interface. This is likely to lead to a negative v and a lower critical 
temperature, according to the criteria considered in Section III. 

Of course, we cannot predict in any case whether or not a critical point will 
actually occur, but there is a general consistency between the two points of view. 

One-phase region outside a horizontal coexistence curve 

If the interfacial tension vanishes in the way we have just discussed, one impor¬ 
tant consequence is that it can continue in the same direction and become nega¬ 
tive. Frenkel (7) has argued against this, but his arguments do not seem 
convincing to me. It is true that one cannot measure a negative interfacial 
tension, simply because one cannot find the interface. The interface tends to 
proliferate, so the clusters are no longer spherical, and in general we may expect 
the surface to become proportional to 5 rather than to $ 2/3 . This means that in 
equation 19 the surface term can be merged with the term Presumably, 
unless the relation of the surface quantities is such that sheets or filaments are 
stable, 4 proliferation of the surface will stop when the average curvature of the 
surface becomes sufficiently great. At this point the interfacial tension might be 
said to be zero in the sense that the free energy of the interface is a minimum with 
respect to changes in the surface which involve a change in average curvature. 
On the other hand, the free energy of the surface as a whole is negative, and the 
surface resists any attempt to lessen its area which leaves the average curvature 
unchanged. In any event, since proliferation of the interface is wasteful of free 
volume, it is probable that before the large clusters have coalesced into a spongy 
mass, the curvature of the surface will have become somewhat less than would 
be the case if the clusters were isolated. 

The coalescence of the clusters of solute at the point where the free volume 
vanishes will produce a spongy mass of one phase in the other, just as in the case 
of liquid-vapor equilibrium there was produced a spongy mass of liquid in the 
vapor. We can treat the solution in much the same way as we treat the one- 
component system of condensing vapor, if we introduce a semipermeable piston, 
as above, which allows solvent A to pass through but holds back solute B. We 
assume osmotic equilibrium established between the molecules A outside and in¬ 
side the piston. Let us now compress the piston slightly. A certain amount of 
A will flow out; since there is osmotic equilibrium this occurs without change of 
free energy. In order to maintain the concentration of phase rich in component 
A some material from this phase will enter into the spongy mass; as the system 
is in equilibrium this also occurs without free energy change. Finally the spongy 
mass will be compressed. This presumably lowers its surface area. If the inter- 

4 If filaments and sheets should become stable, then since they constitute an entirely 
different state of the system, their appearance would manifest itself by a sudden drop of 
the interfacial tension to zero. This is, perhaps, a possibility which would be worthy of 
study, but we shall not consider it here. In general, however, when we go beyond the 
critical temperature into the range of homogeneous mixtures, we may expect the curva- 
ture of the interface to become greater and greater, so that sheets and filaments probably 
appear gradually and finally break up into single molecules, giving a microscopically ho¬ 
mogeneous solution. 
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facial tension is zero, there is no resistance to the piston on this account. If, 
however, the interfacial tension is negative there will be a resistance to this 
process. Equilibrium will be reestablished if a higher pressure is applied to the 
piston. Suppose, however, we reestablish the equilibrium by lowering the pres¬ 
sure of the solvent material A outside the piston, leaving the pressure inside the 
same as before. We then see that ji a , the chemical potential of A, has decreased 
and hence fib will have increased. Thus if the interfacial tension is negative in 
the region beyond the critical point, we cannot expect fi a or pb to be constant over 
any range of concentrations. Hence our theory predicts no range of concentra¬ 
tions in an apparently homogeneous liquid phase where the chemical potential 
will remain constant. 

Critical point with a rounded coexistence curve 

Thus far Section IV has dealt only with the case in which the coexistence curve 
has a horizontal stretch at the critical temperature. If the curve is, instead, 
rounded at the critical temperature, as in the case discussed in the first part of 
Section III, the compositions of the two phases finally become identical at the 
critical temperature. The interfacial tension between two identical phases 
would, of course, be zero, with both terms in equation 30 vanishing. However, 
two phases can have the same composition without being identical in every re¬ 
spect, if they contain clusters of varying composition, since only the average 
composition of such a microscopically heterogeneous phase would be measured. 
If, however, the clusters were of different composition than the body of the phase, 
the interfacial tension at the surface of the clusters would not in general be zero. 
But if this were true, large clusters would not form gradually; we could have a 
sudden appearance of a new phase, but the conditions for a normal critical point 
would not be fulfilled and we would be led to a contradiction. So if we do have 
a rounded coexistence curve the two phases do approach identity, even when the 
examination is made on a molecular scale. As they approach identity, and the 
interfacial tension becomes very small, clusters would of course form, but they 
would have almost the same composition as the rest of the liquid. At the critical 
point they would become “ghosts.” 

Suppose we consider a phase in which component B is solute and A solvent 
(the prime phase) at a temperature such that two phases can exist in equilibrium, 
just before the critical point is reached. If we dilute the solution by adding A, 
the clusters, which are almost ghosts, could not remain in equilibrium with the 
body of the liquid of the new composition. Since the clusters have almost the 
same composition as the surrounding medium and cannot become richer in A, 
a rather large amount of material will be withdrawn from them, to restore the 
original composition. Now a rounded coexistence curve requires that A f and A'\ 
and hence (dab/d V) T and (da a /dV) T: vanish to the second order, which, from equa¬ 
tion 29, means that V — V f should be proportional to ( V — Vo) 2 . This would re¬ 
quire considerable swelling of the clusters to keep the volume nearly filled as V 
was increased by means of the semipermeable piston starting with V = V r — V [. 
That this swelling should be especially great just under the circumstance in which 
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there is considerable loss of the material rich in B does not seem probable. On 
this basis we would not expect to find rounded coexistence curves. However, 
with the situation described it would certainly become very difficult to define the 
boundaries of a cluster, and with the identity of the clusters becoming increas¬ 
ingly hazy, it may well be that we can draw no valid conclusions on the basis of 
the cluster or association theory as developed here. McMillan and Mayer (20), 
as we have seen, concluded that the vanishing of A' and A" to the second order 
would occur under only rather special circumstances, but it does not seem neces¬ 
sary to conclude that those circumstances are at all impossible, nor do the experi¬ 
mental data, discussed in the next section, seem adequate to decide this question 
unequivocally. 


V. THE EXPERIMENTAL MATERIAL 

The above sections have provided at least a partial theoretical answer to the 
questions propounded in Section II: ( 1) The coexistence curve will in many, 
probably most, cases have a horizontal section at the critical temperature, though 
this may not be absolutely necessary. (#) The chemical potentials should not 
be constant over any part of the region of complete miscibility. 

General observations 

It was long ago suggested (9,27,28, 29), on the basis of observations of critical 
opalescence and anomalous viscosity, that solutions in the neighborhood of the 
critical point might have a colloidal structure. The theory which we have dis¬ 
cussed in this paper seems to be in qualitative accord with the idea that the solu¬ 
tions in the critical region have a colloidal or emulsoidal structure, provided they 
are of the type which have a horizontal portion of the coexistence curve. On the 
other hand, in the case where the coexistence curve is rounded, if this occurs, the 
dispersed “ghosts” should have so nearly the properties of the dispersing medium 
that the solution could hardly be distinguished as a colloidal solution. In this 
case, however, the classical type of critical opalescence would be expected in the 
immediate neighborhood of the critical point. 

Some solutions do not show the critical opalescence, but Mondain-Monval and 
Quiquerez (24) showed that this generally happens when the indices of refraction 
of the liquids involved are nearly alike. They interpreted this as meaning that 
while the solution was actually colloidal, there were simply no visible effects under 
these circumstances. These authors also investigated the anomalous viscosity 
of solutions in the critical region (25). They found an anomalously high vis¬ 
cosity in a number of cases in which critical opalescence was not seen. However, 
they found some ternary mixtures in which there was neither anomalous viscosity 
nor critical opalescence, and in these cases they supposed that there was molecular 
dispersion rather than a colloidal solution. 

A somewhat more refined analysis can be made if the polarization of light 
scattered by the liquid is observed. From such measurements Krishnan (16,17) 
concluded that molecular clusters of diameter of the order of the wave length 
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were formed near the critical solution temperature. A spongy mass with sur¬ 
faces having an average radius of curvature of this order of magnitude would 
probably give a similar effect. An average radius of curvature of the order of 
the wave length of light seems rather large, however, and it may be that some¬ 
thing other than radius of curvature is the controlling factor. There is some 
evidence, perhaps not too certain, from ultramicroscopic examination (10) and 
viscosity measurements (27) that the dispersion is finer than the wave length of 
light. 




Fig. 2. Coexistence curve for phenol and water 
Fig. 3. Coexistence curve for acetic anhydride and cyclohexane 


The shape of the coexistence curve 

If one examines the coexistence curves given in the Landolt-Bomstein tables, 
or elsewhere, he obtains the impression that many of them are extremely flat at 
the critical temperature. This has, in fact, been remarked upon by various in¬ 
vestigators; for example, Woodburn, Smith, and Tetewsky (39), in the course of 
an investigation of critical solution temperatures of organic binary mixtures, 
found that the temperature at which the liquid became homogeneous was inde¬ 
pendent of concentration over a range of concentrations, and that this aided 
greatly in the determination of the critical solution temperature. Of course, it 
is impossible to prove experimentally from data of this sort that there is an abso¬ 
lutely horizontal portion to any coexistence curve; one may always be dealing 
merely with an extremely flat maximum. However, I think it may be reasonably 
safely inferred that there are Curves with a horizontal portion, and I believe, in 
fact, that most of the curves do have such a horizontal portion. A couple of 
illustrative examples are given in figures 2 and 3. 
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On the other hand, there do seem to be curves which are rounded at the critical 
temperature. One such example, the best one which I have run across, is shown 
in figure 4. In most cases, when curves which have the rounded appearance are 
carefully e xamin ed, it appears that the evidence is faulty. Most often the experi¬ 
mental points are not close enough together to enable a decision to be reached. 
It is, as a matter of fact, just as impossible to exclude a short horizontal section 
in an apparently rounded curve, such as is shown in figure 4, as it is to exclude 
the possibility of a very flat maximum in a curve with an apparently completely 
flat top. As a matter of fact, one might well anticipate much shorter horizontal 



Fig. 4. 



Fig. 4. Coexistence curve for acetic anhydride and carbon disulfide 
Fig. 5. Vapor-liquid composition curves for triethylamine and water 


sections than frequently seem to occur. In the liquid-vapor equilibrium in the 
case of ethylene, the horizontal section of the coexistence curve extends over a 
volume range of only 10 per cent. Since the compression of the spongy mass of 
material at the critical point is mechanically similar in the one-component and 
the two-component systems, one might suppose that the horizontal section in the 
two-component system would correspond to a motion of the semipermeable pis¬ 
ton considered in Section IV through a volume about 10 per cent of the total 
volume being compressed. Yet, in many cases, the composition range involved 
obviously corresponds to a greater volume range. Some rather extreme examples 
of this are furnished by the systems acetone-carbon disulfide (3) and methyl 
acetate-carbon disulfide (4), in which cases the flat section ranges from about 50 
to about 75 mole per cent carbon dis ulfide. 
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Another difficulty in being sure that a coexistence curve is actually rounded at 
the critical point arises from the effect of impurities. It is not unusual for there 
to be a range of several degrees in the reported values of the critical temperature 
for a given pair, and the curves reported by different authors may also vary in 
shape. Small amounts of a surface-active impurity lower the interfacial tension, 
so that it would become zero before the critical temperature was reached. Emul¬ 
sification would then result, with increase in the surface, but the amount of 
material which could be emulsified would depend on the amount of surface-active 
agent present. Thus the two branches of the coexistence curve might be drawn 
together, without actually meeting. They would be drawn closer together the 
lower the original value of the interfacial tension, however; thus a coexistence 
curve with a rounded top could be produced, even though the curve would be 
flat if no surface-active agent were present. 

The chemical ‘potential in the critical region 

There are very few data available which would have a bearing on the question 
whether the chemical potential can remain constant over a range of concentra¬ 
tions in the region of homogeneous solutions beyond the critical temperature. 
Probably the best work on this subject is that of Roberts and Mayer (32) on the 
triethylamine-water system, which has a lower critical temperature at about 
18.4°C. These authors measured the mole per cent of amine in the vapor over 
a range of liquid concentrations. If the chemical potential remains constant over 
a range of liquid concentrations, the composition of the vapor phase should also 
be constant over this range. These authors believed that the composition of 
the vapor did remain constant over a considerable range of liquid concentration 
at 18°, 16°, and 13°C., while the slope of the curve became definitely finite at 0°C. 
Of course, a curve which is experimentally of zero slope may actually have a very 
small slope, and such an experiment can never be absolutely conclusive. How¬ 
ever, Roberts and Mayer argued that, since the slopes at 16°C. and 13°C. were 
very much smaller than would be expected from an interpolation, the slopes 
must suddenly become larger somewhere between 13°C. and 0°C.; therefore, it 
is reasonable to suppose that they rise from zero. I do not believe, however, 
that this argument is really valid. In figure 5 are shown the data of Roberts and 
Mayer for 18°, 13°, and 0°C. (the data at 16°C. are omitted to avoid confusion), 
and it will be seen that the curves which are passed through the data fit them 
reasonably well, do not show any zero slope except at 18°C., just below the critical 
temperature, and change gradually on going from 18° to 0°C. The slope of the 
curve at 13°C. is small, but not unexpectedly small if it be compared with the 
pressure-volume curves of the one-component system (see figure 2 of reference 
31). This does not mean that Roberts and Mayer’s analysis is necessarily wrong, 
but I do believe that it indicates that other interpretations are not excluded. 

Over a region in which the chemical potentials of the constituents of a binary 
phase are constant, the total vapor pressure should also be constant. The vapor 
pressure of aqueous solutions of phenol has been measured by a number of investi¬ 
gators (6, 34, 36, 38). The earlier measurements are not accurate; the accurate 
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measurements of Ferguson (6) are plotted on an exaggerated scale in figure 6. 
It is seen that there is an almost horizontal section of the curve from about 25 to 
45 per cent phenol. We can calculate roughly from the Gibbs-Duhem equation 
that over this range the partial pressure of water will decrease by about 0.05 mm. 
and that of phenol will increase by about 0.01 mm. These quantities are zero 
within the limits of error; nevertheless, we shall assume that they are correct as 
given, and shall attempt to determine whether they are of a reasonable order of 
magnitude. 

In Section IV we considered a hypothetical experiment involving compression 
by a semipenneable piston, which was the nearest analogy to compression in a 
one-component system. Therefore, it appears that the closest analogy to the 
pressure-volume isotherm for the one-component system would be an osmotic 
pressure-volume isotherm for the binary system. Let us, therefore, consider 
how the osmotic pressure II would change over the range of concentrations from 
25 to 45 per cent phenol, n is given by the equation 

H - (RT/Va) In Pa(0)/pa(w) (31) 


where V* is the partial molal volume of solvent, p a (w) is its partial vapor pressure 
at weight per cent w, p a ( 0) being the vapor pressure of pure solvent. The partial 
vapor pressure of phenol over the range w = 25 to w = 45 per cent may be found 
from Schreinemakers 7 measurements (34) (which are not accurate enough to give 
differences but may be used for rough absolute values of the partial pressures) to 
be about 6 mm. and that of water is about 284 mm. If then we let AH be the 
difference in osmotic pressure for w = 25 and w = 45 per cent, and assume that 
is constant, application of equation 31 gives roughly: 

AH _ In (284.05/284) _ AnAO 
H In (290/284) “ aUU * 

If equation 31 is applied, considering phenol instead of water as the solvent, we 
get, using Kahlbaum 7 s (15) value of 10.9 mm. for the vapor pressure of phenol 
at 75°C.: 


An _ In (6.01/6) 
n In (10.9/6) 


- 0.003 


As may be seen by comparing with pressure-volume curves for a one-component 
system just above the critical temperature (see reference 31, Fig. 2) these are 
not extremely small relative pressure changes, though a change in w from 25 to 
45 per cent is equivalent to a rather large volume change; in any event AU/TL is 
subject to considerable error. 

To be sure 75°C. is rather far, about 10°C., above the critical temperature for 
phenol-water. But in this connection we may mention that Antonoff (1) has 
measured the interfacial tension between the phenol-water phases at 25°C. and 
finds it to be of the order of 0.5 dyne per centimeter. Since the critical tempera¬ 
ture, at which the interfacial tension is presumably zero, is 65°C., it is seen that 
this gives a rate of change of the interfacial tension with temperature which is 
very much smaller than that of most surface tensions of pure liquids. Accordingly 
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we may expect the slope of the chemical potential vs. concentration curve to 
change very slowly above the critical temperature. 

Effect of addition of a third component 

It has already been mentioned that impurities can have an appreciable effect 
on the coexistence curve of a two-phase system. A great many controlled experi¬ 
ments have been carried out to test the effect of a third component, and it has 
been found that these effects are often exceedingly large. It is not, perhaps, 
surprising that Timmermans (37) found that addition of 1 per cent of sodium 
oleate to the critical mixture of phenol and water lowered the temperature of 
miscibility by more than 20°C., for sodium oleate is a notoriously surface-active 
substance. It can lower the already low interfacial tension, so that emulsifica¬ 
tion will occur, with formation of a single highly disperse phase, at a much lower 
temperature than would ordinarily be the case. But at first sight it is surprising 



Fig. 6. Vapor pressures of phenol-water solutions at 75° C. 

that a little over 3 per cent of sodium chloride (molal concentration 0.55 per 1000 
g. of solution) raises the mixing temperature of this same solution by almost 40°C. 
(33,37). This, however, can be explained in the light of the very small tempera¬ 
ture coefficient of the interfacial tension noted just above. Because of this small 
temperature coefficient, a small change in the interfacial tension can cause a large 
change in the temperature at which it finally becomes zero. 

A rough estimate of the order of magnitude may be made by the use of the 
Gibbs adsorption isotherm, 

dy<r = - Tadpa ~ r & d^ ~ Tcd^c (32) 

where y ff is the surface tension, the T : s are the adsorptions of the various constitu¬ 
ents per unit area, and the ju ? s are chemical potentials. By proper choice of the 
location of the surface, one of the I”s can be made equal to zero, and we may 
reasonably assume that the order of magnitude of the change in y will be given 
by retaining only the one term which refers to the “impurity,” thus writing: 

dY* ~ ~ r c djLt c (33) 

If the impurity is present in small quantities generally d/x c = RT d In c c , where 
c c is the concentration; in the case of sodium chloride, however, dju c — 2RT d In c c . 
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021 account of the dissociation, so 

dy , ~ ~2RT(T C /Cc)dc c (34) 

In the case of sodium chloride the surface tension is raised, and the adsorption 
is negative. Let us suppose that there is a region of thickness about 3 X 10 cm. 
near the surface from which sodium chloride is excluded. Then if the concen¬ 
trations are expressed per cubic centimeter, we have r c /c c ^ —3 X 10 8 cm.,]? =5 
8.3 X 10 7 ergs per degree per mole, and T ~ 350°K. Hence for a concentration 
of c e = 0.55 mole per 1000 g. of solvent, ~ 0.5 X 10“ 3 mole per cubic centimeter, 
we will find a change in interfacial tension given by integrating equation 34: 

Ay or ~ 0.9 dynes cmr 1 

In view of the low temperature coefficient of y ff , it is clear that this is of the right 
order of magnitude to raise the mixing temperature by 40°C. 

Suggestions for future experiments 

It is clear that what is needed now to throw further light on the questions 
raised in this paper is a thorough and accurate investigation of a few systems 
with highly purified components, rather than further experiments of a general 
nature with a large number of systems. Attempts to determine constancy of the 
chemical potentials by analysis of the composition of the vapor phase seem likely 
to run into experimental difficulties. Measurements of the total vapor pressure 
in systems in which the two components have greatly different volatilities and 
which do not show a vapor pressure maximum seem more promising. Such 
measurements, however, need to be done with a high degree of accuracy, and 
differential measurements in which the vapor pressure of a solution of one com¬ 
position is balanced against that of another composition would be preferable. 
The surface tension at the liquid-vapor interface is also constant when the chemi¬ 
cal potentials are constant. This is another property which could be profitably 
measured, as was also suggested by Dr. L. D. Roberts in a private communica¬ 
tion. Measurements of either total vapor pressures or surface tension should be 
correlated with observations on the coexistence curve and with measurement of 
the interfacial tension between the liquid phase as the critical temperature 
is reached. Similar measurement should be made with a third substance pres¬ 
ent. It is important that all the relevant data should be obtained for a single 
liquid pair. We are starting a program along these lines in this laboratory, using 
the cyclohexane-aniline system. 


VI. SUMMARY 

The coexistence curve in the pressure-volume plane, for the equilibrium be¬ 
tween liquid and vapor in a one-component system, is apparently not rounded 
at the critical point as demanded by the simple van der Waals theory. Instead 
it shows a horizontal (constant-pressure) portion at the critical temperature. The 
isotherm at the critical temperature has a horizontal portion, which coincides 
with the horizontal part of the coexistence curve. According to the theory of 
Mayer and Harrison, isotherms slightly above the critical temperature should 
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still have a horizontal section. It is the belief of the present author, however, 
that these isotherms actually have a definite slope, though it is very small near 
the critical point. 

Similar questions can arise in the case of two-component liquid systems. In 
terms related to the experimentally observed data, these questions are the follow¬ 
ing: (1) Does the coexistence curve for two liquid phases in the temperature- 
composition diagram show a horizontal (constant-temperature) portion? (2) In 
the temperature region near the critical temperature, but where only one liquid 
phase exists, can there be a range of concentrations in which the chemical poten¬ 
tials of the components are independent of composition? 

In the attempt to answer these questions there are first considered certain 
thermodynamic properties of the critical solutions. It is shown that if the co¬ 
existence curve is rounded, the first and second derivatives of the chemical 
potentials with respect to concentration must vanish, whereas if the curve has a 
horizontal part only the first derivative must vanish. Necessary conditions for 
upper and lower critical temperatures are expressed in terms of the signs of the 
entropies of transfer of the components from one solution to the other. 

The problem is then considered from the point of view of associating molecules. 
Solute molecules can associate to form clusters. At a certain concentration the 
very great clusters suddenly become stable, corresponding to the appearance of 
another phase. This depends, however, upon the interfacial tension between 
the solution and the large clusters being positive. When the interfacial tension 
vanishes, the large clusters come in gradually, and at a point where the free 
volume for large clusters vanishes (concentration infinite in free space) the condi¬ 
tions for a critical point with a horizontal section in the coexistence curve are 
satisfied. The condition for the vanishing of the interfacial tension is discussed. 
When the surface tension vanishes the large clusters coalesce to form a spongy 
mass, a sort of colloid structure. Beyond the critical temperature no meniscus 
can be seen, but the spongy mass still forms. It has a negative interfacial ten¬ 
sion, which resists any attempt to lessen the extent of the surface. It is shown 
that this leads to the conclusion that there will be no region of constant chemical 
potential beyond the critical point. 

The above paragraph describes the situation if the interfacial tension vanishes 
because of its temperature coefficient. It is not impossible that there are cases 
in which the interfacial tension vanishes merely because the two phases finally 
become identical. This would lead to a rounded coexistence curve. 

The experimental evidence bearing on the problem may be briefly summarized 
as follows: The optical properties and viscosity of solution in the neighborhood 
of the critical point indicate, as has long been known, that there actually is a sort 
of colloidal structure in that region, as seems reasonable on the basis of the above 
discussion. Experimental coexistence curves indicate almost certainly that there 
are such curves with a horizontal section at the critical temperature. There is 
some evidence that there are also curves which are rounded in this region. The 
experimental evidence which bears on the question of the chemical potential con¬ 
sists of one or two measurements on the composition of the vapor phase in equi- 
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librium with the liquid system and a few measurements on total vapor pressures. 
These data do not answer the question unequivocally, since extremely high 
accuracy would be required. The effect on the critical temperature of addition 
of a third component has been considered. It is shown that the experimental 
results are of a reasonable order of magnitude, by considering the effect of a third 
substance on the interfacial tension. Finally, a number of suggestions have been 
made for future experimental work. 
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Methods are now available for the determination of degrees of dissociation of 
electrolytes, both weak and strong, in solutions of finite concentration. Light 
absorption and Raman spectral methods contribute to a consistent picture of the 
composition of concentrated nitric acid solutions. The Debye-Htickel theory, 
conductance data, kinetic measurements, and the intensities of Raman lines give a 
reasonably consistent picture of the molecular constitution of aqueous sulfuric acid 
in solutions of all concentrations. 

The data now are sufficient to permit calculation of reasonably satisfactory theo¬ 
retical curves showing the heats of dilution, apparent molal volumes, and surface 
tensions of sulfuric acid solutions. Data are insufficient for an entirely satisfactory 
comparison of computed and experimental values of heat capacities, but the calcu¬ 
lations agree as well as can be expected with the uncertain experimental data. 

When the Debye-Huckel theory (9) first appeared there were very few data 
which were sufficiently accurate for testing it. One of the most interesting and 
significant tests would have been a comparison of the predictions of the theory 
with precise experimental values of the degrees of dissociation of weak and 
strong electrolytes. Although the major objective of the vast amount of work 
that has been done on electrolytic dissociation was the determination of equilibria 
in solutions of finite concentration, no adequate determinations existed in 1923. 

The answers to a number of other fundamental problems of physical chemistry 
have had to await more knowledge of electrolytic dissociation. Enough informa¬ 
tion has now accumulated to permit us to make significant progress with one 
group of problems: namely, the explanation in terms of constitution of variations 
of familiar properties of electrolytes with concentration and temperature. Some 
of the most interesting properties—heat of dilution, density, surface tension, and 
heat capacity—are dealt with in this review. 

I. DETERMINATION OF DEGREES OF DISSOCIATION OF ELECTROLYTES 
A. Conductance methods 

In 1926 two attempts were made to obtain better estimates of degrees of dis¬ 
sociation from conductance data. Maclnnes (30) described a method for the 
investigation of electrolytes of the 1-1 valence type which he has continued to use 
and develop (31, 33). Prior to 1926 the degree of dissociation had been ealcu- 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solutions, 
which was held under the auspices of the Division of Physical and Inorganic Chemistry at 
the 114th meeting of the American Chemical Society, Portland, Oregon, September 13 and 
14, 1948. 
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iated from the ratio of A, the equivalent conductance, to Ao, the limiting equiva¬ 
lent conductance at infinite dilution. Maclnnes employed instead: 

a = A/A c (1) 

where A* is the equivalent conductance of only the dissociated part of the elec¬ 
trolyte. A«, in principle, could be determined from Ao by the application of 
corrections for the influence of interionic forces and other similar effects. In 
the procedure used by Maclnnes, the estimate of A« was based upon the assump¬ 
tion that the sum of the mobilities of the ions of a uni-univalent electrolyte is 
determined by the total ionic strength. He also used the Debye-Hiickel limiting 
law for estimation of activity coefficients to be used in his calculations. The 
apparent equilibrium constants obtained with this procedure are essentially 
constant for acetic acid concentrations ranging as high as 0.0002 mole per liter 
(32). That concentration is still small, but the improvements in methods and 
results were definite and important. 

In the same year Sherrill and Noyes (55) attacked a somewhat more difficult 
problem: they dared to work with ions of mixed valence types and at concen¬ 
trations as high as 0.05 molal. The procedure they developed is, as a result, 
considerably less general than that of Maclnnes. They assumed that the 
mobility of an ion is the same in two solutions of the same ionic strength, pro¬ 
vided the ions in each solution are similar (in structure, valence, etc.). There 
was little they could do at the time to demonstrate the validity of their method, 
but apparently they presented their results with considerable confidence. Some 
of their conclusions concerning sulfuric acid solutions will be compared below 
with the results of methods developed more recently. 

B. The first optical method: light absorption 

von Halban and Briill (13) have recently compared and appraised various 
methods which have been employed repeatedly in investigations of the dissocia¬ 
tion of weak and moderately strong electrolytes. They reiterated earlier con¬ 
clusions of von Halban and his coworkers that the method of light absorption 
stands out above the other well-known procedures because it is not highly de¬ 
pendent upon corrections for the influences of solute ions and neutral molecules. 
The conductance method involved assumptions concerning the variations of 
ionic mobilities which are large even when solutions are relatively dilute. Freez¬ 
ing-point, vapor pressure, osmotic pressure, and electromotive force methods are 
affected by assumptions concerning relations of activities and concentration. 
Some, at least, of the electromotive force methods are marred also by errors due 
to liquid-junction phenomena for which adequate corrections have not been 
devised. The molecular extinction coefficient of an absorbing ion, however, is 
sensibly constant for all ionic strengths less than 0.01. In an earlier paper 
von Halban and Eisenbrand (14) had observed large changes in the molecular 
extinction coefficient when the ionic concentrations became very large, but at low 
concentrations the variations are negligible. With refined optical methods, such 
as those employed by von Halban and Kortum (15, 26), a precision as good as 
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0.01 per cent can be obtained in the measurement of extinction coefficients, and 
as good as 0.1 per cent in the determination of dissociation constants. 

A severe and beautiful test of the Debye-Hiickel theory made in 1934 by 
von Halban and Kortum (15) is illustrated in figure 1. The ordinates represent 
the logarithms of the apparent dissociation constant of 2,4-dinitrophenol. The 
apparent constant (the function calculated directly from concentrations without 
the aid of activity coefficients) should vary in dilute solutions, as indicated by 
the straight line whose slope was calculated by means of the Debye-Hiickel 
limiting law. Some of the points at very low concentrations represent solutions 
containing only the solute, dinitrophenol. Other points show the effects of 
added neutral salts. The Debye-Hiickel limiting law is obeyed almost perfectly 



Fig. 1 . Logarithm of apparent dissociation constant of 2,4-dinitrophenol at 25°C 
X indicates acid as sole solute; O, acid in presence of potassium chloride; □, acid in presence 
of potassium perchlorate; and Q, acid in presence of sodium chloride. Straight line 
represents Debye-Hiickel limiting slope. 

for all ionic strengths less than 0.003. It fails, as expected, at higher concen¬ 
trations, but the principle of ionic strength remains valid to an ionic strength of 
0.01. The authors extended their observations to ionic strengths greater than 
2.00. In solutions of those high concentrations they observed large specific ion 
effects. It is not yet possible to determine how much of such an effect is due to 
influences which alter the degree of dissociation, and how much should be as¬ 
cribed to variations in the molecular extinction coefficient itself. The usefulness 
of the method for studying concentrated solutions is therefore limited. 

For very dilute solutions, the most important disadvantage of the light ab¬ 
sorption method is that it is restricted to equilibria which involve at least one 
ion or molecule that absorbs light. Though colorless acids or bases can some¬ 
times be studied with the aid of indicators, the procedure is more complex and 
less accurate. 
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C. The second optical method: Raman spectra 

Another optical method which makes use of Raman radiation has been de¬ 
veloping during the last fifteen or twenty years. The method depends upon 
measurements of the relative intensities (usually determined photographically) 
of a Raman line produced by exciting radiation supplied by a source of constant 
strength. Application to investigations of chemical equilibria has usually 
depended upon the assumption that the intensity of a selected Raman line is 
proportional to the concentration of the ion or other molecule giving rise to that 
Ijnft. The accuracy of the simple proportionality has been investigated for only 
a very few substances and inadequately for those. The special attention directed 



Fig. 2. Relative intensites of Raman lines from solutions of sodium nitrate, ammonium 
nitrate, and ammonium sulfate. Vertical scales are purely arbitrary. 

toward nitric acid, however, has resulted in relatively extensive investigations of 
the line of A5 = 1048 cm. -1 arising in solutions of various nitrates. Sodium 
nitrate solutions have been studied by I. R. Rao (39), Simons (56), and N. R. 
Rao (41). Simons also studied ammonium nitrate solutions. Relative intensi¬ 
ties for these nitrates, taken from the tables of Simons and of N. R. Rao, are 
shown in figure 2. Simons’ measurements of intensities of the 980 cm. -1 line 
from ammonium sulfate solutions are also plotted. The scales used in figure 2 
for the intensities are entirely arbitrary. They were chosen, merely to avoid 
superposition of the lines, so that the slopes would be 0.75,1.00, and 1.25. Ob¬ 
viously the ratio of intensity to concentration is constant, within the limits of 
precision of the experimental methods, throughout the ranges of concentration 
investigated. 
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(1) Nitric acid 

The intensity of the Raman line of 1048 cm. -1 arising in a concentrated nitric 
acid solution is not so great as its intensity when produced in a sodium nitrate 
solution of the same concentration. Moreover, when the concentration of the 
acid is increased beyond 39 weight per cent the intensity of the 1048 cm. -1 line 
actually decreases. Simultaneously the intensities of other lines (notably the 
line of 1292 cm. -1 ) characteristic of pure nitric acid become greater. 2 

Redlich and Bigeleisen (46) determined experimentally the concentration of the 
sodium nitrate solution giving rise to lines of the same intensity as each of several 
nitric acid solutions. Equating the ratio of the concentrations to the degree of 
dissociation of the acid, they obtained the results 3 in table 1. From these values 
they estimated the thermodynamic dissociation constant (K = 21 ± 4). Be¬ 
cause the present knowledge of activity coefficients is very limited, the uncer¬ 
tainty in the constant is large. If, however, the assumptions that sodium nitrate 
is completely dissociated and that the nitrate-ion concentration is the same in 
solutions giving rise to radiations of equal intensity are accurate, the uncertain¬ 
ties in the degrees of dissociation in table 1 are no greater than those in the ex¬ 
perimental work itself. 


TABLE 1 

Degree of dissociation of nitric acid 


4.51 

6.60 

8.90 

10.30 

11.89 

14.23 

0.823 

0.673 

0.49 

0.39 ! 

0.32 

0.14 


An interesting application of the data in table 1 may be made to the interpre¬ 
tation of the dependence on concentration of the molecular extinction coefficients 
of nitric acid, von Halban and Eisenbrand (14) have determined curves for 
light of several wave lengths, showing the variation of the molecular extinction 
coefficients with concentration. The curves are complex, containing prominent 
points of inflection, whereas corresponding curves for potassium nitrate (14, 54) 
are comparatively simple. The points of inflection may readily be ascribed to 
the rapid rise in the ratio of the concentration of the undissociated nitric acid to 
that of the nitrate ion as the total concentration increases. From the known 
degrees of dissociation and the light absorption data for solutions of potassium 
nitrate and of nitric acid, it is possible to calculate approximately the molecular 
extinction coefficients of the undissociated nitric acid. The values of the coeffi¬ 
cient so calculated exhibit a maximum at about 2800 A. and then decrease 
toward zero as the wave length increases beyond 3100 A. 

2 The assignment of the various observed frequencies (about 10) in HNOj and DNOa to 
the expected modes of vibration of the nitric acid molecule has been successfully carried out 
{cf. Redlich and Nielsen (48)). 

3 Values of a for lower concentrations and references to the extensive earlier literature 
have been given by Redlich (44). His article is an excellent review of the general problem 
of the dissociation of strong electrolytes. 
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D a.lm nn (7) has measured the absorption of light of 3180 A. in solutions of nitric 
acid varying in concentration from 0.8 to 24.6 moles per liter (pure acid). Since 
undissociated nitric acid does not absorb a significant fraction of light of that 
wave length, his measurements yield directly approximate relative values of the 
nitrate-ion concentration and therefore of the degree of dissociation of nitric acid. 
The results are not strictly comparable to those of Redlich and Bigeleisen, be¬ 
cause of the known variations with concentration of the molecular extinction 
coefficients (14) and because Dalmon’s work was done at about 1°C. rather than 
26°C. Nevertheless, the fact that Dalmon’s data lead to degrees of dissociation 
almost proportional to those of Redlich and Bigeleisen is an effective argument 
for the essential correctness of the data shown in table 1. 

(2) Other electrolytes 

Solutions of only a few other electrolytes have been extensively investigated 
(19). Iodic acid (42), perchloric acid (47), and trichloroacetic acid (43) have all 
been shown to be incompletely dissociated strong electrolytes. Mixtures of 
nitric acid and sulfuric acid and of sulfur trioxide and sulfuric acid have also 
been studied extensively. For our present purposes, the most interesting system 
is that of sulfuric acid and water, because its properties exhibit marked variations 
with temperature and concentration which are more complex and interesting 
than those of most other electrolytes. These phenomena are due to the favor¬ 
able magnitude of the dissociation constant of the bisulfate ion. 

(3) Sulfuric acid solutions 

Figure 3 is a simplified representation of various classes of lines reported for 
solutions of sulfur trioxide in water. The line of 1271 cm. -1 is typical of a group 
of lines arising in pure sulfur trioxide. That line and about fifteen others are 
probably due to a non-planar molecule with the formula S3O9. Other lines 
seem to be due to the monomer and, at low temperature, to other polymers (10, 
11, 18). As water is added to sulfur trioxide, the intensity of the 1271 cm. -1 
line drops rapidly while other lines appear and increase in intensity (6,36). Note 
the very strong 910 cm. -1 line whose intensity rises to a maximum in solutions 
having the composition S0 3 -HaO. As more water is added the intensity of the 
910 cm. -1 line drops and a line of 1043 cm. -1 appears, increases to a maximum, 
and finally decreases toward zero (40). Another important line, of 980 cm. -1 , 
reaches a maximum in a solution of about 15 mole per cent sulfur trioxide. 
Another, of 960 cm. -1 , reaches a maximum at a mole fraction of sulfur trioxide 
somewhere between 60 and 70 mole per cent (36), but the existing data are too 
meager to indicate accurately the height or position of the maximum. The line 
has, however, been studied carefully in solutions more dilute than 50 mole per 
cent sulfur trioxide (2) and more concentrated than 80 mole per cent (36). In 
both of these regions the intensity has been shown to be low—nearly zero. 

A complex literature has been summarized and greatly simplified in figure 3. 
Only five typical lines of the many reported are represented. Furthermore, each 
line is identified by a single wave number. Actually the lines have breadth, i.e., 
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extend over a short range of wave lengths. The shapes of the lines, notably the 
positions of the maxima, vary with composition (1, 2, 35, 59). Most observers 
have not worked carefully enough to be forced to take the shape and exact posi¬ 
tion of the lines into account. The intensities represented in the right half of the 
diagram were estimated only roughly on a whole number scale from 0 to 10 (36). 
Fortunately for our purposes, the data shown in the left half of the figure are 
somewhat more accurate. They were obtained by N. R. Rao (40), using a rela¬ 
tively precise photographic procedure. The intensities he reported are actually 
the integrated intensities obtained from measurements over the full widths of the 
lines. He assumed that it is the integrated intensity which is proportional to 



Fig. 3. Intensities of typical Raman lines from solutions of sulfur trioxide and water 

concentration. His results seem to be accurate to about 10 per cent. Unfor¬ 
tunately, Rao did not report the temperatures of his solutions and presumably 
did not measure them. He reported only that they were cooled (by water) 
during the exposures. 

Though additional information can yet be derived from more extensive and 
more precise work, the interpretation of figure 3 seems to be clear. Addition of 
SO3 to H2SO4 or of H 2 0 to SO3 produces pyrosulfuric acid, H2S2O7, and the ions 
HS2O7— and S2O7 . Presumably the 960 cm. -1 line therefore is due to pyrosul¬ 
furic acid or one of the products of its dissociation (6). It is interesting to 
study the decrease in intensity of the 910 cm. -1 line as sulfur trioxide is added to 
sulfuric acid. If we assume that pure sulfuric acid solution contains the one 
molecular species H2SO4, and that 1 mole of it is removed by each gram formula 
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weight of sulfur trioxide added, we can compute the reduction in the concen¬ 
tration of H 2 SO 4 . These assumptions and the density data of Knietsch (24) 
lead to the conclusion that the concentration of H 2 SO 4 in a solution of 57 mole 
per cent sulfur trioxide is about 55 per cent of that in pure sulfuric acid. This 
result is in satisfactory agreement with the 40 per cent indicated on the semi- 
quantitative curve in figure 3. More careful work will probably add consider¬ 
ably to knowledge of the equilibrium in mixtures of sulfur trioxide and water. 

The region between 0 and 50 mole per cent sulfur trioxide represents solutions 
of H2SO4 in water. Because he was interested in the relative concentrations of 
the ions, N. R. Rao measured also the intensities of lines from ammonium sulfate 
and potassium bisulfate solutions. The strength of the 980 cm. -1 line produced 
in an ammonium sulfate solution and that of the 1043 cm. -1 line from a potassium 
bisulfate solution support the conclusions drawn by Rao and previous workers 
(2, 35, 59) that the 910, 1043, and 980 cm. -1 lines are produced by molecular 
H0SO4, HSO4 - , and S0 4 —, respectively. The usual assumptions (that ammo¬ 
nium sulfate is completely dissociated, and that the ratio of the intensities of the 
980 cm. -1 line from a sulfuric acid solution and from the ammonium sulfate solu¬ 
tion is equal to the ratio of the concentrations of the sulfate ion in the two solu¬ 
tions) lead directly to calculations of the sulfate-ion concentrations in the sulfuric 
acid and potassium bisulfate solutions 4 (see table 2, column 3). 

Subtraction of 0.186 from 3.0 leaves the concentration of bisulfate ion in the 3 
molar potassium bisulfate solution. Simple proportion and the measured in¬ 
tensities of the 1043 cm. -1 line then yield the concentration of the bisulfate ion 
in the various sulfuric acid solutions (see col umn 5). The sum of the S0 4 — 
and HSCh - concentrations subtracted from the stoichiometric concentration 
leaves the concentration of the undissociated H2SO4 (column 7). A severe test 
can be applied to the whole calculation. The 910 cm. -1 line should be propor¬ 
tional to the sulfuric acid concentration in column 7. Figure 4 shows that the 
relation between intensity and the calculated concentration is indeed linear 
within the limits of error of the photographic technique. 

The apparent equilibrium constants K[ and K' 2 were computed for the first and 
second dissociations directly from the concentrations in table 2. The values of 
Ki are compared in figure 5 with the thermodynamic constant determined by 
Young, Klotz, and Singleterry (22,57,61) by means of a light absorption method 
used with an indicator. The short straight line shows the limiting tangent cal¬ 
culated from the Debye—Htickel theory; the short curved line represents the 
Debye-Huckel approximation calculated according to the method of Kielland 
(21) with ion parameters of 9, 4, and 4 A. for the hydrogen ion, sulfate ion, and 
bisulfate ion, respectively. 

4 Rao’s assumptions were equivalent to these, but he did not express his results in terms 
of actual concentrations. The calculations he made were not explained and contained a 
sufficient number of arithmetic mistakes to make them difficult to follow. They are also 
awkward for our purposes. All of the calculations described here were based upon the 
original integrated intensities given in his article. Values similar to those in column 7 were 
calculated also by De BSthune and Kimball (8). 
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The upper curve of figure 5 shows values of K [. Since the data are insufficient 
for extrapolation, the curve has been extended arbitrarily to a value of K x es¬ 
timated roughly from the theory of Kossiakoff and Harker (27). The vertical 



Fig. 4. Intensity of Raman line of 910 cm." 1 versus concentration of undissociated sul¬ 
furic acid calculated by difference. 


TABLE 2 

Relative intensities of Raman lines and concentrations calculated from them 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 

(7) 

(HssSOO 

980 cm ." 1 

(SO*"") 

1043 cm ." 1 

(HSO*-) 

910 cm ." 1 

(•HHSO*) 

16.9 



860 

1.28 

2330 

15.6 

14.9 



1800 

2.68 

1700 

12.2 

12.8 



3120 

4.65 

1150 

8.2 

10.8 

11.8 

0.252 

4350 

6.48 

765 

4.1 

8.7 

15.2 

0.32 6 

4412 

6.57 


1.8 

6.8 

13.0 

0.27s 

3678 

5.48 


1.0 

3.0 

6.5 

0.139 

1800 

2.68 


0.2 

(NH*)jS04 







3.0 

140.5 

(3.00) 





KHSO 4 







3.0 

8.7 

0.18s 

1890 

2.81 




length of the lines represents the uncertainty introduced by a 10 per cent un¬ 
certainty in one of the intensity measurements. 

The fractions of the solute present as sulfate ions, as bisulfate ions, and as un¬ 
dissociated sulfuric acid are represented in figure 6 by the vertical distances be- 
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tween adjacent lines. The sum of the distances represents unity at all concen¬ 
trations. In very dilute solutions nearly all of the sulfuric acid is present as 
sulfate and hydrogen ions; at higher concentrations most of it is bisulfate and 



Fig. 5. Apparent dissociation constants K[ and K\ of sulfuric acid in water. Vertical 
lines indicate changes that would be produced in K' by alterations of 10 per cent in measured 
intensities. 



Fig. 6. Fractions of sulfuric acid present as undissociated acid, as bisulfate ion, and as 
sulfate ion. represented by vertical distances between adjacent lin es. 

hydrogen ions; and in very concentrated solutions most of it is undissociated 
sulfuric acid. 

Absolute concentrations may also be computed. In table 3 are shown ap¬ 
proximate maximum values of the concentration of the sulfate ion and bisulfate 
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ion, and of the volume and weight ionic strengths. In the bottom line are 
approximate values of the concentrations of sulfuric acid in which the maxima 
are attained. The hydrogen-ion concentration reaches a maximum slightly 
higher, of course, than the maximum (HSO4 - ). 

Rao did not investigate solutions more concentrated than 16.9 moles per 
liter. It is impossible, therefore, to estimate directly from his intensity data the 
concentration of bisulfate ion in the pure acid. Extrapolation indicates, how¬ 
ever, that it is very small. This result is in agreement with the conclusion of 
Hammett and Deyrup (16) that the bisulfate-ion concentration is about 0.05 
mole per liter at 25°C. 

For calculations to be described below, it is necessary to calculate degrees of 
dissociation of the bisulfate ion for a wide range of concentrations and for tem¬ 
peratures vaiying from 0° to 50°C. Both the dissociation constant and the 
standard free energy of dissociation vaiy too rapidly with temperature to be 
treated as constant. A better approximation is to treat activity coefficients as 
temperature invariants. To facilitate calculations of equilibria in dilute solu¬ 
tions of sulfuric acid, Bray and Liebhafsky (4) prepared a table of equilibrium 


TABLE 3 

Maximum concentrations and maximum ionic strengths 



(SOr-) 

(HSOr) 

PV 

PW 

Maximum value. 

0.35 

6.7 

8.0 

14.3 

Concentration of solution at which 
maximum occurs. 

8-10 

10 

10 

11.5 


quotients which are nearly equivalent to y B , the product of the activity coeffi¬ 
cients of the hydrogen ion and sulfate ion divided by the activity coefficient of the 
bisulfate ion. 

7s = (2) 

(7hso7 ) 

They based their table upon the degrees of dissociation determined by Sherrill 
and Noyes (55), supplementing them with kinetic data of their own. Values of 
7 b calculated from their paper are shown in figure 7. Shown also are values of 
7 b computed from the Raman data of table 2, and tw r o curves calculated from the 
Debye-Hiickel limiting law (labelled D. H. L.) and from the Debye-Hiickel 
approximation (labelled D. H. A). The D. H. A. curve, calculated by the 
method of Kielland, was based upon ion parameters of 9, 4, and 4 A. for the hy¬ 
drogen ion, sulfate ion, and bisulfate ion, respectively. 

On the right portion of the plot two series of points are represented: one group 
calculated from ion concentrations expressed in molarity (moles per liter of solu¬ 
tion) and one group expressed in molality (moles per kilogram of solvent). The 
former are plotted against the square root of the volume ionic strength, n 7 , 
and the latter versus the square root of weight ionic strength, nw By accident, 
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most of the points appear to lie on the same curve. A point lying above the 
curve at Vmf — 2.69 represents a considerably more concentrated solution than 
that at Vmf 5=5 2 . 74 , but appears at the left of the latter because of the maxi¬ 
mum attained by the volume ionic strength. 



Fig. 7. The activity function yn from Raman data, from tables of Bray and Liebhafsky, 
from the Debye-Huckel limiting law (D. H. L.), and from the Debye-Hhckel approxima¬ 
tion (D.H. A.). 

The agreement between the two sections of the curve is fairly satisfactory 
and is all that could he expected at the present time. They have been joined by 
a broken line. Except at very low concentrations, the uncertainties are 10 per 
cent or more. The Raman data, for example, were treated as 25°C. measure¬ 
ments, although the temperature was not reported. In addition, experimental 
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errors may be as large as 10 per cent. The conductance theory used by Sherrill 
and Noyes and the methods of Bray and Liebhafsky also may introduce errors 
of considerable magnitude. 

Because of those uncertainties, the experimental curve is probably no more 
accurate than the theoretical one (D. H. A.) at ionic strengths of 0.2 or less. 
The latter curve has accordingly been connected by a second broken line with the 
section representing the Raman data. Within a few years, improvements in the 
Raman data should make it possible to determine which of the two curves is more 
accurate. For the present there is little basis for a choice between them for the 
calculations to follow. 

APPLICATION OF ACTIVITY COEFFICIENT CURVE TO ANALYSES OF 
PROPERTIES OF SOLUTIONS OF SULFURIC ACID 

Throughout the following discussions aqueous solutions of sulfuric acid are 
regarded as mixtures of solvent and three solutes, two of which are completely 
dissociated. To distinguish the three solutes, the following special notations 
are used: The formula H • H • S0 4 represents that portion of the sulfuric acid which 
is dissociated into hydrogen ions and sulfate ions; the symbol H*HS0 4 denotes 
the other ionized solute; and *HHS0 4 denotes undissociated acid. The concen¬ 
tration of H-H*S0 4 is simply the sulfate-ion concentration, and the concen¬ 
tration of H*HS0 4 is the concentration of bisulfate ion. The customary for¬ 
mula H 2 S0 4 denotes, as usual, the mixture of ionic and molecular species present 
at equilibrium in a sulfuric acid solution. Obviously: 

(H 2 S 0 4 ) = (H-H-S 0 4 ) + (H-HS 0 4 ) + (-HHS 0 4 ) ( 3 ) 

where the parentheses as usual indicate the respective concentrations. 

The symbol <p stands for any apparent molal quantity (29). <ph, <pv, and <p c 
denote the apparent molal heat content, apparent molal volume, and apparent 
molal heat capacity, respectively, (pc at constant pressure only is needed; hence 
the subscript p is not used. <p° represents <p of a substance in its standard state, 
and AH 0 represents increases in heat content (enthalpy) for reactions involving 
substances all of which are in their standard states. Thus, <Pr (H-HSO<) repre¬ 
sents the apparent molal volume of H-HS 04 in its standard state. When the 
difference between <p° and <p is written, the appropriate formula is placed below 
the pair of symbols, instead of in parentheses after each <p. 

A. Heat of dilution 

Heat is evolved slowly and regularly as a mole of sulfuric acid is diluted from 
1 molal toward 0.05 molal (5). As it is diluted beyond 0.05 molal, much larger 
amounts of heat are evolved. That portion of the dilution curve has been in¬ 
vestigated at 25°C. by Lange, Monheim, and Robinson (28; cf. 17, p. 439), with 
whose data our theoretical calculation may be compared. 

Since we are concerned with dilute solutions only, we can neglect the presence 
of • HHSO4. A mole of H2SO4 is therefore regarded simply as a mixture of a 
moles of H - H • SO4 and 1 — a moles of H • HSO4. The apparent molal heat con¬ 
tent of H2SO4 is then cups of H-H-SCh plus (1 — a)<p B of H-HSCh plus A Hu, 
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the heat absorbed during the mixing of hypothetical solutions of H • H ■ S0 4 
and H-HS0 4 . 

vmQS&OJ - «^(H-H-S0 4 ) + (1 - «WH-HS0 4 ) + A H m (4) 

At the concentrations of importance here we shall be able to neglect A Hu when 
the ionic strength of each of the two hypothetical solutions is the same as that of 
the mixture existing in the real sulfuric acid solution . 6 

The heat of dilution of 1 mole of sulfuric acid from molality m to infinite dilu¬ 
tion is the difference between <p%, the standard apparent molal heat content, and 
<p B of sulfuric acid at molality m. Thus: 

AH (dilution to m = 0) = <pb — <pb (5) 

Now <p°b of H 2 SO 4 and <p°b of H-H-S0 4 are equal, since the conventional standard 
for each is the infinitely^,dilute solution. 

«4(H 2 S0 4 ) = ^(H-H-S0 4 ) ( 6 ) 

The dilution of sulfuric acid may be thought of as the sum of four hypothetical 
processes. Consider, for example, the dilution of 1 mole of H 2 S0 4 in 0.01 molal 
solution to infinite dilution. The first step is the separation of a solution con¬ 
taining 1 mole of H 2 S0 4 and 10 5 g. of water into two portions containing a mole 
of H • H • S0 4 , and 1 — a mole of H - HS0 4 , respectively. The amount of solvent 
in each is sufficient to make each ionic strength equal to that of the original 
solution, which is n w = m( 1 + 2a) = 0 . 01(1 + 2a). 


Solution of H s S0 4 
and 10 s g. H 2 0 


Solution of 
aH-H-S0 4 and 
3a 


+ 


1 + 2a 


10° g. H 2 O 


Solution of 

(1 - a)H-HS0 4 and 


(1 ~ «) 
1 + 2a 


10 5 g. h 2 o 


(7) 


AH of this separation process is the negative of AH M at constant ionic strength. 
Now to each hypothetical solution is added an infinite amount of water: 

Solution of Solution of 


aH-H>S0 4 and aH-H-S0 4 and 

+ «H 2 0 

10 5 g. H s O °° H ’- 0 

1 + 2 a 


( 8 ) 


5 A series of investigations now in progress shows that the changes in total volume and 
in heat content accompanying the mixing of aqueous solutions of electrolytes of the 1-1 
valence type are very small when each solution has the same ionic strength as the ternary 
mixture produced. For solutions as dilute as those involved here, the same is true of the 
mixing of electrolytes of the 1-1 valence type, e g., sodium chloride, and of the 1-2 valence 
type, e.g., potassium sulfate (58). There is some indication, however, in current investi¬ 
gations of the free energy of mixing that changes in volume, heat content, and excess free 
energy may be even smaller if all of the solutions are of the same normality (49), For the 
concentrations involved in this calculation, either formulation of the principle leads to 
essentially the same results. 
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Solution of 

(1 - a)H-HS0 4 and 

(1 — a) 


+ coHsO 


1 +2a 


10 6 g. H 2 0 


Solution of 

(1 - a)H-HS0 4 and 

coH 2 0 


(9) 


Finally, the (1 — a) mole of infinitely dilute H-HS0 4 is allowed to dissociate: 

(1 - a)H-HS0 4 -*> (1 - a)H-H-S0 4 (10) 

AH of this process is (1 — a)[<p% of H -H -S0 4 — <p° B of H -HSOJ which is (1 — a) 
times the standard heat of dissociation, AHdU of the bisulfate ion. The heat of 
dilution of sulfuric acid from any m to m = 0 is therefore: 

<Pb — <Pb — —AHm + a{tpB — ipa) + (1 — a)(<pB — <Pb ) + (1 — a)AHm a (11) 

H 2 S0 4 h-h-so 4 h-hso 4 


This is the fundamental equation for the theoretical calculation of the heat of 
dilution of sulfuric acid. The data needed are the hypothetical heat of mixing, 
the degree of dissociation of the bisulfate ion, the standard heat of dissociation 
of the ion, and the heats of dilution of the hypothetical solutes H-H-S0 4 and 
H-HS0 4 . 

The various terms were evaluated as follows: The hypothetical solutions of 
H-H-S0 4 and H-HS0 4 formed by an imaginary separation of H 2 S0 4 into two 
parts were presumed to have the ionic strength of the original solution. Hence 
AH m was taken as zero. For the next term we need the heat of dilution of 
H-H-S0 4 from a molar concentration equal to one-third of the ionic strength 
to infinite dilution. The third term is (1 — a) times the heat of dilution of 
H-HS0 4 from a molarity equal to the ionic strength to infinite dilution. These 
quantities were computed from the equations for lithium sulfate and sodium 
chloride given by Young and Seligmann (64). Fortunately, the contribution of 
these terms is overshadowed by the last, and it is not likely that the error in¬ 
troduced by the substitution of these salts for the hypothetical acids increases 
appreciably the total error in the calculations. 6 The errors introduced by these 
and other approximations become smaller as concentration is decreased. The 
extrapolation aspect of these calculations is probably not affected at all by such 
approximations. 

The standard heat of dissociation was determined from an empirical equation 
fitted to the equilibrium data obtained for temperatures between 5° and 55°C. 
by Young, Klotz, and Singleterry (57, 61). The equation gives for 25°C.: 
AF° = 2721 cal. mole -1 , AH 0 = —5188 cal. mole -1 , and A C° p — —46 cal. mole -1 
degree. -1 

The results of the calculations are compared in figure 8 with the experimental 
data of Lange, Monheim, and Robinson (28). Their experimental values were 

6 Existing measurements of the heats of dilution and heat capacities indicate that acids 
and lithium salts are similar thermochemically (12, 51, 52). However, substitution of 
sodium sulfate and sodium chloride leads to little change in the results. 
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obtained from, a summation of a series of dilutions, some of which required pre¬ 
cision in temperature measurement of lO -6 ^. or better. The authors’ estimate 
of the probable error of a single point at the highest dilutions is 40-100 cal. 
mole. -1 At least one of the two points nearest C = 0 must be in error by 100 
cal. mole -1 or more, since it is clear that the original dilution data are internally 
inconsistent. 

The agreement between the theoretical and experimental results over the full 
range of the data is wholly satisfactory in view of the limited data now available. 
The theoretical values become more accurate as concentration is reduced, 



Fig. 8. Relative heat content of sulfuric acid. Curve is calculated. Points are experi¬ 
mental values corrected for error of linear extrapolation. Dashed line shows Debye- 
Hiickel limiting law. 


whereas the experimental values become less accurate. Extrapolation based 
upon the theoretical curve should be veiy reliable. Since Lange, Monheim, 
and Robinson extrapolated linearly, all of their results for the integral heats of 
dilution (table 2 of reference 28) must be reduced by 290 cal. mole. -1 Even 
from the data now available, this correction has been calculated with an uncer¬ 
tainty probably no greater_thanl0 or possibly 20 cal. mole. -1 Better calcula¬ 
tions of the curve near y/m = 0.2 will have to await a complete experimental 
determination of the heats of dilution of an acid which is nearly completely dis¬ 
sociated, e.g., hydrochloric acid, further knowledge concerning heats of mixing 
and, especially, better knowledge of the degree of dissociation of the bisulfate 
ion. 
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B. Apparent molal volume 

The apparent molal volume of sulfuric acid decreases slowly as its concentra¬ 
tion is decreased from 3 to about 0.3 molar (see figure 9). It then drops rapidly 
as the concentration is further decreased. From Klotz and Eckert (23) has come 
a quantitative explanation of these variations, in terms of the dissociation of the 
bisulfate ion and the relatively small variations in volume typical of electrolytes 
which are much more highly dissociated. The latter are ascribed largely to the 



Fig. 9. Apparent molal volumes of H-HS04, H2SO4, and H-H-SCh. Points are experi¬ 
mental. 

interionic attractive forces treated by Debye and Huckel (c/. Redlich and Bigel- 
eisen (45)). Klotz and Eckert employed the equation: 

^(HaSCh) = aprCH-H-SO 0 + (1 - «)*>v(H-HS 0 4 ) (12) 

and assumed that <py of each of the hypothetical solutes is determined (at con¬ 
stant temperature and pressure) by the total ionic strength. They calculated 
apparent molal volumes for the hypothetical solute H-H-SCh, assuming that 
apparent molal volumes of ions are additive, and that each <py is determined by 
the total ionic strength. 6 For each of a series of ionic strengths they employed 
the equation: 

?k(H-H-S 0 4 ) = <*v(K 2 S 0 4 ) + 2 *> F (HC 1 ) - 2 pv(KCl) ( 13 ) 

The apparent molal volumes were determined from the respective density data 
for solutions of potassium sulfate, hydrochloric acid, and potassium chloride, 
all having ionic strengths equal to that of the sulfuric acid. 

The lowest curve of figure 9 shows their results. The solid circles of figure 9 
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represent experimental determinations of the apparent molal volumes of sulfuric 
acid calculated by Elotz and Eckert from densities which they had determined 
with a precision of about one in 10 6 . The open circles of the figure represent 
apparent molal volumes of H-HS 04 calculated by means of equation 12 from 
measured values of <pv for H 2 S0 4 , the theoretical curve for H-H-S0 4 , and the 
degrees of dissociation of HS0 4 ~. The degrees of dissociation they estimated by 
a method which gave essentially the same results for the apparent molal volume 
as the upper y R line in figure 7. The fact that the curve so obtained for H -HSC^ 
is nearly linear within the experimental range and has about the slope expected 
for an acid of 1-1 valence type is evidence for the essential correctness of the 
procedures used. 

Klotz and Eckert completed their beautiful analysis by estimating A <p y for 
the dissociation of HS07 (—20.2 cm. 2 mole -1 ) and calculating the portion of the 
curve for H 2 SO 4 between the origin and the first experimental point. 

C. Surface tension 

Surface tensions of aqueous solutions of most strong electrolytes other than 
acids are nearly linear functions of concentration (20). In all of the measured 
surface tension isotherms of sulfuric acid there are prominent maxima. In the 
isotherm for 0°C. there is also a shallow minimum (see figure 10). The mini¬ 
mum becomes less pronounced as temperature rises and seems to disappear at 
about 55°C. (20, 34,50). 

Young and Grinstead (60) have recently attempted to determine to what ex¬ 
tent varying degrees of dissociation are responsible for these phenomena. Ob¬ 
serving that contributions of various ions to the surface tension are approximately 
additive except when hydrogen ion is in the presence of a second positive ion, 
they determined surface tension curves for dilute solutions of the hypothetical 
solute H-H-S0 4 . The surface tension at any molality m! was taken to be the 
sum of the surface tension of a sodium sulfate solution of that molality plus the 
surface tension of a hydrochloric acid solution of twice that molality minus the 
surface tension of a sodium chloride solution of molality equal to 2 m'. The 
curves so computed are shown as short lines in figure 10. By a somewhat 
similar procedure curves were also determined for the other hypothetical solute 
H-HS0 4 . 

The surface tension of sulfuric acid of molality m! was then computed as the 
sum of the surface tension of H • H • SO 4 at a molality cm! and the surface tension 
of H*HS0 4 at a molality (1 — <x)m f . 

Surface tension data for solutions of all electrolytes except hydrochloric acid 
were taken from the compilation by Young and Harkins in the International Crit¬ 
ical Tables (20). For hydrochloric acid the tables were not adequate because 
they do not show temperature variations of Ay, the difference between the sur¬ 
face tension of a solution and that of pure water. An early attempt to explain 
the curves of figure 10 met with complete failure because Ay of hydrochloric 
acid was assumed to be nearly independent of temperature, as it is for most strong 
electrolytes. Hoping to locate the cause of the failure, Young, Bunge, and 
Grinstead (53, 63) made measurements at 0°, 20°, and 40°C. They found the 
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surface tension lowering of dilute hydrochloric acid to vary rapidly with tempera¬ 
ture; the lowering is much larger at 0°C. than at 18°C. At 40°C. Ay is actually 
positive for all concentrations between 0 and 8 molal. 

The new surface tension data led to very different theoretical calculations. 
Table 4 contains a comparison of experimental and theoretical points on the 
0°C. and 18°C. isotherms. The agreement is nearly as good as might be ex- 



0 5 10 

m of H 2 S0 4 

Fig. 10. Surface tension (dynes cm. -1 ) of sulfuric acid solutions at 0°, 18°, 30°, and 50°C. 
Light lines are theoretical curves for H-H-SO*. 

pected if there were no uncertainty in the degrees of dissociation estimated from 
a single approximate y R curve for both 0°C. and 18°C. 

Estimation of the height and position of the maximum surface tension is more 
difficult. Some of the principles and approximations acceptable when the con¬ 
centrations are small become unreliable at higher concentrations. Probably the 
most serious source of error is the neglect, in this simple procedure, of the effects 
of -HHS 04 . According to the calculations made without any allowance for the 
effects of -HHS 04 the maximum A 7 should occur in the solution of about the 
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concentration in which the hydrogen-ion and bisulfate-ion concentrations are 
ttm.Yimfl.1 (65 weight per cent). Actually, Ay reaches a maximum of 3.9 dynes 
cm. -1 in a 47 per cent solution. 

A rough estimate of the effect of -HHS0 4 in the 47 per cent solution may be 
made. Consider the solution to be one containing the solute ions H + , HSO<r, 
and S0 4 — in a mixed solvent consisting of H 2 O and • HHSO 4 . The mole fraction 
of -HHS0 4 in the hypothetical solvent (separated from the solute ions) would be 
0.024. The surface tension of the solvent would probably be less than that of 
pure water. Linear interpolation on a mole fraction scale between 7 of water 
and y of pure sulfuric acid leads to a value for 7 for the mixture which is 0.5 
dyne cm. -1 less than that of water. Surface tensions of mixtures are usually 
considerably lower than linear interpolation would indicate. The correction to 
be expected, therefore, is larger than 0.5, perhaps as much as twice that. The 
difference between the experimental maximum A 7 (3.9), and Ay calculated 
(5.0) for the 47 per cent solution is therefore about what is to be expected. 


TABLE 4 

Comparison of calculated and experimental points on surface tension isotherms 



o # C. 

18*C. 

Calculated 

Observed 

Calculated 

Observed 

m at which Ay » 0 . 

1.5 

1.3 

0.04 

Small* 

m at which dy/dm = 0. 

0.65 

0.5-0.7 

0.02 

Small* 

Minimum Ay. 

-0.15 

-0.21 

-0.01 

Small* 

Ay at m *= 0.7. 

-0.15 

-0.21 

-0.25 

0.06 

Ay at m = 1.5. 



0.72 

0.67 


* Too small to estimate. 


The surface tension results constitute a strong argument for the correctness 
of the picture of sulfuric acid coming from the Raman data. There is additional 
support for the picture in conductance data. The product of viscosity and spe¬ 
cific conductance is greatest in a solution of about the same composition as that 
in which the hydrogen-ion concentration is largest (25). 


D. Apparent molal heat capacity 

The equation for the theoretical calculation of the relative apparent molal 
heat capacity is obtained from equation 11 by differentiation of both sides with 
respect to temperature. When Aff of mixing is negligible, the equation is: 


<pc — <P°C = [Af^Dis + (<PB — <Ph) “ (pH — Pf)] 

E2S0 4 H-H-S04 H-HS04 



+ (<2 — 1)ACdis + &(pc ~~ Pc) + (1 — ot)(pc — Pc) 

h-hso 4 h-hso 4 

H-H-SO* H-HS04 


( 14 ) 
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In equation 14 <p s and <p c denote properties of the hypothetical solutes in 
solutions of ionic strengths equal to the ionic strength of the sulfuric acid solu¬ 
tion. 

There have been two excellent experimental studies of the apparent molal 
heat capacities of sulfuric acid: one by Biron (3) in 1899 and a more recent one 
by Randall and Taylor (38). Their determinations of <p c are in excellent agree¬ 
ment. <pc — <p°c, the relative apparent molal heat capacity, was determined by 
Randall and Taylor only. For that purpose they computed the apparent molal 
heat capacity of infinitely dilute sulfuric acid from available published values of 
<p°c for hydrochloric acid, sodium sulfate, and sodium chloride. The limiting heat 
capacities had been determined by linear extrapolation to infinite dilution of 
measured values of <p c of the respective electrolytes. This procedure has been 
shown by Young and Machin (62) to be erroneous. In general, it leads to values 
of <pc which are too low. 

Data are not now available for a satisfactory demonstration of the use of 
equation 14. Nevertheless, we have ventured to make a calculation based 
upon the y s curves of figure 7, and the equilibrium constants determined by 
Young, Klotz, and Singleterry (57, 61). In the absence of any knowledge con- 


TABLE 5 

Apparent molal heat capacity of sulfuric acid 


Q 

EXPERIMENTAL 

CALCULATED 


•PC 


*C~*C 

0.1 

9 

76 

65 


cerning the variation of jr with temperature it was necessary that its tempera¬ 
ture coefficient be treated as though it were zero. This approximation is espe¬ 
cially unsatisfactory for the calculation of a temperature derivative. Thermal 
data for the solutions of lithium salts used as analogues of H - H • SOi and H • HSO« 
were also grossly inadequate. When necessary, values of relative apparent 
molal heat contents and heat capacities were estimated from the tables of proper¬ 
ties of similar electrolytes compiled by Gucker and Schminke (12), Young and 
Seligmann (64), Randall and Rossini (37), and Rossini (51, 52). The result is 
shown in table 5. The agreement is entirely satisfactory; the discrepancy is 
no larger than is to be expected as a result of the various approximations. It 
is not much larger than the uncertainty (due to extrapolation) in the experi¬ 
mental value itself. 

The discrepancy in this calculation, like those in others discussed above, points 
to the need for adequate optical, thermodynamic, and other relevant data. 
The demand is rather for measurements made over sufficiently wide ranges of 
temperature, concentration, and pressure than merely for improved accuracy. 
When the necessary information is available, it should be possible to increase the 
beauty and precision of calculations such as these and greatly improve our under¬ 
standing of the behavior of solutions of those interesting electrolytes which are 
moderately strong but by no means completely dissociated. 
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The study of lead chloride is taken as an example of the experimental techniques 
and theoretical methods which may be applied to all moderately strong electrolytes. 

The deviation of the behavior of lead chloride from that of a strong electrolyte has 
been explained on the basis of the Gronwall-LaMer-Sandved extension of the 
Debye-Hiickel theory for small highly charged ions, and also on the basis of in¬ 
complete dissociation. The second interpretation is strengthened by the discovery 
of ultraviolet absorption bands identified with the PbCl + ion, a quantitative in¬ 
vestigation of which affords one method of determining the dissociation constant 
of this ion. Study of the conductance of lead chloride solutions also gives evidence 
of incomplete dissociation and allows an evaluation of the dissociation constant. 

Finally, a great deal of information can be obtained from the e.m.f. of cells con¬ 
taining lead chloride alone and in the presence of other electrolytes, from which its 
activity coefficients have been determined. We present some new experimental 
data for the e.m.f. of cells with added sodium chloride, over a wide range of tem¬ 
perature and concentration. The plot of the usual extrapolation function E° r 
against the square root of the stoichiometric ionic strength approaches the Debye- 
Hiickel limiting law from above rather than below, thus making extrapolation to 
find E 0 difficult. The results with added barium nitrate lie along a different curve 
from those with added alkali chlorides, showing that ionic strength is not the only 
' variable to be considered. Nearly all of the e.m.f. data may be correlated, how¬ 
ever, if we assume a secondary dissociation constant of about 0.03, calculate the 
ionic concentrations, and plot a suitably defined function against the actual ionic 
strength rather than the stoichiometric ionic strength. The same dissociation 
constant fits the conductance data, but a considerably larger value of the constant 
is obtained from the absorption spectra, which emphasizes the difficulties often 
involved in dealing with moderately strong electrolytes. 

INTRODUCTION 

There have been several studies of the activities of lead chloride in aqueous 
solution. In 1906 J. N. Bronsted (5) made a series of measurements from 0° 
to 90°C., using the cell: 

Pb(0.72 per cent amalgam) | PbCl 2 (m) | AgCl($)-Ag($) (1) 

Subsequent workers have found that the silver-silver chloride electrodes of the 
type devised by Jahn, which Bronsted used, are not adequately reproducible, 
and that the lead amalgam electrode is only stable between 1.4 and 66 per 
cent lead. 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solutions 
which was held under the auspices of the Division of Physical and Inorganic Chemistry at 
the 114th Meeting of the American Chemical Society, Portland, Oregon, September 13 
and 14, 1948. 


117 



118 


K. SI. GARRELS AND P. T. GTJCKER, JR. 


Later, A. J. Allmand and E. Hunter (3) measured the same cell at 25°C. over 
a wide range of concentration. They used amalgamated lead sticks for the 
lead electrodes, and carefully excluded oxygen from the system. They found a 
value of E° = 0.3396 v. for the cell, and obtained activity coefficients for lead 
chloride which agreed fairly well with those of Bronsted. 

W. R. Carmody (6) carried out a careful set of measurements of the cell: 

Pb(two-phase amalgam) | PbCl 2 (m) | AgCl(s)-Ag(s) (2) 

He also worked at 25°C. and varied the lead chloride concentration from satura¬ 
tion (0.039 m) to 0.0002 m. He found a value of E° - 0.3426 v. for the cell by 
linear extrapolation. 

In 1936 M. C. Hannan (14) studied the same cell at concentrations from 0.01 
to 0.0005 m, at 12.5° intervals from 0° to 50°C. She used two-phase lead amal¬ 
gam electrodes prepared by electrolysis with a mercury cathode, silver-silver 
chloride electrodes of the type used by Carmody, and an atmosphere of nitrogen 
in the cell. Her work was done to test the Debye-Hiickel theory as extended to 
unsymmetrical electrolytes by LaMer, Gronwall, and Grieff (19). Using their 
extended equation she found a value of E° = 0.3435 at 25°C. 

A number of studies have been made of the activities of lead chloride in the 
presence of other electrolytes, at 25°C. Most of these (1,2,4,20,18,17), dealing 
with the behavior of lead chloride in the presence of lithium, sodium, or po¬ 
tassium chloride, were carried out in connection with phase-rule studies of these 
systems. The last article, by E. R. Hounsell and H. N. Parton (17) summarizes 
the work on e.m.f. and activity coefficients, based on a value of E° = 0.3432 v. 
The authors point out that much of the previous work in the series was vitiated 
by dissolved oxygen in the solutions dilute in lead chloride. They used an 
atmosphere of hydrogen instead of nitrogen, and found that duplicate cells re¬ 
mained constant for 12 hr. or more. 

E. Guntelberg (13) also measured the e.m.f. of cells containing lead chloride 
alone and in the presence of hydrochloric acid and potassium chloride. Un¬ 
fortunately his work is available to us only in abstract, and we do not have the 
details of experimentation or his experimental results. His conclusions will be 
discussed in a later section. 

H. D. Crockford and H. O. Farr, Jr., (7) studied the e.m.f. of cells containing 
lead chloride in the presence of barium nitrate, in order to determine the value of 
the a parameter (distance of closest approach of the ions) in mixed electrolytes. 

Our work extends the measurements on lead chloride in the presence of sodium 
chloride from 25° to 65°C. The e.m.f. data are used to calculate the activity 
coefficient of lead chloride in these solutions. Its abnormally low value in these 
solutions is interpreted in terms of ionic association. 

Elsewhere, one of us (12) has discussed the geological implications of these 
results, in connection with the interesting geological problem which started us 
upon this work and which was posed by the fact that, in vertical vein deposits, 
galena (PbS) frequently is found farther from the place of origin than sphalerite 
(ZnS), despite the lower solubility of the lead sulfide in most solutions. Since 
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primary liquid inclusions in galena crystals contain high concentrations (up to 
4 m) of soluble chlorides, we investigated the effect of added sodium chloride 
upon the activity coefficient of lead chloride over the temperature range of 
geologic interest. The results were used to explain the increased solubility of 
lead sulfide in relation to zinc sulfide in vein solutions. 

EXPERIMENTAL METHODS AND RESULTS 

We used materials similar to those which Hounsell and Parton (17) found satis¬ 
factory except that tank nitrogen (Linde) instead of hydrogen was used to pro¬ 
vide an oxygen-free atmosphere, since none of our solutions was extremely dilute 
in lead chloride. This nitrogen was purified by passing it through a series of gas¬ 
washing bottles containing successively potassium permanganate, alkaline 


TABLE 1 

E.M.F. of cell: Pb (two-phase amalgam) | PbCWffii), NaCl(?« 2 ) | AgCl(s)-Ag(s), 
from 25° to 65° C.; corresponding values of E° and mean activity coefficients 


m 

(PbCU) 

mt 

(NaCl) 

3oti + m% 


25 °C. 

35°C. 

45°C. 

55°C. 

65°C. 

0.000 

0.000 j 

0.000 

E° 

0.3434 

0.3404 

0.3368 

0.3229 

0.3287 

0.0018 

0.020 

0.0254 

; 

E . 

0.5418 

0.5447 

0.5474 

0.5502 

0.5526 




y± . 

0.581 

0.591 

0.597 

0.595 

0.595 

0.0036 

0.100 

0.1108 

E . 

0.5054 

0.5088 

0.5114 

0.5140 

0.5164 




y± . 

0.432 

0.422 

0.414 

0.404 

0.394 

0.0018 

0.200 

0.2054 

E . 

0.5075 

0.5124 

0.5161 

0.5195 

0.5221 




y± . 

0.336 

0.316 

0.304 

0.291 

0.284 

0.0018 

0.400 

0.4054 

E . 

0.5025 

0.5067 

0.5099 

0.5130 

0.5161 


j 


y± . 

0.243 

0.231 

0.224 

0.215 

0.206 

0.0018 

0.600 

0.6054 

E . 

0.5004 

0.5038 

0.5073 

0.5103 

0.5136 



: 

y± . 

0.196 

0.190 

0.182 

I 0.176 

0.167 


pyrogallol, and cuprous nitrate, and then over copper turnings heated to 
300-400°C. 

The cell was designed according to principles used by Carmody (6), with the 
addition of a second cell unit so that the e.m.f. readings could be checked. Cell 
operation followed Carmody’s procedure. 

Lead amal gam electrodes were prepared within the cell to avoid oxidation. 
The air in the cells was displaced with nitrogen; then the mercury and lead suc¬ 
cessively were dropped in against a strong current of nitrogen, and the amalgam 
was heated to 80°C. to insure saturation at all experimental temperatures. 

Silver chloride electrodes were prepared according to the directions of M. Dole 
(9). They were white when fresh and gradually turned brown after use. They 
were reproducible within 0.1 mv., and the change in color did not affect the 
potential. 
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Temperature was controlled within 0.1°C. by immersion in an oil bath heated 
by a resistance coil and controlled by a mercury thermoregulator. Closer con¬ 
trol was not necessary because of the small temperature coefficient of the cell. 

e.m.p. readings were taken to 0.1 mv. on a Type K potentiometer, made by 
Leeds and Northrup Company, balanced against a recently calibrated standard 
cell. The experimental e.m.f. values of the two cells always checked within 
0.6 mv., and usually within 0.2 mv. 

Our experimental results are given in table 1. 

E? AND MEAN ACTIVITY COEFFICIENTS 

In cells of the type discussed here, either in pure lead chloride solutions or in 
mixtures of lead chloride and other salts, the reaction is: 

Pb(two-phase amalgam) + 2AgCl(s) = 2Ag(s) + PbCk(m) 

The e.m.f. of this cell E in terms of the standard potential E?* and the activity a 
of lead chloride is given by the equation: 

E = E° — ^ In a Pb oij (1) 

or 

E — E° — \h log Upbci. (2) 

where k — 2.3029 RT/F. This also can be written: 

E = E° — §k log m P b++ • mci- • Ypb++ • 7ci- (3) 

In terms of the mean activity coefficient of the lead chloride, the equation may be 
rearranged as follows: 

E + %h' log mi(2mi + ?n 2 ) 2 = EE — k' log y ± (4) 

where mi is the concentration of lead chloride, m 2 is the concentration of added 
chloride, and k' = | k. 

The left-hand member of equation 4, usually designated E 0 ', is used in extra¬ 
polation to find E° and log y±. In solutions of lead chloride alone, this equation 
becomes: 


E + ffi log 4 + k' log mi = E° — k' log y± (5) 

We have used equations 4 and 5 to calculate E a ' from our results and those of the 
other investigators included in table 2. In the sixth column are given values of 
Ev/k' which in figures 1 and 2 are plotted as ordinates instead of F?' in order to 
separate the curves for the different temperatures. The abscissas are n w . Here 
M is the usual ionic strength, defined as: 



( 6 ) 


where m,- is the stoichiometric molality and 2 , the charge of the I th ion. We have 
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included on the 25°C. curve the results of Carmody (6) and of Hannan (14) for 
cells containing lead chloride alone, and representative values of Hounsel and 
Parton (17) for cells with added lithium, sodium, or potassium chloride. The 
results show that, in all these solutions, the value of E °' depends chiefly upon the 


TABLE 2 

E.M.F. of cell: Pb (two-phase amalgam) | PbCl 2 (mi), MCl(m 2 ), Ba(N03)2(vn 3 ) | 
AgCl($)-Ag($) at 25°C., with various extrapolation functions* 


wtiOPbCh) 


j»»(Ba(N03)i) 

M 

E(exptl.) 

EP/k' 


&”'/& 

/ 

0.0002116 



0.000635 

0.6537 

3.893 

3.867 

3.864 

0.000629 

0.0006197 



0.001859 

0.6143 

3.916 

3.872 

3.863 

0.001817 

0.001034 



0.003102 

0.5960 

3.932 

3.876 

3.861 

0.002994 

0.001337 



0.004011 

0.5870 

3.942 

3.878 

3.861 

0.003839 

0.002348 



0.007044 

0.5677 

3.969 

3.884 

3.857 

0.006574 

0.002620 



0.007860 

0.5639 

3.974 

3.884 

3.855 

0.007293 

0.005160 



0.01548 

0.5419 

4.020 

3.894 

3.848 

0.01370 

0.0018 

0.0200 


0.0254 

0.5418 

4.106 

3.945 

3.887 

0.02427 

0.01039 



0.03117 

0.5205 

4.083 

3.904 

3.837 

0.02575 

0.02048 



0.06144 

0.5012 

4.160 

3.909 

3.819 

0.04656 

0.019037 


0.00503 

0.07220 

0.50426 | 

4.1632 

3.891 

3.805 

0.05939 

0.02955 



0.08865 

0.4913 

4.208 

3.907 

3,804 

10.06366 

0.0036 

0.100 


0.1108 

0.5054 

4.235 

3.898 

3.771 

0.1066 

0.03905 



0.11715 

0.4842 

4.249 

3.903 

3.793 

0.08253 

0.019037 


0.03030 

0.14801 

0.50872 

4.2135 

3.824 

3.745 

0.1369 

0.0018 

0.171 


0.1764 

0.5089 

4.315 

3.890 

3.731 

0.1740 

0.0018 

0.200 


0.2054 

0.5075 

4.344 

3.886 

3.715 

0.2029 

0.0072 

0.201 


0.2226 

0.4896 

4.359 

3.882 

3.710 

0.2125 

0.019037 


0.06069 

0.23918 

0.51223 

4.2530 

3.758 

3.684 

0.2291 

0.019037 


0.08027 

0.29792 

0.51430 

4.2764 

3.724 

3.653 

0.2882 

0.0018 

0.342 


0.3474 

0.5032 

4.448 

3.852 

3.642 

0.3446 

0.019037 


0.10025 

0.35786 

0.51543 

4.2891 

3.684 

| 3.615 

0.3486 

0.0018 

0.400 


0.4054 

0.5025 

4.485 

3.841 

3.619 

0.4025 

0.0072 

0.469 


0.4906 

0.4851 

4.542 

3.833 

1 3.600 

0.4790 

0.0018 

0.600 


0.6054 

0.5004 

4.578 

3.791 

3.535 

0.6024 

0.0009 

0.697 


0.6997 

0.5110 

4.640 

3.793 

S 3.523 

0.6982 

0.0072 

0.697 


0.7186 

0.4867 

4.672 

3.815 

3.547 

0.7064 


* Data of Carmody (6) for lead chloride alone; results of this research and of Hounsell 
and Parton (17) for added alkali halides, and of Crockford and Farr (7) for added barium 
nitrate. For definitions of E °', E Q ", E 0 '", ju, and y! see, respectively, equations 4,12,31, 6, 
and 34. 


ionic strength. However there are some deviations, particularly for the solutions 
with a high concentration of added potassium chloride. 

Our measurements did not extend to low enough concentrations to fix the 
dilute end of the curve with certainty. For this purpose we used the results of 
Hannan, which covered the range from 0° to 50°C. She had calculated E° at 
each temperature by means of the Debye-Hiickel equation as extended by 
LaMer, Gronwall, and Grieff (19). She found that the results over the whole 
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range of temperature were represented by a single value of the parameter d = 
1.75 A. Although this value is too small to have much physical significance, 
these results were the most reliable ones available over a range of temperature. 




Fig. 2. (E°'/k') vs. p 111 for lead chloride with added barium nitrate at 25°C. 


We found that the E° values she tabulated at 0°, 12.5°, 25°, 37.5°, and 50°C. 
could be represented within ±0.04 mv. by a slight modification of the equation 
she had proposed to relate E° to the Centigrade temperature, namely: 

E° = 0.34790 - 6.77 X 10 ~H - 4.990 X 10-¥ + 2.270 X 10~ 8 Z 3 (7) 

This equation could be extended to 65°C. with no great loss of r elia bility The 
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E° values given in table 1, calculated from this equation, probably are reliable 
to within about 0.5 mv. This limit is imposed by the discrepancies between 
different methods of extrapolation, which will be discussed later. The values of 
the mean activity coefficients listed in table 1 are calculated from E and E° by 
means of equation 4. 

The Debye-Huckel limiting law slopes are shown at each temperature. It 
will be seen that the experimental curves do not approach these from below, as 
in the case of typical strong electrolytes. Instead, they lie above the limiting 
law until an ionic strength of about 0.7 is reached. The shape of the curve makes 
the usual extrapolation for E° uncertain. 

Figure 1 does not include the results of Crockford and Farr (7) for lead chloride 
in the presence of barium nitrate solutions. When these are plotted on the same 
scale, they deviate widely from the results obtained in the presence of added 
chlorides. To avoid confusion of the experimental points, the results of Crock- 
ford and Farr are plotted separately in figure 2, together with the solid line of 
figure 1 at 25°C. Three series of experiments were carried out. In the first, 
the ratio of the molalities of lead chloride to barium nitrate was kept constant; 
in the second, the concentration of lead chloride was held constant and that of 
the barium nitrate was changed; while in the third the barium nitrate molality 
was fixed and that of the lead chloride was varied. The three series agree fairly 
well among themselves, but at high concentration they fall far below the results 
obtained in the presence of added chloride. 

Crockford and Farr interpreted their results in terms of the change in the dis¬ 
tance of closest approach of the ions in these mixtures. They used the equation 
derived by H. D. Crockford and H. C. Thomas (8) for the mean distance of 
closest approach a in a mixture of two salts: 


- _ ai/i + <hh 
fi + ft 


( 8 ) 


Here ai and a 2 are the ionic diameter parameters for the individual salts and 
fi and ft are the respective collision frequencies, assumed to be proportional to 
the squares of the concentrations of the two salts. They used ai = 1.75 A. for 
lead chloride, calculated by LaMer, Gronwall, and Grieff (19), and a 2 = 2.68 A. 
for barium nitrate. This was computed from the value of a — 2.50 A., deter¬ 
mined for the first series of experiments by the method of LaMer, Gronwall, and 
Grieff. This is appreciably less than might be expected. The crystal ionic 
radius given by L. Pauling (21) for Ba ++ (1.35 A.) is about that for K + (1.33 A.) 
and G. Scatchard, S. S. Prentiss, and P. T. Jones (26), from their studies of 
freezing points of alkali nitrates, conclude that the nitrate ion is intermediate 
between the bromide and iodide ions in size in solution. The values for po¬ 
tassium bromide and iodide are given by H. S. Hamed and B. B. Owen (16) 
based on calculations from Huckel’s equation: 


log y± = 


gi&A-y/ju , „ 

1 -f- &By/fi 


(9) 
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where A and B are the constants of the Debye-Huckel theory and C is an empiri¬ 
cal constant. Taking the mean of these values gives for barium nitrate the 
figure <3 = 3.9 A. This is so near the values of 4.2,4.0, and 3.8 given by Hamed 
and Owen for lithium, sodium, and potassium chloride, respectively, that the 
strikingly diff erent effect of barium nitrate upon lead chloride hardly can be 
due to the & parameter. 

TITO activity of lead ion: complex formation 

As many previous workers have pointed out, the activity coefficients of lead 
chloride are unusually low in solutions of increasing ionic strength. Normal 

4.0 


T" 

3.8 


3.6 

Fig. 3. (E’ , "/k l ) vs. y for lead chloride alone and with added electrolytes at 25°C. 
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strong 2-1 electrolytes in very dilute solution obey the Debye-Huckel equation 
which, in terms of ionic strength, is: 


log y± = 


24. \/m 

1 


( 10 ) 


This is sometimes divided out to give approximately: 

log Y± = - 2 AV/i + B'n (11) 

where B' = 2 ABd. Substituting for log y ± from equation 11 into equation 4 
and rearranging terms gives: 

E + ffe' log + m 2 ) 2 — 2k'A V/T = E* — k’B'y. (12) 

The left-hand member of this equation, designated E 0 ", should decrease nearly 
linearly with /t and frequently is used in extrapolating data to obtain E°. In 
the case of lead chloride, however, a very different result is obtained, as shown 
in figure 3, which is a plot of the values of E°"/k' given in the seventh column of 
table 2. Our results and those of Hounsell and Parton on mixtures of lead 
chloride and alkali chlorides fall nearly together along a reasonable line, while 
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the results of Crockford and Farr in mixtures of lead chloride and barium nitrate 
cluster around a different line with about three times as great a slope. Both 
of these lines would extrapolate to a value of E° about 5 mv. too high. The 
results for lead chloride alone approach the origin with a positive instead of the 
predicted negative slope. The graph of the E°" function clearly indicates 
divergence from the behavior of a typical strong electrolyte. It shows that the 
ionic strength alone does not determine this deviation, and suggests that the 
results may be treated in terms of ionic association to form one or more com¬ 
plexes. This was suggested sometime ago on the basis of e.m.f. data by G. 
Scatchard and R. H. Tefft (25), and later by E. Guntelberg (13), while addi¬ 
tional evidence has been obtained along two very different lines. E. C. 
Righellato and C. W. Davies (24) have studied the anomalous conductance of 
lead chloride solutions, and they have interpreted the results in terms of forma¬ 
tion of PbCl + complex ion. Independently, H. Fromherz and K. H. Lih (11) 
have studied the ultraviolet absorption spectra of these solutions, and also have 
obtained evidence for the formation of PbCl + in dilute solutions. 

K FOR PbCl + FROM CONDUCTANCE 

Righellato and Davies found that, over a considerable range of concentration, 
all strong electrolytes obeyed the equation: 

A 0 - A V W = o-/(c) (13) 

Here A 0 and A are the equivalent conductances at concentrations zero and c, 
7] is the viscosity at concentration c, a is the constant of the Debye-Hiiekel- 
Onsager equation, calculable from ionic mobilities, and /(c) is the same function 
for all salts of the same valence type. Weak electrolytes, including lead chloride, 
do not obey this equation. 

Righellato and Davies assumed that the conductance of the lead chloride 
solution is the sum of the conductances of the Pb ++ , Cl - , and PbCl + ions, and 
that the conductance of the first two ions is the same as in other (unassociated) 
solutions in which they are present at the same ionic strength. The con¬ 
ductance of the PbCl + ion they assumed to be 40 mhos, like that of all the other 
univalent complex ions they considered. They then determined the degree of 
ionic association, 0, required to yield the observed conductance. The ionic con¬ 
centrations in the solution are: 

m P b++ = (1 — 0)m; m c i- = (2 — 0)m; m P bci+ = 0m 

The actual ionic strength of the solution will be: 

p' = (3 - 2/3)m (14) 

This differs from the stoichiometric value ju = 3m, which is also the actual ionic 
strength in a solution of a strong electrolyte. The value of 0 was determined by 
successive approximations, and the authors consider it accurate to better than 
10 per cent. 
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Righellato and Davies then calculated the thennodynamic dissociation con¬ 
stant for the complex ion, given by the equation: 

‘ m C]~ _ 7pb++ ' 7ci~ 

?ftpbCl+ 7PbCl + 

They used a form of the Debye-Hiickel equation analogous to equation 11 for the 
individual ionic activities, namely: 

log 7 , = -Azb/iJ + Bai' (16) 

Converting equation 15 to logarithmic form they substituted for log y; from 16 
to obtain: 


log K = log K' - V7 + 25,/ (17) 


TABLE 3 

K for PbCl + from conductance at 18°C. 



0.001 

0.0025 

0.005 

0.01 

0.025 

ioy. 

2.944 

6.980 

13.34 

24.74 

53.34 

-log K' . 

1.165 

1.389 

1.338 

1.313 

1.291 

-log K . 

1.260* 

1.525 

1.510 

1.518 

1.516 

£. 

0.0550* 

0.0299 

0.0309 

0.0303 

0.0305 


Here K' is the classical (concentration) constant. In this case 2z; is 4, and A = 
0.50 at 18°C.; hence rearranging gives: 

log K' - 2.0V7 = log K - 2 Bui' (18) 

A plot of the quantity on the left against / gives a straight line with a slope 
of 25; = 4.44, which is larger than the corresponding value for most other salts. 
Comparison with equation 11 shows that 2 AB& = 25,-. Substituting the nu¬ 
merical values for the constants A and B, as tabulated by Hamed and Owen 
(16, p. 119), we find d = 6.66 A. This is considerably larger than 2.75 A., the 
sum of the crystal ionic radii for lead chloride (21), but somewhat more plausible 
than the value of 1.75 A. required by the extended equations of LaMer, Gronwall, 
and Grieff. Of the fifteen a values of the alkali halides tabulated by Hamed and 
Owen (16, p. 381) twelve exceed the sum of the crystal radii by 0.5-2 A. and only 
three alkali halides fail to equal it. 

Knowing 25,- and K' at various concentrations, Righellato and Davies calcu¬ 
lated corresponding values of K, which are summarized in table 3. The average 
value of K, neglecting the uncertain starred figure at 0.001 m, is 0.0304. 

K FROM ABSORPTION SPECTRA 

Fromherz and Lih (11) studied the absorption spectra of lead chloride solutions 
from 2000 to 2750 A. The smoothed curves of their results are shown in figure 4, 
where the optical density, or logarithm of the extinction coefficient, is plotted 
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against the wave length. The extinction coefficient is defined by the Beer- 
Lambert law: 

III o = 10 _ee<i (19) 

Here Jo and I are the initial and final intensities of light which passes through a 
solution of molarity c for a distance of d cm., and e is the extinction coefficient, 
measured to 2 to 4 per cent. The curves all intersect in a single point, corre¬ 
sponding to an optical density of 3.740 at 2159 JL This indicates a system of 
two absorbing species which they identified as Pb ++ (hydrated) and PbCl + , 
which probably absorbs by what E. Rabinowitch ( 22 ) calls an electron-transfer 
mechanism: 

Pb^Cl- + hr-> Pb + Cl (20) 

The Cl - does not absorb appreciably in this region. Measurements on lead per¬ 
chlorate solutions showed that the optical density is independent of concentra¬ 
tion, indicating no ionic association in solutions of this salt. Since the CIO4 - 
is transparent in this region, the absorption peak with a maximum optical den s ity 
of 3.990 at 2085 A. must be due to the Pb" 1-1 ". The extinction coefficient of any 
dilute lead chloride solution then will be: 


€ — 8«PbCl + 4” (1 — 8)*Pb++ (21) 

In this equation both 8 and epbci+ are unknowns. However, Fromherz and Lih 
assumed that the absorption curve for PbCl + is symmetrical, like those of PbBr + 
and Pbl + which they had calculated by difference, and that it obeys the Beer- 
Lambert law on dilution. The curves of the two most concentrated chloride 
solutions were analyzed, assuming values for 81 and 82 over a reasonable range. 
Comparison of the optical density curves for PbCl + showed that the dashed 
curve of figure 4 was consistent with both series of measurements, giving maxima 
at 2270 and 2265 A., respectively, with half-widths of 232 and 226 A. This 
yielded values of 81 — 0.320 and 82 = 0.178. The calculated curve for PbCl + 
was used with the observed curves of the dilute solutions to calculate the corre¬ 
sponding values of /8 from equation 21. The results are summarized in table 4, 
where the maximum error in 18 estimated by the authors is also included. 

The value of 8 being known, the classical ionization constant was calculated 
by Fromherz (10) as: 


E >7 _ (1 — 8) (2 - 8) . 

K-j-c 


( 22 ) 


A plot of K' against c gives the thermodynamic constant K by extrapolation and 
also the activity coefficient ratio. Fromherz found K = 0.0775 at about 22°C., 
with an estimated uncertainty of ±10 per cent. 

Fromherz and Lih also studied solutions of lead chloride in concentrated 
alkali chloride solutions, and found absorption bands which they attributed to 
the PbCLt— ion. These merge imperceptibly into the Pb ++ -PbCl + system in 
dilute solution, whence they conclude no intermediate ions are formed. Rabino- 
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Fig. 4. The optical density of solutions of lead chloride according to Fromherz and Lih 

TABLE 4 


Degree of association of PbCl + in dilute solutions of lead chloride , according to 

Fromherz and Lih 


10*c. 

27.69 ! 

1.108 ! 

2.769 

0.9229 

0. 

0.320 ; 

j 

0.178 ! 

0.087 

0.033 

AjS. 

±0.03 ; 

±0.02 ! 

±0.02 

±0.008 


witch (22) think s, however, that such ions might exist, with absorption bands in 
tile same general region as the others. In a solution 0.000167 if in lead chloride 
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and 0.0167 M in potassium chloride they found 80 per cent Pfr 1-1 ", 10 per cent 
PbCl + , and 10 per cent higher complexes. 


K FROM E.M.F. DATA 

The large disagreement in the value of the dissociation constant of PbCl + ob¬ 
tained from these two methods aroused our interest in evaluating it independently 
from e.m.f. data. Scatchard and Tefft (25) had already stated that it was ap¬ 
proximately 0.03, and we used their method, as modified by H. S. Hamed and 
M. E. Fitzgerald (15). The method has been summarized by Hamed and Owen 
(16, p. 414 et seq.). The e.m.f. of the cell may be expressed in terms of the 
degree of dissociation of the PbCl + ion, a, and the true mean activity coefficient 
y± of the lead chloride as: 

E = E° - P log «(1 + afmWi (23) 

Following Hamed and Fitzgerald, we assumed that y'± was the same as that 
of the typical strong electrolyte barium chloride, as determined by E. A. Tippets 
and R. F. Newton (27). We transformed their Hiickel-type equation for log / 
into the following: 

log t± - — 17 ^~_ + 0.0388m (24) 

1 + 1.3436vV 


which reproduced their tabulated values of y± with an average deviation of 
±0.0004 up to 1.2 m. Substituting equation 24 into equation 23, we can assume 
values of K and solve for E° by successive approximations or, somewhat more 
simply, assume values of E° and solve for K by successive approximations. 
The appropriate equation is: 


—log ot(l -J- a) 2 


3 log m + 2 j 

3.03 50m 1 ' 2 V&T+T 
1 + 1.3436m 1 ' 2 V2a + 1 


+ 0.1166m ( 2 a + 1 ) 


(25) 


From this a is determined to 0.1 per cent by two or three successive approxima¬ 
tions. The classical dissociation constant then is calculated as: 


K' = a 


(1 + a) 
(1 - a) 


m 


(26) 


Harned and Fitzgerald assumed that the activity coefficients of PbCl + and Cl~ 
are equal, and that the activity coefficient of Pb' H " is given by the Debye-Hiickel 
equation: 


. 2.0234x47 

°g Ypb++ 1 + 0.3283 d Vm 7 


(27) 


where p! is the actual ionic strength in the solution, given by equation 14, and 
& is assigned the value of 5 JL, comparable to that found for barium chloride and 
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large enough, to make the extended terms of the Debye-Hiickel theory negligible. 
Then: 


K = K' Y Pb ++ (28) 

We used the data of Carmody to determine K in this way, taking several values 
of E° and also varying d. The most consistent values were: E° = 0.3430 v., 
& = 6 A., and K = 0.0293. Estimating the uncertainty in E° as 0.1 mv. and that 
in d as 1 A., we weighted each value of K according to the reciprocal of the sum 
of the resulting errors in E. The results of calculations with two different values 

TABLE 5 


Differences in millivolts between E.M.F. found by Carmody for the cell 
Pb (two-phase amalgam) | (PbCl 2 (m) | (AgCl(s)-Ag(s) 

and that calculated by various equations _ 


(e° 

Values of L 
constants! ^. 

0.3430 

6 

0.0293 

0.3429 

7 

0.0280 

0.3429 

6 

0.0275 

1 0.34325 

j 1.75 

i 

m 

A E 

*» E (calculated) — E (observed) in millivolts 

0.0002 

0.05 

-0.04 

-0.02 

-0.25 

0.0006 

0.02 

-0.04 

-0.03 

-0.05 

0.0010 

0.03 

-0.02 

0.02 

-0.05 

0.0013 

0.01 

-0.02 

0.00 

0.05 

0.0023 

-0.02 

0.02 

0.07 

0.15 

0.0026 

0.11 

0.14 

0.16 

0.05 

0.0052 

0.00 

0.09 

0.14 

0.05 

0.0104 

-0.13 

0.11 

0.09 

0.05 

0.0205 

-0.43 

0.00 

-0.11 


0.0295 

-0.61 

-0.08 

-0.24 


0.0391 

-0.96 

-0.36 

-0.53 


Av. (1-8). 

±0.05 

±0.06 

±0.07 

±0.09 

(1-10). 

±0.14 

±0.06 

±0.09 


(1-11). 

±0.21 

±0.08 

±0.13 



of E° and d are shown in table 5. The tabulated values of K are based upon the 
weighted values of the first eight experiments, up to and including the 0.01 m 
solution. Above this concentration the decreasing value of K, which can be 
compensated somewhat by increasing d, probably is due to formation of higher 
complexes in addition to PbCl + , rather than to a decrease in y Pb ++. We have in¬ 
cluded also the deviations which LaMer, Gronwall, and Grieff calculated from 
these same data. A comparison shows that the assumption of complex ion 
formation is slightly more consistent with Carmody’s data than the extended 
Debye-Hiickel theory, although deviations below 0.05 mv. are not significant. 

An analysis of Hannan’s results at 25°C. showed that, over the range covered 
(0.0005-0.010 m), they were most consistent with values of E° = 0.3433, d = 6, 
and K = 0.0289. The average deviation in E was ±0.16 mv., chiefly because 
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the value at the highest concentration was 0.37 mv. low. The result for E° is 
consistent with Hannan’s statement that Carmody’s E 0 ' values were about 0.3 mv. 
higher than hers, a result which she attributed to his use of amalgams made from 
stick lead rather than electrolyzed amalgams. 

The values of E° for the cell with lead chloride as electrolyte are summarized 
in table 6. The method of calculation based on the formation of PbCl + gives 
results about midway between those of direct linear extrapolation of E° f against 
I* 12 and the extended theory of LaMer, Gronwall, and Grieff. 

Since the picture of incomplete ionization of PbCl + , with a constant of about 
0.029 at 25°C., fitted the results of Carmody and Hannan for pure lead chloride 
solutions so satisfactorily, we tried to apply it also to the mixed solutions. If 
nt i, m 2 , and m z are respectively the stoichiometrical concentrations of 

TABLE 6 

A comparison of E° values from various sources for the cell 
Pb {two-phase amalgam ) j PbCl 2 (m) | AgCl(s)-Ag(s) 


METHOD OF EVALUATION 



Carmody 

Hannan 

T . 14 f Graphical. 

Linear vs.^i T 

[Least squares. 

0.3426 

0.3427 

0.3429 

T>uril ,f This article. 

° r (scatchard and Tefft .... 

0.3430 

0.3430 

0.3433 

LaMer, Gronwall, and Grieff. 

0.34325 

0.3435 


lead chloride, alkali chloride, and barium nitrate, the equation for the cell in 
terms of the degree of dissociation of the PbCl + , analogous to equation 23 is: 

E = E° — W log ami[(l + a)mi + mj 2 — k' log y± (29) 

where y± is the true mean activity coefficient of the dissociated lead chloride. 
If we assume that this is the same as y± for barium chloride at 25°C., given by 
equation 24, we can substitute it into equation 29 and obtain: 

E + W log owiiKl + odrrii + m 2 f = E° + - 0.0388*V (30) 

1 + 1.3436-s/ / 

However, for purposes of correlation, it is more convenient to substitute for 
7 ± in equation 29 the limiting law for a 2-1 electrolyte, and define a function 
E 0 "' as: 


E a '" m E + W log omiKl + «)m 1 + ms] 2 - l-0117fc'V7 (31) 

The value of a is obtained by successive approximations from the equation: 
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where 7Pb++ is obtained from the Debye-Hiickel equation (equation 27) putting 
& = 6 : 


and 


, , 2.0233 v9 

° S TPb++ 1 + 1.9699Vm 7 


(33) 

(34) 


/ = (2a + l)mi + m 2 + 3 m 3 


The values of E 0 '"/k' thus obtained, setting K = 0.029, are listed in the eighth 
column of table 2. When plotted against the values of p' listed in the ninth 



0 0.2 0.4 0.6 0.8 

M' 

Fig. 5. E l> '"/k' (based on K = 0.0290 for PbCl + and d = 6) for lead chloride alone and 
with added electrolytes at 25°C. 

column of the same table, they all fall close to a single line, as shown in figure 5. 
Comparison of equations 30 and 31 shows that, if the mean activity coefficient 
of the dissociated lead chloride is the same as that of barium chloride: 

^ - r + i fSW - 003 ^' (35 > 

The straight line of figure 5 indicates the limiting slope of this curve and the 
dashed line shows its further course. The calculated curve agrees quite well 
with the experi men tal in dilute solution, showing that the value of y± is about 
that of barium chloride, but the divergence is appreciable above 0.1 p. This is 
not surprising, considering the assumptions involved. Thus the neglect of higher 
complexes in the more concentrated solutions would tend to make the values of a 
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from equation 32 too large and may explain some of the systematic deviations. 
The fact that the results for added chlorides fall slightly above those for added 
barium nitrate also may be explained in the same way, or may be due to in¬ 
complete dissociation of the latter salt, as suggested by Dr. Redlich. However, 
the differences are rather small, and this single plot serves to correlate all the 
experimental results. When it is used for extrapolation to obtain Bo, the value 



Fig. 6. Fraction (jS) of lead chloride associated to form PbCl + at 25°C., calculated by 
three independent methods. 


TABLE 7 

The dissociation constant of PbCl + calculated by various methods 


AUTHOR 

METHOD 

K 

This paper 

Carmody’s e.m.f. data 

0.0293 

This paper 

Hannan’s e.m.f. data 

0.0289 

Righellato and Davies 

Conductance 

0.0304 

Redlich 

von Ende’s solubility data 

0.06 

Fromherz and Lih 

Absorption spectra 

0,08 

Giintelberg 

e.m.f. data 

0.10 


thus obt ai ned agrees within 0.3 mv. with that of Hannan, so that it is much 
more suitable for extrapolation than E°". 

SUMMARY OF VALUES OF K 

The results of the calculations of the dissociation constant of PbCl + based on 
e.m.f. measurements show excellent agreement with the analysis of conductance 
data by Righellato and Davies, and wide divergence from the conclusions of 
Fromherz and Lih based on absorption spectra. This appears clearly in figure 6, 
where we have plotted the fraction of lead associated to form PbCl + at different 
concentrations. In table 7 we have listed the values of the dissociation constant 
of PbCl + discussed above, along with several others. C. L. von Ende (28) de- 
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termined the freezing point of lead chloride solutions and calculated the concen¬ 
tration of Pb' H " and PbCl + in the saturated solution at 25°C., assuming that the 
ions are ideal solutes. Neglecting activity coefficients, 0. Redlich (23) esti¬ 
mated the dissociation constant on the basis of these data, although he does not 
consider that the figure should carry any weight, because of the assumptions in¬ 
volved. The value given by E. Giintelberg (13) is based on his measurement of 
the e.m.f. of cells containing lead chloride alone and in the presence of hydro¬ 
chloric acid or potassium chloride. Since we have seen only the abstract of 
his work we do not have the details of experimentation or computation, but his 
results seem at variance with the careful and concordant work of Carmody and 
Hannan. We have no explanation for the wide discrepancy between the results 
of about 0.03 based on these e.m.f. data and conductance data, and those of 
about 0.09, based upon absorption spectra and Giintelberg’s data. Further 
work is needed to clear up this discrepancy. 
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It is well recognized that the behavior of aqueous solutions of paraffin-chain salts 
is to be explained by the appearance of colloidal aggregates. However, most of the 
questions relating to the details of the aggregation are still unsettled. 

Some of the experimental results are reviewed and their bearing on these ques¬ 
tions is discussed. 

Aqueous solutions of paraffin-chain salts form an interesting case in which the 
effects of dissociation and association are clearly evident. At low concentra¬ 
tions these salts behave as ordinary strong electrolytes. As the concentration 
is increased a point is reached, at a concentration dependent mainly upon the 
size and shape of the paraffin chain and the magnitude of the electrical charge of 
the ions, where the paraffin-chain ions more or less suddenly aggregate into 
particles of colloidal dimensions. This aggregation of the paraffin-chain ions 
in aqueous solution into colloidal micelles is well known (12, 23). However, the 
details of the phenomenon are as yet incompletely elucidated. The uncertainty 
as to the detailed interpretation of the properties of the solutions is due to at 
least three factors: ( 1 ) the systems are undoubtedly complex, (2) the magnitude 
of the interionic effects is unknown, and (8) the various data which have been 
reported often disagree considerably. 

The questions which are to be answered in the complete description of these 
solutions are: (a) Is there at all concentrations only one type of micelle, or are 
there several, such as the “ionic micelle”, the “lamellar micelle”, etc.? (b) 
For a given type of micelle is there a fairly well-defined optimum size, or is 
there a particle-size distribution with a broad maximum? (c) Do the micelles 
consist solely of paraffin-chain ions, or are some of the simple ions of opposite 
charge (the “gegen ions” or “counter ions”) included in the aggregate? (d) 
How large are the micelles, and how many ions of each type are included in one 
colloidal particle? (e) How are the constituent ions arranged in the micelle? 
(/) What are the concentrations of the free simple ions in equilibrium with the 
micelles? Obviously, all of these questions cannot be answered by thermody¬ 
namic considerations alone but require the application of all types of measure¬ 
ment which may be available. 

McBain, who first suggested that the behavior of these solutions could be 
explained in terms of the formation of colloidal aggregates, has maintained that 
there are at least two, quite different, types of micelles (23). His “ionic” 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solutions, 
which was held under the auspices of the Division of Physical and Inorganic Chemistry at 
the 114th Meeting of the American Chemical Society, Portland, Oregon, September 13 and 
14, 1948. 
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micelle is considered to be a spherical aggregate of not more than ten paraffin- 
chain ions, retaining its full electrical charge, while the “lamellar” micelle is a 
much larger particle, having the paraffin-chain ions in an arrangement similar 
to that in the solid state (3,42), with a low electrical charge due to the inclusion 
of a considerable number of gegen ions. Ralston (34), Van Rysselberghe (40) 
and Stauff (37) have also considered that there must be two types of micelles. 

McBain, Ralston, and Van Rysselberghe have based their arguments on the 
assumption that the interionic forces in the solutions are small, i.e., of the same 
order as in solutions of ordinary uni-univalent strong electrolytes. McRainhas 
argued that, since the ionic charges on the micelle surface are separated from 
each other by several atomic diameters, their electrostatic effects will be essen¬ 
tially independent. As experimental evidence supporting this assumption, Mc¬ 
Bain and Searles (25) and McBain and Brady (24) have measured freezing 
points and conductivities of solutions containing both paraffin-chain salts and 
simple salts and have found that the effects are essentially additive. Some 
doubt may be cast on the interpretation of these data by the fact that the 
number, size, and electrical charge of the micelles may be changed by the presence 
of the added salt, which may lead to a set of compensating factors. With this 
assumption of small interionic effects, it has not been found possible to explain 
the observed properties of the solutions without the use of several types of 
micelles. 

Hartley, on the other hand, believes that the properties of the solutions are 
explainable with the assumption of only one type of micelle (12), if one takes 
into account the large interionic effects due to the high electrical charge of the 
micelles. As experimental evidence of the existence of large interionic effects, 
he refers to measurements of electrical conductivity at high frequencies (36) 
and at high field strengths (19). Both of these investigations, while not con¬ 
clusive, indicate the existence of large interionic effects. Similarly, Stone (39) 
has shown that sodium tetradecane-a, co-disulfonate in aqueous solution gives 
an ionic strength of a uni-bivalent electrolyte. He has suggested that the 
bivalent behavior of these ions may be due to a bending of the paraffin chain, 
bringing the two ionic groups into close proximity. That this is not necessarily 
true is shown by unpublished data from this laboratory on the effect of sodium 
4,4 , -biphenyldisulfonate (15) on the solubility of thallous chloride. Although 
the sulfonate groups are about 11 apart and the ion is rigid, the 4,4'-biphenyl- 
disulfonate ion behaves as a bivalent ion. The recent work of Fuoss and 
Strauss (9) and Edelson and Fuoss (8) on polyelectrolytes also clearly shows the 
influence of large interionic effects. 

None of the results relating to the magnitude of the interionic effects so far 
published are conclusive, and it is to be hoped that additional experimental 
data may appear to resolve the dilemma. Two lines of investigation which may 
yield significant results are now under way in our Laboratories. First, one can 
prepare polymers of known molecular weight, containing known numbers and 
distributions of ionic groups. Studies of the ionic strength effects of salts con¬ 
taining these ions will be of considerable interest. Secondly, to avoid the prob- 
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lem of unknown concentrations arising from the adherence of gegen ions to the 
micelle, one can attempt to measure the effective ionic strength of solutions of 
paraffin-chain salts by investigating the rate of a reaction between two ions 
bearing electrical charges of the same sign as that of the micelles. 

Stauff has inferred the presence of two types of micelles, mainly from x-ray 
diffraction studies (37). At moderate to high concentrations a long-spacing 
diffraction band appears, which Stauff and others have attributed to the presence 
of lamellar micelles. As the concentration of paraffin-chain salt is decreased, 
the spacing increases (interpreted as inclusion of water between the layers of 
paraffin-chain ions) and the intensity of the band decreases. By plotting the 
diffraction intensity against the concentration and extrapolating to zero in¬ 
tensity, Stauff concludes that the lamellar micelle exists only at high concentra¬ 
tions and that the colloidal effects observed at lower concentrations are due to a 
small spherical micelle. Dervichian (6, 7) has suggested, however, that there is 
only one type of micelle and that the long-spacing diffraction band is due to an 
intermicelle spacing which only appears after the concentration of micelles 
reaches a certain limiting value. Mattoon, Steams, and Harkins (20, 21) 
agree with Dervichian and present as evidence a newly discovered long-spacing 
band which they attribute to the single micelles. 

The nature of the particle-size distribution curve has been considered theoret¬ 
ically by Meyer and van der Wyk (26), assuming a parallel arrangement of the 
paraffin chains and neglecting electrostatic effects. They calculate a curve 
having a very broad, flat maximum which shifts to larger sizes as the concentra¬ 
tion increases. On the other hand, Hartley (12) has pointed out the greater 
likelihood of a spherical micelle with an essentially liquid-like arrangement of 
the paraffin chains in the interior. The assumption of the spherical micelle 
leads to a rather sharply defined optimum size, the radius of the sphere being 
approximately equal to the length of a single, fully extended paraffin-chain ion. 
Diffusion (1,10,14, 41) and ultracentrifuge (28) measurements indicate micellar 
radii which are in agreement with expectation from the spherical micelle. Thus, 
the direct experimental evidence as to the size of the micelles indicates, at least 
at concentrations just above the critical concentration, a micelle radius ap¬ 
proximately equal to the length of the paraffin-chain ion. A micelle of this 
size, having an interior density equal to that of a liquid paraffin hydrocarbon, 
would contain about 50 ions in the case of a twelve-carbon chain and about 90 
for a sixteen-carbon chain. 

The sharpness of the change in properties at the critical concentration in¬ 
dicates (29) that the micelles must be fairly large, with a rather small fraction 
of aggregates of intermediate size. 

Direct determination of the mean ionic activity of 1-dodecanesulfonic acid 
by e.m.f. measurements (30,31,32,43) shows the behavior of an ordinary strong 
electrolyte at concentrations below the critical concentration (about 0.008 M). 
Above the critical concentration the mean ionic activity is practically constant, 
rising only very slowly with increasing concentration. 

The evidence for the inclusion of gegen ions in the micelle is considerable. 
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Aggregation of ions all of one sign would lead to an increase in conductance (22), 
whereas the equivalent conductance is usually observed to drop above the crit¬ 
ical concentration. The transference number of the gegen ion is sometimes 
negative (13), owing to the transference of attached gegen ions by the micelle in 
the opposite direction from their motion when free. The yellow color of aqueous 
solutions of cetylpyridinium iodide (12) can hardly be due to anything but a firm 
attachment between the ions. The actual fraction of gegen ions attached has 
not been determined accurately, but estimates range from 50 to 80 per cent. 

The evidence concerning the arrangement of the paraffin-chain ions in the 
micelle is so far inconclusive. Hartley (12) has argued for a random arrange¬ 
ment simi lar to liquid paraffin both on the basis of probability and from con¬ 
sideration of the lack of specificity in the solubilization of water-insoluble organic 
molecules by aqueous solutions of paraffin-chain salts. Similarly, Corrin (4) 
has found that the relationship between the amount of oil dissolved and the 
increase in x-ray spacing is in somewhat better agreement with a spherical 
micelle than the cylindrical model. The small-angle x-ray diffraction patterns 
obtained from solutions containing micelles have been interpreted as evidence 
for a lamellar micelle with parallel arrangement of the paraffin chains (21, 23, 
37), and Brady (2) has discussed the interpretation of the shift of position of the 
long-spacing band with concentration in terms of the application of the theory 
of the diffuse ionic double layer to the lamellar micelle. However, Corrin (5) 
has recently shown that it is possible to account for the observed diffraction ef¬ 
fects with the assumption of spherical micelles. 

The concentrations of the free ions in equilibrium with the micelles cannot be 
accurately determined until we are able to take the interionic effects into account 
by appropriate activity coefficients. The estimates which have been made do 
not in all cases agree. For example, Hartley’s (11) data on the solubilization of 
frans-azobenzene in aqueous solutions of cetylpyridinium sulfate indicate that 
the concentration of free cetylpyridinium ions decreases above the critical con¬ 
centration. The data of Steams, Oppenheimer, Simons, and Harkins (38) on the 
solubilization of 2-nitrodiphenylamine in aqueous solutions of potassium laurate 
can be interpreted in the same manner. On the other hand, the solubilization 
data for dimethylaminoazobenzene in aqueous solutions of potassium laurate 
(17) have been interpreted by Kolthoff and Stricks to indicate that the concen¬ 
tration of laurate ions does not decrease above the critical concentration. Sim¬ 
ilarly, the electromotive force data of Kolthoff and Johnson (16) seem to indicate 
that the activity of laurate ions in potassium laurate solutions is constant above 
the critical concentration, while the electromotive force measurements of Walton 
on solutions containing hydrochloric acid and 1-dodecanesulfonic acid (44) 
or hydrochloric acid and dodecylbenzyldimethylammonium chloride (45) in¬ 
dicate that the activity of the paraffin-chain ion decreases above the critical 
concentration. In this connection it should be pointed out that any equilibrium 
constant calculations involving a micelle which contains more paraffin-chain 
ions than gegen ions leads to a decrease of activity of the paraffin-chain ion above 
the critical concentration. 
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One further thermodynamic problem has arisen in the application of the Gibbs 
adsorption theorem to the surface tensions of aqueous solutions of paraffin- 
chain salts. Most of the reported data have shown the expected rapid decrease 
in surface tension with increasing concentration. At the critical concentration, 
however, the surface tension passes through a minimum and then rises con¬ 
siderably with further increase in concentration (18, 33). This rise would seem 
to indicate either a negative adsorption or a decrease in activity, both of which 
are extremely unlikely. Many hypotheses have been proposed to reconcile the 
anomalies (c/. 23), but recently Miles and Shedlovsky (27) and Reichenberg 
(35) have shown that at least in some cases, and probably in all, the minimum 
has been caused by traces of impurities (long-chain alcohols, paraffin-chain 
salts with polyvalent gegen ions, etc.) which are more highly adsorbed than the 
substance investigated, but which are dissolved in the micelles above the critical 
concentration. When these impurities are removed, the surface tension becomes 
practically constant above the critical concentration, as would be expected from 
the activity data. 
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I. INTRODUCTION 

It is well known that the thermodynamic properties of a pure gas can be com¬ 
puted with reference to a particular standard state from the usual thermodynamic 
differential equations, and the result expressed in terms of elementary functions 
or presented in an equivalent tabular or graphical form provided ( 1 ) the heat 
capacity at constant pressure [or volume] is known as a function of tempera¬ 
ture for some one pressure [or density], and (2) there is given an equation of state 
with determined values of the parameters, or there are available extensive pres¬ 
sure-volume-temperature or equivalent data over the entire range of tempera¬ 
tures and pressures involved. 

Moreover, the properties of a gas mixture of invariant composition can be 
evaluated with reference to a particular standard state of the mixture from the 
same relations used for pure gases provided thermal and compressibility data 
on that particular mixture are given. Such a computation is in general pointless. 

The problem of importance to be solved in the treatment of the thermo¬ 
dynamic properties of gas mixtures, including mixtures in which chemical re¬ 
actions may occur, is the computation of the properties of all possible mixtures 
(with reference to a particular standard state of the constituent gases) from 
thermal and compressibility data on the pure constituents alone, and a knowledge 
of certain integration constants of the pure gases. The solution of the problem 
involves the use of both thermodynamic and statistical methods. Each involves 
certain assumptions. Since those underlying the thermodynamic discussion 
can be stated more explicitly and have a more direct physical basis than those 
on which the statistical treatment rests, it is important to separate the two 
methods until near the end of the argument when the definite integrals resulting 
from the thermodynamic discussion are evaluated by use of relations obtained 
from statistical considerations. 

Five methods of attack have been proposed: 

1 . The ideal gas formulation. 

2 . The method of van der Waals (92, 100, 181). 

3. The Gibbs-Dalton law (61). 

4. The Lewis and Randall rule (125). 

5. The general limit method (73). 

Gillespie (66) suggested that the term “equilibrium pressure” of a gas in a 
mixture be used to denote the pressure of a pure gas in isothermal equilibrium 
with a gas mixture through a membrane permeable to that gas alone, and that 
“partial pressure” of a gas in a mixture be reserved for the product of the mole 
fraction of the gas in the mixture into the total pressure of the mixture. 

In terms of these definitions the ideal gas formulation assumes that (1) the 
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equilibrium pressure of a gas in a mixture is equal to its partial pressure, and (2) 
the equation of state of a gas mixture is pV — 2^227. Instead of (2) we may 
simply assume that the energies of the constituent gases are functions of tem¬ 
perature only (15). The relations for the thermodynamic properties of gas 
mixtures resulting from this formulation are the familiar ones found in text¬ 
books on thermodynamics, and are the ones approached by the equations given 
by any of the four other methods as the pressure on the mixture approaches 
zero or as the equation of state constants are allowed to approach zero. 

The four other methods will be considered in detail later. 

n. DEFINITIONS AND SYMBOLS 

Let p, V , T be the total pressure, total volume, and Kelvin temperature and 
E, S, H , Fvt, F p t, and CV, and C v be the total energy, entropy, heat content, 
T-V thermodynamic potential (work content), T-p thermodynamic potential 
(free energy), and constant-volume and constant-pressure heat capacities, re¬ 
spectively, of n moles of a pure gas or of moles of a gas mixture consisting of 
n h • • • moles of the gases 1, 2, • • • Let ju be the chemical potential of a pure 
gas and ya the chemical potential of gas i in a mixture. 

Let C = 2i7i;/T be the concentration of the mixture; and let C t = n-i/V, 
Xi = rii/'Zjii, and/* be respectively the concentration, mole fraction, and fugacity 
of gas i in the mixture. 

Lower case letters used for an extensive quantity denote the values for 1 mole. 

If it is necessary to distinguish between a pure gas and the same gas in a mix¬ 
ture, the subscript Jc will denote the value of a quantity for the pure gas and i 
that for the gas in the mixture. 

The subscript e denotes the value of a thermodynamic quantity for a pure 
gas having the same total volume, temperature, and chemical potential as in a 
gas mixture. Under these conditions the pure gas would evidently be in thermo¬ 
dynamic equilibrium with the mixture through a membrane permeable to that 
gas alone; and, since the volume is specified, the values of all extensive as well as 
intensive properties of the gas would be fixed. Such quantities will be called 
“equilibrium” quantities, e.g., equilibrium pressure, p 6 . 

The subscript c denotes the value of a thermodynamic quantity for a pure gas 
having the same total volume, temperature, and number of moles as in a mixture. 
The concentration (moles per liter) of the pure gas is the same as its concentration 
in the mixture. Thus p c is the pressure exerted by a pure gas that has been 
separated from a mixture and has the total volume and temperature of the 
mixture. 

The subscript P denotes the value of a thermodynamic quantity for a pure gas 
having the same total pressure, temperature, and number of moles as in a mixture. 
Thus V P is the volume of a pure gas that has been separated from a mixture and 
is at the total pressure and temperature of the mixture. 

Thermodynamic relations among certain of the variables are: 


E = TS - pV + 
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H = E + pV = TS + Zinjti 
Fyt — E — TS = — pV -f- "SiiHiTii 
F pT = H - TS = S,-At i n, 

Cy — (dE/dT)v n 
C P = (8H/dT) pn 

where the subscript n denotes constant composition as well as constant total 
number of moles if for a gas mixture. 

Let Vi be the stoichiometric coefficient of substance i in the equation repre¬ 
senting a chemical reaction, being a negative number for a reactant and positive 
for a product. The exact mass action law is: 

2 iVitu = 0 

The mass action constants in terms of partial pressures, K P , and concentra¬ 
tions, Kc, are defined through the relations: 

In K f = SiJ>i In pxi 


In K c = 2 iVi In ^ 

In the discussion of equilibrium between condensed and gaseous solutions, we 
shall let yi be the mole fraction of the I th constituent of the condensed phase, and 
po» the vapor pressure of the pure substance at the temperature T. 

in. THE METHOD OP VAN DER WAALS 

In this method the particular equation of state employed is introduced early 
in the argument, especially in the calculation of the entropy of a gas mixture. 

van der Waals (181) derived a relation for the isothermal variation of the 
thermodynamic potential F VT for a gas mixture of constant composition by 
integration of dF VT = —pdV with his equation of state for gas mixtures: 

= 

^ v — b x v 2 

where b x and A x are functions of the mole fractions and the corresponding equa¬ 
tion of state constants of the constituent gases and of certain interaction con¬ 
stants. During the integration the temperature and composition were held con¬ 
stant, so that the integration constant is evidently a function of these variables. 
The temperature variation was not discussed, although Kuenen (99) determined 
it, but the variation with composition was evaluated by passing to infinite volume 
and applying the equations of Gibbs (62) for the energy and entropy of a mixture 
of ideal gases. Although the method is open to question because of the occur¬ 
rence of infinite quantities, the resulting expression is in agreement, except for 



COMPUTATION OP THERMODYNAMIC PROPERTIES OF PEAT. GASES 145 


the omission of certain temperature functions, with that derived from the general 
limit method for a van der Waals gas. 

van Laar (100, 101, 102, 103, 104, 105) and van Laar and Lorenz (106,107, 
133) used the general limit method for computing the energy of a gas mixture 
obeying van der Waals’ equation, but because of the difficulty encountered by 
the occurrence of an improper integral in a similar argument for the entropy they 
used the equation of Gibbs for the entropy of a mixture of ideal gases, replacing 
the volume V by V — b x to correct for the volume effect of the molecules. The 
term V — 6- is eliminated through the van der Waals equation, so that in the 
final expressions only the A x constant appears. From the energy and entropy 
the other thermodynamic functions of a gas mixture can be derived immediately. 
Although b x and A x are considered independent of pressure and temperature dur¬ 
ing the integration, van Laar recognized that the A constants for the constituent 
gases are functions of these variables and in the application of the resulting 
equations to data he used values appropriate to the experimental range. Appli¬ 
cation to Bartlett’s (3) measurements on the system H 2 0(1), H 2 0(g) + N 2 (g) 
gave a fair representation for the composition of the gas phase at 50°C. and 1000 
atm. total pressure. 

Keyes (92) applied the general limit method for the energy of a gas mixture 
and corrected the Gibbs expression for the entropy for the volume of the mole¬ 
cules, using in both cases his equation of state for gas mixtures: 


xG = 2 iJiiRT 


x 


= P + 


(S .nUl 12 ) 2 

(7 - 2,» i Z,) s 


G = V - (2 


where ft, a,-, A,-, and U are equation of state constants for the pure gas i. The 
resulting expression for the variation of the mass action “constant” of the am¬ 
monia synthesis equilibrium with pressure gave a satisfactory agreement to 100 
atm. and a tolerable agreement to 600 atm. with the empirical smoothing of the 
measurements of Larson and Dodge (110) and of Larson (108) by Gillespie 
(04, 65). 


IV. THE GlBBS-DALTON LAW 

As a starting point in the discussion of the thermodynamic properties of gas 
mixtures, Gibbs (61) proposed the following law: The pressure of a mixture of 
different gases is equal to the sum of the pressures of the different gases as exist¬ 
ing each by itself at the same temperature and with the same value of its (chemi¬ 
cal) potential. 

Gillespie (72) called this the Gibbs-Dalton law and pointed out that it con¬ 
tained the essential idea of equilibrium necessary for a general thermodynamic 
treatment of gas mixtures. It is evident that the different gases “existing each 
by itself at the same temperature and with the same value of its potential” 
would each be in equilibrium with the gas mixture through a membrane perme- 
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able to that gas alone. The pressure of each pure gas under these conditions is 
its equilibrium pressure and the law states that, subject to the conditions: 


T (each pure gas) = T (mixture) 
V (each pure gas) = V (mixture) 


1 

\ (A) 


fik = Qo rn i = 1, 2, ••• )J 


the pressure p of a gas mixture is: 

P = 2 *Pek ( 1 ) 


The second condition is unn ecessary for equation 1 but is required to fix the value 
of any extensive property of the pure gases. 

The results derivable from the Gibbs-Dalton law may be summarized as 
follows (72): 

1. The concentration of a gas is the same at equilibrium on each side of a 
membrane permeable to it alone; and under conditions A the number of moles 
of each pure gas is the same as in the mixture: 


Ci = (k m i - 1, 2, . • . ) (2) 

Hi = ttefc (k S i = 1, 2, • • * ) (3) 


2. When conditions A apply the following quantities are additive: 

8 = (4) 

E = XkEek H = lukHeie FyT — 2j ^FyT elt 

F pT = ^ kF p T ek Cy = ^kCr e i C p = 2jfc Op e jg 

3. When conditions A apply the following are also true: 

T (each pure gas) = T (mixture) ] 



V (each pure gas) = V (mixture) 

► (B) 


nt — n„ that is, C* = Ci (k = i = 1,2, • • • ), 


and 

V = ^kVck 

(6) 


11% ^ lick 

(7) 


S — 2jfc/S c jfe 


15 

"a 

II 

H = FyT — %kFvT 6k 

> (8) 

FpT — ^kFpTcf. 

Cy = 2 k Cy ck C P = 24 , J 


where the subscript c denotes that conditions B apply. Equation 6 is the usual 
statement of Dalton's law (47, 48). Although Dalton’s law is a consequence 
of the Gibbs-Dalton law, the converse cannot be proved, since the idea of equi¬ 
librium is lacking in Dalton’s law. 
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4. Subject to conditions B: 



(9) 


5. The Gibbs-Dalton law leads to a complete solution of the problem of the 
determination of the thermodynamic properties of gas mixtures from information 
on the behavior of pure gases only. 

Consider a number of systems, one consisting of a gas mixture and each of the 
others consisting of one of the pure constituent gases. Let the conditions A apply 
for all variations. For the gas mixture: 


dp - (S/V)dT + Mm/V)dn (10) 


and for each pure gas: 


d Vek = (S*/V)&T + (n*/V)&nt (* « 1, 2, ■ ••) (11) 



T (13) 


The subscript jj. in equation 12 denotes that all of the /i’s are constant unless the 
differentiation is with respect to one of the m’s, in which case all of the other m’s 
are constant. 

Let us assume that the total pressure of the mixture is given by the Gibbs- 
Dalton law. Then from equation 1: 


(r) = (ir) = k = 1,2, •••) (14) 

XOHi/Tp \djJ,Jc/T 

(&).-*(£). 


Substitution from equations 12 and 13 into equations 14 and 15 gives: 


«•< _ Uek 

V V 

s S ck 

v y 

Since n/V - C, equation 2 is proved; and since V has the same value for the 
gas mixture and each pure gas, equations 3 and 4 are true. To prove equation 
5 we substitute from equations 1, 3, and 4 into the general thermodynamic rela¬ 
tions for B, H, etc. given in Section 2 (page 146) and use conditions A. 

From equations 2 and 3 and conditions A it is evident that conditions B hold 
provided the Gibbs-Dalton law is true. Now conditions B and A each define 
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the same state of each pure gas as regards both intensive and extensive thermo¬ 
dynamic properties. Hence when conditions B apply the chemical potential 
of each pure gas has the same value as in the mixture (equation 7), and equations 
1,4, and 5 become equations 6 and 8. It should be noted that equations 7 and 8 
cannot be derived from equation 6 and conditions B alone. 

Differentiation of equation 6 with respect to (= rik), (i = k — 1, 2, • • •), 
subject to conditions B gives equation 9. 

It is evident that equations 6, 7, and 8 give the properties of a gas mixture 
in terms of those of the pure constituent gases without requiring any measure¬ 
ments on the mixture. 


V. THERMODYNAMIC RELATIONS FOR GAS MIXTURES FROM THE 

Gibbs-Dalton law 


Let 

p k = 4> t (r, n t /V) (16) 

be the equation of state for a pure gas. The Gibbs-Dalton law gives for the 
total pressure p of a gas mixture and for the equilibrium pressure p ek of gas i in 
the mixture the relations: 

V = Z kVk = 2A(r, n k /V) (17) 

Vtk = $*(T, n k /V) (fc-1,2, ■••) (18) 

where conditions B apply and the summation of equation 17 extends over all of 
the gases in the mixture. In this relation as in those immediately following it 
is not necessary that the form of the function 4> be the same for all of the gases. 
Thus different equations of state may be used for the different pure gases, and 
indeed $ can be evaluated graphically for some or all of the gases involved. 

In terms of the expressions for the thermodynamic properties of pure gases 
given by the general limit method (see Section XII), the Gibbs-Dalton law leads 
to the conditions B and the following equations for gas mixtures: 


E - 2 *{f 

[p* - 

•<S0J 

d V k + ekj 

(19) 


[»- 

r (i)J 

dFi + pkV + n k ej}j 

(20) 

$ 

II 

UiR 

_T* 

“ (st)pJ 1 


(21) 

Fvt = 

Pk - 

wrK 

- n k RT In n ^q, + — Ts*)| 

(22) 

F * r = 

Pk - 

2*?]d7. 

- n ' RT] *naIT 





+ Vk V + n k (el — rs“)j> 

(23) 
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(24) 

Cp S *{ ntC ** nkR T (dp k /dVk)r T L ( 

^l dn } *> 

Hi - f 17— ^~| dVk — RT In V +BT + (el - Tsl) (26) 
Jv \cn k Jv t T n k RT 


(27) 

In these relations the summations extend over all of the gases in the mixture, and: 

el = f Cvk d T + elk 

Jt n 

(28) 


= I 


+ R]n£ + Sl 

T 0 1 1 0 


The quantities elt and slh are the molal energy and entropy constants for the 
pure gas fc at the temperature T 0 , and c* k the molal constant-volume heat ca¬ 
pacity at zero pressure. 

In each of the equations 19 through 25 the left-hand side of the equation is 
the value of a thermodynamic quantity for a gas mixture at V, T, and the mole 
numbers rii(i = k = 1, 2, • • • )• The terms enclosed in the braces on the right- 
hand side are to be computed for each pure gas k from equations 16 (or by equiva¬ 
lent graphical methods), 28, and 29 with V, T, and n k or V, T, n k /V, having 
the same values for each pure gas as in the gas mixture, and the sum taken for 
all of the gases composing the mixture. In equations 26 and 27 the left-hand 
side is the value of a quantity for gas i in the mixture, and the right-hand side 
is computed for the pure gas as just described. 

The Gibbs-Dalton law leads directly to an expression for the mass action law 
in terms of concentrations. Let K* be the value of K c at zero pressure. Then 
from equation 26 and the condition 2ivm% = 0 for equilibrium in a system in 
which chemical reaction occurs, we find: 


, Kc_ _ i T /' 
h 2fc RT Xk Y k 




In K* = + RT 


Tsl + RT In RT\\ 


To obtain In K v we add this term to each side of equation 30 and rearrange: 


+ (2<*0 In 




(32) 
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hxK* p = 2*{v*[ e | -j-BT- Tsll} (33) 

In these equations the terms inclosed in braces are evaluated for each pure gas k 
from equations 16, 28, and 29 with V, T, nt/V having the same values for each 
pure gas as in the mixture. The summations extend over all gases in the mix¬ 
ture, with vk = 0 for gases that do not take part in the chemical reaction. The 
last term of equation 32 is to be computed for the gas mixture, the sum 2,-jii 
being taken for all gases in the mixture. It will be noticed that both K c and K P 
are functions of the composition of the equilibrium mixture. 

To compute K c for a given chemical reaction at a given molal volume V and 
temperature T: ( 1 ) calculate K* for the given temperature and as a first ap¬ 
proximation set K c = K* (the ideal gas relation), from which a provisional set 
of equilibrium mole fractions can be obtained; (2) these mole fractions are the 
n k ’s which together with V and T permit an approximate evaluation of the right- 
hand side of equation 30 and hence a second approximation to K c and the equi¬ 
librium mole fractions. The process can be repeated until no further change in 
composition results. The convergence of the calculation to the final equilibrium 
composition is rapid. 

To compute K p for a given pressure p and temperature T from equations 32 
and 33 the same method is employed. However, the volume of the mixture must 
be calculated at each stage of the computation from equation 17. 

VL APPLICATION OF THE GiBBS-DALTON LAW TO MIXTURES OF HEAL GASES 

The Gibbs-Dalton law has never been used for the calculation of the effect of 
pressure on chemical equilibria. Lurie and Gillespie (134) and Gillespie (72) 
have pointed out that the law is particularly suited to the computation of the 
effect of the addition of an inert gas, such as nitrogen, to a univeriant system, as 
NILCl), NH 3 (g) or BaCl 2 (s), BaCl 2 -8NH 3 (s), NH 3 (g). The calculations proceed 
as follows: 

1. Given the total pressure p, temperature T, and composition xi, x 2 , • •• of 
the gas phase, to find the equilibrium pressures of the individual gases present. 
By successive approximations we can compute the molal volume V of the mixture 
from equation 17, which may be written: 

p = HT, xJV) + $ 2 (T, X 2 /V) + • • • (34) 

the desired equilibrium pressures p ti = $i(T, %i/V), etc. being evaluated at the 
same time. The equilibrium pressure of the vapor so determined should agree 
with the vapor pressure of the univariant system when corrected for the effect 
of hydrostatic pressure (Poynting relation) and for the solubility (if any) of the 
inert gas in the condensed complex. 

2. Given the total pressure p, the temperature T, and the equilibrium pres¬ 
sures pek of m — 1 of the m substances in the gas phase, to calculate the composi¬ 
tion of the gas phase. The equilibrium pressure of the m th substance is computed 
by difference. From the relations p rt = 4 >i(jP, ni/V), etc., we can obtain ni/V, 
etc., for each gas, whence 
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2,(»,/7) 


(35) 


In some cases the method may require extrapolation of the equation of state 
or plot of p vs. V for the vapor to pressures above the normal vapor pressure of 
the liquid. Since the effect of hydrostatic pressure on the vapor pressure of a 
condensed system is small, the extrapolation is in general not severe. 

Lurie and Gillespie (134) and Gillespie (72) applied the Gibbs-Dalton law to 
their measurements on the system BaCLfe), BaCL- 8 NH 3 (s), NHj(g) + N 2 (g) 
and to those of Larson and Black (109) onNHsQ), NHs(g) + H 2 (g) +N 2 (g). They 
found that the deviations of the results derived from the Gibbs-Dalton law 
from the measured values are in the same direction as those derived from the ideal 
gas law and, up to moderate pressures, roughly one-half as large. At higher 
pressures there is an indication that Gibbs-Dalton law deviations may pass 
through zero and change sign. Gerry and Gillespie (60) found that the Gibbs- 
Dalton law may give results no better than the ideal gas law when the mole 
fraction of one substance in the gas phase is very small, as in the case of the 
effect of air, hydrogen, and carbon dioxide on the equilibrium l 2 (s), L(g) 
(6,7,40). 

Cupples (46) applied a method of calculation which is equivalent to the Gibbs- 
Dalton law to the measurements of Larson and Black mentioned above. Masson 
and Dolley (138) found that Dalton’s law, a consequence of the Gibbs-Dalton 
law, gave for ethylene-oxygen and ethylene-argon gas mixtures deviations that 
rose to a maximum of 7 per cent with increasing pressure, then decreased, passed 
through zero, and became negative. Bartlett, Cupples, and Tremeame ( 5 ) 
found that Amagat’s law gave results better than Dalton’s law for mixtures of 
hydrogen and nitrogen. 


vrr. the Lewis and Randall rule 

Lewis and Randall (125) proposed as a basis for the thermodynamic treatment 
of gas mixtures the rule: The fugacity /, of a gas in a mixture is equal to the 
product of its mole fraction x t into the fugacity /» of the pure gas at the total 
pressure and temperature of the mixture: 


/, = fptZx (i ss k = 1, 2, • • •) (36) 

The fugacity of a pure gas is defined (123) through the relations: 

ft — RT In/ + ip(T) ; Lim - = 1 at all temperatures (37) 

p-o V 

Consider a pure gas in isothermal equilibrium with a gas mixture through a 
membrane permeable to that gas alone. The chemical potential of the gas in 
the mixture is ft, and that of the pure gas ft*, where ft, = ft*. According to the 
Lewis and Randall rule ju* and hence can be calculated by substituting into 
equation 37 the product of the fugacity of the pure gas at the total pressure 
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and temperature of the mixture (in which state it is not in equilibrium with the 
mixture) times the mole fraction of the gas in the mixture: 

m = BT In f Pk Xi + fc(T) (i - k = 1, 2, • • •) (38) 


Thus the Lewis and Randall rule contains the necessary idea of equilibrium for 
a basis of a thermodynamic treatment of gas mixtures. 

The following results may be derived from the rule: 

1. Subject to the conditions 


T (each pure gas) = T (mixture) | 

p (each pure gas) = p (mixture) l (C) 


•«* 

£ 

II 

£ 

(t^= 1, 2, •••)] 


the following relations hold: 



fit = f*pk + RT In Xi 

III 

II 

to 

(39) 

V = 


(40) 

S = 'ZkSpk — XiihR In Xi 


(41) 

E — ZtEpk H = XkHpk Fvt = Evt pjg 

+ 2,riiRT In Xi ) 

(42) 

F v t — '^kFpTpje “b Si7iiiJrin Xi Cy = XkCy pk 

Cp — 


where the subscript P denotes that the conditions C apply. Equation 40 is 
Amagat’s law (1, 2). 

2. Subject to conditions C the partial molal volume of a gas in a mixture equals 
the molal volume of the pure gas: 



= 1,2, •••) (43) 


3. The Lewis and Randall rule leads to a complete solution of the problem of 
the determination of the thermodynamic properties of gas mixtures from meas¬ 
urements on pure gases only. 

The quantity /ip* can be computed from equation 37. by substitution of fph in 
the right-hand side. Comparison with equation 38 yields equation 39. Differ¬ 
entiation of equation 39 subject to conditions C gives: 



1 , 2 ,.-.) ( 44 ) 
1,2,.-.) (45) 


where the subscript n denotes constant composition. From general thermo¬ 
dynamic theory the left-hand sides of equations 44 and 45 are equal, respec¬ 
tively, to the partial molal volume and the negative partial molal entropy of the 
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gas i in the mixture and the right-hand sides are the corresponding molal quanti¬ 
ties for the pure gas. Thus: 




Spk 

n k 


R In Zi 


The first is equation 43. By Euler’s theorem: 

<S = SiUi(lp) 1 = 2 k S Pk - ZiniRhxXi 


(* = 1,2, •••) (46) 

G-fc-1,2, ••■) (47) 

(* «* - 1,2, •••) (48) 
(t-*-l,2,...) (49) 


Thus equations 40 and 41 are proved. Substitution from equations 39, 40, and 
41 into the general thermodynamic relations given in Section 2 (page 146) and use 
of the conditions C give the expressions 42. 

Statement 3 follows directly from equations 39 through 42. 


VIII. THERMODYNAMIC RELATIONS FOR GAS MIXTURES PROM 

the Lewis and Randall rule 


Let 

Y - = *£<*, T) (50) 

n k 

be the equation of state of a pure gas. The Lewis and Randall rule gives the 
following expression for the volume of a gas mixture: 

V = 2*[n*$*(p, T)\ (51) 

where conditions C apply and the summation extends over all of the gases in 
the mixture. Equation 51 is an equation of state for gas mixtures where the 
equation for each pure gas is of the form of equation 50. As in the case of the 
Gibbs-Dalton law, the form of the function may be different for the different 
gases composing the mixture, and some or all of the functions may be evaluated 
graphically. 

In terms of the thermodynamic properties of pure gases derived by the general 
limit method, the Lewis and Randall rule gives the following relations for gas 
mixtures: 

--^r[ F *-'(»)>-’ F ‘ + *'‘} (52> 

* - a { r [ f * - r {w) j +**«} <«> 

S = 2*| jf P ^ - (§) J dp* + n^iSS} ~ ZtntR In px t (54) 
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Fvt — jf - — P^* + n>c(hl — Tst) 


+ JSiiiiRT In pxi (55) 


Fpr = 2 * 


dpk + 7lk (.hi — Tsl) 


+ 'LimRT In pxi 


C' - *{*.1 + n.R + T ( ^g' - T ( (£*)_ d„,} (57) 

Hi = r T— - — 1 dp* + RT In VXi + h°k- Tsl (59) 

Jo [nk pk J 

RT In/» = fT— - —1 d p k + RT In px t (60) 

Jo ]Jlk Pk J 

In the above relations the summations extend over all gases in the mixture, and: 

hi = f c* P k dr + hi (61) 

Jr 0 

si = r$dT + «s* (62) 

Jt 0 i 

The quantities hlk and s°* are the heat content and entropy constants for the 
pure gas h at the temperature To; Cpt is the molal constant-pressure heat ca¬ 
pacity at zero pressure. 

The left-hand sides of equations 52 through 58 refer to the gas mixture at p, T, 
and the mole numbers ft; (i = k = 1, 2, ■ ■ ■). The terms enclosed in braces are 
to be computed for each pure gas k from equations 50, 61, and 62 with p, T, and 
rik having the same value for each pure gas as in the mixture, and the sum taken 
for all gases composing the mixture. The terms not enclosed in braces are to 
be computed for the gas mixture. In equations 59 and 60 the left-hand side 
refers to a gas in a mixture, and the right-hand side is to be computed as just 
described. 

The Lewis and Randall rule leads directly to an expression for the mass action 
constant, K P . Let K P be the value of K p at zero pressure. Substitution from 
equation 59 into the equilibrium expression 2 mm = 0 gives: 


, K P 
In p* 

JLJu m 


_1 / r p fVk RT1 , 1 
RT \ n LI U P*J dp *. 


lnK* = 


^ Mnlhl - Tsl]} 


Since the integrand of equation 63 is a function of p and T alone, the expres- 
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sion for the mass action function given by the Lewis and Rand all rule is inde¬ 
pendent of the composition of the equilibrium mixture. 


IX. APPLICATION OF THE LEWIS AND RANDALL RULE TO MIXTURES OF REAL GASES 

A. Compressibility of gas mixtures 


In a later section there will be derived a thermodynamic relation for the fu- 
gacity fi of a gas i at a mole fraction Xi in a gas mixture at total pressure p and 
temperature T: 




+ In pxi 


(65) 


where (dV/dni) pTn is the partial molal volume of the gas in the given mixture. 
The thermodynamic relation for the fugacity /* of a pure gas at pressure p and 
temperature T is: 




dp* + In p 


( 66 ) 


where 7/n* is the molal volume of the pure gas. The Levis and Randall rule, 
fi — fpkXi, yields directly equation 60, where/** is computedfrom equation 66 for 
the total pressure and temperature of the mixture. The error of the Lewis and 
Randall rule expressed as a ratio is, from equations 60 and 65: 



The integrand is the increase in volume of a system consisting of a very great 
quantity of the mixture together with a quantity of the pure gas at the same tem¬ 
perature and pressure when 1 mole of gas is removed from the pure gas and added 
to the mixture at constant temperature and pressure. It was called the ex¬ 
pansion of the gas on mixing by Gillespie (68, 69), who studied this quantity for 
argon-ethylene (138), hydrogen-nitrogen (4), and methane-nitrogen (95) mix¬ 
tures. In general the integrand of equation 67 is not zero, as would be required 
by the Lewis and Randall rule, nor is it zero at zero pressure. The first mixture 
deviates rather widely from the rule; the other two give mueh smaller expansions. 

Gibson and Sosnick (63), Randall and Sosnick (147), Merz and Whittaker 
(140), and Krichevsky (97) studied the deviations of the above three mixtures 
from the Lewis and Randall rule and Sage, Lacey, and their collaborators (151, 
152, 154, 157) studied the deviations in mixtures of methane with ethane, 71- 
butane, and 7i-pentane. Amagat’s law, a consequence of the Lewis and Randall 
rule, was applied by Masson and Dolley (138) to ethylene-argon, ethylene- 
oxygen, and argon-oxygen mixtures and by Bartlett, Cupples, and Tremeame 
(5) to a hydrogen-nitrogen mixture. 

The results of these comparisons may be summarized as follows: ( 1) when all 
gases in the mixture are far above their critical temperatures the Lewis and 
Randall rule gives good results up to 100 atm. and fair results to several hundred 
atmospheres; (2) when one of the gases in the mixture is close to or below its 



156 


JAMES A. BEATTIE 


critical point the rule may fail badly even at 50 atm.; (8) for paraffin hydrocarbon 
mixtures up to 200 atm. the rule gives results to 10 or 15 per cent. 

B. Effect of an inert gas on univariant equilibria 

Lurie and Gillespie (134) applied the Lewis and Randall rule to their measure¬ 
ments of total pressures and gas compositions in the system BaCl 2 (s), 
BaClr8NH 3 (s), NH 3 (g) + N 2 (g) at 45°C. At this temperature the pressure 
of ammonia above the condensed complex is 7 atm. and that of liquid ammonia 
is about 17 atm. Strictly, the application of the rule to ammonia is limited to 
the vapor pressure of the liquid, since in equation 59 the upper limit of the integral 
is the total pressure in the gas phase. In the region in which the rule could be 
applied without extrapolation, it gave a fair representation of the observed 
equilibrium pressures of ammonia. 

The calculations were made as follows: 

1. Given the total pressure, temperature, and composition of the gas phase, 
to determine the equilibrium pressures of the constituent gases. We can com¬ 
pute by equation 60 the fugacity of gas i in the mixture. This is the fugacity 
f k on the left-hand side of equation 66, so that the corresponding equilibrium 
pressure p e of the gas can be calculated from equation 66 by successive 
approximations. 

2. Given the total pressure p, temperature T, and equilibrium pressures 
Pei, p«2 * * • of m — 1 of the m substances present in the gas mixture, to find the 
composition of the gas phase. We can calculate by equation 66 the correspond¬ 
ing fugacities of the m — 1 pure gases at T and p e i, p e 2, etc. Substitution of each 
fugacity into equation 60 gives the corresponding mole fraction of the gas. 

Randall and Sosnick (147) extended this calculation to apply to the entire 
pressure range of Lurie and Gillespie’s measurements, to the effects of nitrogen 
and hydrogen on the equilibrium C0 2 (1) = C0 2 (g) (145), and to the effects of 
hydrogen, nitrogen, and their mixtures on the equilibrium H 2 0(1) = H 2 0(g) (3). 
This requires an extrapolation of the equation of state to pressure far above the 
vapor pressure of the liquid, but Randall and Sosnick conclude that such an extra¬ 
polation is permissible to the maximum on the James Thomson continuous 
isotherm. It is difficult to determine from such calculations what part of the 
disagreement is due to failure of the equation of state extrapolation. 

Gerry (quoted in reference 73) found the Lewis and Randall rule “extremely 
bad for cases of condensible substances at small mole fraction.” The system 
studied was I 2 (s), I 2 (g) + X(g), where X is air, hydrogen, or carbon dioxide, 
and the total pressure 1 atm. The errors of the rule greatly exceeded those of 
the ordinary ideal gas treatment. 

C, Chemical equilibria 

The Lewis and Randall rule is especially useful in computing the effect of 
pressure on chemical equilibria in gaseous systems. Given the value of X*, 
which is a function of the temperature alone, and an equation of state with 
known values of the constants for each of the pure gases or an equivalent graphi- 
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cal method for evaluating the integrals of equation 63, we can compute the value 
of K v at any pressure. From this and the composition of the gas mixture before 
chemical reaction has occurred we can obtain the composition of the equilibrium 
mixture. The advantage of this method is that the composition of the equilib¬ 
rium mixture does not occur on the right-hand side of the equation. 

Gillespie (67) first derived equation 63 and applied it to the measurements of 
the equilibrium 3H 2 + N 2 = 2NH 3 by Larson and Dodge (108,110). He evalu¬ 
ated the integrals from the Keyes equation of state (90). The agreement be¬ 
tween observed and calculated values of K p was good up to 300 atm. 
Yon Wettberg and Dodge (182) applied the same method to the equilibrium 
CO + 2H 2 = CH 3 OH, evaluating the integrals from the van der Waal3 equation. 
The rather wide scattering of some of the points was attributed to lack 
of equilibrium. 

A second method of applying the Lewis and Randall rule to chemical equilibria 
in gaseous systems differs from the preceding only in the arrangement of the cal¬ 
culations to suit graphical or tabular representation of fugacities. Applying the 
equilibrium relation 2 t vnxi = 0, we obtain from equations 59 and 60 for a chemi¬ 
cal reaction at equilibrium: 

HiVi In/,- a In K f = - ^ - Tsl]} (68) 

where /,• is the actual fugacity of gas i in the equilibrium mixture. The Lewis 
and Randall rule gives = fpkX, = (Jpk/p)pxi, where p is the pressure of the 
equilibrium mixture. Thus: 

2, Vi In fi = 2 k vk In — + 2,- v t In pxi (69) 

P 

or 

In f? = In = - 2,* In f f (70) 

K f K P V 

Values of (fn/p) can be computed by use of equation 66 from isothermal com¬ 
pressibility data. Tables of this quantity at various temperatures and pressures 
have been prepared by Demin g and Shupe (49, 51, 52, 53) for a number of per¬ 
manent gases; by Sage, Lacey, and their collaborators for many hydrocarbons 
(153, 155, 156, 158, 159); and by other investigators (43, 54, 89). Given K* 
and values of fpk/p for the reacting gases we can compute K v and hence the 
equilibrium composition of the mixture. 

Brown and his collaborators (171) presented on a single plot curves of (J/p) 
against p T (= p/poritioai) for a number of different values of T r (— T/Taituai) 
for methane and for pentane. Lewis and his collaborators (126, 127, 128, 129, 
130, 131) suggested that for paraffin hydrocarbons of more than two carbon 
atoms (J/p) can be considered as depending only on p T and T r independent of the 
hydrocarbon (law of corresponding states). They therefore presented a gen¬ 
eralized plot of (jpk/p) vs. p T for various values of T r good for all such hydro- 
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carbons. Newton (141) presented such a plot not restricted to hydrocarbons, 
and Newton and Dodge (142, 143) applied equation 70 to the ammonia and 
methanol synthesis equilibria, evaluating (fpk/p) from the plot and the critical 
constants of the gases involved. The agreement between observed and calcu¬ 
lated values of K v was good to 300 atm., fair at 600 atm., but poor at 1000 atm., 
a result which they attributed to failure of the Lewis and Randall rule. 

D. Liquid-vapor equilibria 

Consider the equilibrium between the liquid and vapor phases of a binary or 
multicomponent system at the total pressure p and temperature T. If the liquid 
is a perfect solution (124) the fugacity of a substance i in the liquid phase is 
f iL y t , where f xL is the fugacity of the pure liquid of substance i at p and T and y x 
its mole fraction in the solution. The Lewis and Randall rule gives for the 
fugacity of i in the vapor fpk%i, where is the fugacity of the pure vapor of 
i at p and T, and x x its mole fraction in the vapor. At equilibrium: 

faVi = fpkXi (i = h = 1, 2, • • •) (71) 

Brown and his collaborators (171,173) discussed the application of this equation 
to the design of high-pressure hydrocarbon equipment. In general the evalua¬ 
tion of fpk from equation 66 or from fugacity charts requires extrapolation to 
pressures above the condensation pressure of the vapor. 

Lewis and Luke (130, 131) made the approximation that f xL may be replaced 
by the fugacity of the pure liquid at its vapor pressure and T. This is equal to 
the fugacity of the pure vapor at the vapor pressure and T and can be read from 
the generalized fugacity chart if the vapor pressure at T and the critical con¬ 
stants of the substance are known. 

Although the approximations are more severe than those of the Lewis and 
Randall rule, the results are sufficiently accurate for the design of high-pressure 
hydrocarbon equipment. 

Dodge and Newton (55) derived for liquid-vapor equilibria relations that 
involve the use of the Lewis and Randall rule for the vapor phase but not the 
use of generalized fugacity charts. 

X. COMPARISON OP THE GIBBS-DALTON LAW AND THE LEWIS AND RANDALL RULE 

The Gibbs-Dalton law requires Dalton’s law of the additivity of pressure at 
constant volume and temperature (equation 6) to hold; it leads to the additivity 
of certain thermodynamic quantities at constant volume and temperature (equa¬ 
tion 8); and it requires that (dp/dni) VT n for the mixture equal ( dp/dn)y T for 
each pure gas. 

The Lewis and Randall rule yields Amagat’s law of the additivity of volumes 
at constant total pressure and temperature (equation 40); it gives the result that 
the difference between certain thermodynamic properties of a gas mixture and 
the sum of the corresponding properties for the constituents at the total pressure 
and temperature of the mixture is the same as for ideal gases (equations 39, 41, 
and 42); and it requires that the partial molal volume ( dV/dni) pTn of a gas in a 
mixture equal its molal volume V/n. 
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In general, Amagat’s law gives results superior to Dalton’s law for gas mix¬ 
tures at temperatures well above the critical temperature of each constituent, 
while Dalton’s law seems to give the better results if one of the constituent gases 
is below or only slightly above the critical temperature. 

The Gibbs-Dalton law is readily applied to the calculation of the composition 
of the gas phase in equilibrium with a condensed complex yielding one of the 
constituents. It requires a much shorter extrapolation of the compressibility 
data on the condensible vapor above the condensation pressure than the Lewis 
and Randall rule. Gillespie (72) states that at not too high pressures the Gibbs- 
Dalton law yields too low and the Lewis and Randall rule too high a mole frac¬ 
tion for the vapor that is in equilibrium with the condensed complex. 

The Lewis and Randall rule yields a simple expression for the mass action 
function and the application of the equation to chemical equilibria is facilitated 
by the use of equation 70 and generalized fugacity charts, although the latter 
introduces the further approximation of the law of corresponding states. The 
results are satisfactory to relatively high pressures. The Gibbs-Dalton expres¬ 
sion is more involved and has never been applied. 

The use of the Lewis and Randall rule together with generalized fugacity charts 
for the vapor phase of a multicomponent liquid-vapor equilibrium seems to give 
results sufficiently accurate for engineering calculations. It is possible that the 
Gibbs-Dalton law would yield more accurate results, but the work would be 
increased. 


XX THE GENERAL LIMIT METHOD 

The procedure called by Gillespie (73) the general limit method assumes that, 
as the pressure on a real gas or gaseous mixture is reduced at constant tempera¬ 
ture and mole numbers, certain thermodynamic properties of a system of real 
gases approach those of ideal gases in a definite maimer. The method was ap¬ 
plied by van der Waals (181) to derive an expression for the work content (F yT ) 
of a gas mixture but without elimination of an improper integral introduced 
through the equation for the entropy, van Laar and Lorenz (106, 107) and 
Keyes (92) employed the method for the energy of a gas mixture where improper 
integrals do not appear. 

Gillespie (66) was the first to apply the method to the calculation of the fu¬ 
gacity of a gas in a mixture and to derive a general equation for the effect of pres¬ 
sure and composition on chemical equilibrium. He showed how the improper 
integral that had given difficulty in the past could be transformed by the addition 
and subtraction of a term. He integrated the relations by means of an equation 
of state for gas mixtures and made extensive application of the resulting equations 
to the effect of pressure on chemical equilibrium (67) and the calculation of the 
equilibrium pressure of a gas in a gaseous mixture (60, 68, 134). The equations 
gave a good representation of the experimental data. 

de Donder (56, 57,149) used the general limit method to write down directly 
the work content ( F VT ) of a gaseous mixture. The method has been applied by 
van Lerberghe (118,119,120,121), and by Prigogine and Defay (146) to the cal¬ 
culation of the fugacity of a gas in a mixture. 
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Equations for the fugacity of a gas in a mixture equivalent to that derived 
by Gillespie were obtained by Gibson and Sosnick (63), Merz and Whittaker 
(140), van Lerberghe (120), Tunnell (180), Goranson (83), and Sage and 
Lacey (154). 

It has been found (15) that the thermodynamic properties of real gases and gas 
mixtures, expressed in the form of definite integrals, can be derived from two 
assumptions: one concerning the isothermal variation of the energy of pure 
gases at low pressure and the other concerning the isothermal variation of the 
ratio of the equilibrium pressure of a gas in a mixture to its partial pressure at 
low pressures. The resulting expressions (8, 9, 10) may be considered exact 
and state the thermodyn ami c functions of a gas mixture in terms of: (1) definite 
integrals that depend on the properties of the gas mixture for the effect of pres¬ 
sure; (£) definite integrals that depend on the heat capacities of the pure con¬ 
stituent gases at zero pressure for the temperature effect; (S) certain integration 
constants for the pure constituent gases; and (4) the temperature, pressure (or 
density), and composition of the mixture. The completion of the solution of 
the problem is attained on evaluating the integrals of (. 1 ) above by an equation 
of state for gas mixtures in which the parameters of the mixture are computed 
from those of the pure gases and the composition from certain relations usually 
called combination of constants. The final equations are approximate to the ex¬ 
tent that the equation of state for mixtures does not represent the variation of 
the volumetric behavior of gas mixtures with pressure, temperature, and compo¬ 
sition. The resulting equation (75,76, 77) expressing the mass action constant 
of a gaseous reaction as a function of pressure, temperature, and composition of 
the equilibrium mixture contains, in principle, no arbitrary constants, all 
parameters being evaluated from the volumetric and thermal properties of the 
pure constituent gases. The equation has been applied to the equilibrium 
measurements of Larson and Dodge (108, 110) and of Haber (84) for the am¬ 
monia synthesis reaction with two of the parameters considered adjustable 
(those for A H and AS of the chemical reaction in the standard state). For the 
first time the three sets of measurements are correlated in a satisfactory method. 

Scatchard and Raymond (165) and Scatchard and coworkers (164, 166, 167, 
168, 169, 170) have used the relations resulting from the general limit method 
for the gas phase in the derivation of equations for liquid-vapor equilibria. 

Benedict, Webb, and Rubin (38) applied the general limit method to the work 
content of a gas mixture and employed the results of Mayer (139) to prove that 
the limit of the quantity they used exists as the pressure approaches zero. The 
resulting relations were integrated by use of their equation of state (37) together 
with certain rules for combination of constants. They applied the relations with 
excellent results to binary (38) and ternary (35, 36) equilibrium mixtures of 
hydrocarbons in the liquid and gaseous phases. 

Although different investigators applied the general limit method to different 
thermodynamic functions, all arrived at the same equation for the effect of pres¬ 
sure and composition on the fugacity (or, what amounts to the same thing, the 
chemical potential) of a gas in a mixture—the equation obtained by Gillespie. 
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The complete solution of the problem of expressing the properties of gas mix¬ 
tures in terms of those of the pure constituent gases thus involves two steps: 
(jf) a general limit method for the exact equations; and (#) combination of con¬ 
stants of an equation of state for evaluating certain definite integrals of (I). 

XU. THE GENERAL LIMIT METHOD POR PURE GASES 

A. The assumptions 

Although two assumptions suffice for deriving general relations for the thermo¬ 
dynamic properties of pure gases and gas mixtures, it is desirable to divorce the 
treatment for gas mixtures from that of pure gases. If this is done we need 
three assumptions: two for pure gases and of course one additional for gas mix¬ 
tures. 

We shall consider two pressure regions: (1) low pressures, at which terms of the 
order of p 2 are negligible in comparison with terms of the order of p or of unity; 
and (2) very low pressures, at which terms of the order of p are negligible in 
comparison with unity. Thermodynamic quantities in the region of very low 
pressure will be denoted by a superscript asterisk. 

The two assumptions for pure gases are: 

1. At all temperatures 2 the pressure-volume product of a fixed mass of a real 
gas can be represented at constant temperature and in the region of low pressure 
by the expression: 

pV = F(T,m ) + A(T,m)p + 0(p 2 ) ( T,m constant) (72) 

where F(T,m) and A(T,m ) depend for a given gas on the temperature T and 
the mass m, A(T, m ) and its temperature derivative are bounded, and 0(p 2 ) 
represents terms of the order of p 2 . 

2. At all temperatures 2 the heat content of a fixed mass of a real gas can be 
represented at constant temperature and in the region of low pressure by the 
expression: 

H = f(T,m ) + B(T,m)p + 0(p 2 ) ( T,m constant) (73) 

where f(.T,m ) and B(T,m ) depend for a given gas on T and m, and B and its 
temperature derivative are bounded. 

Substitution from equations 72 and 73 into the general relation: 



yields 

B 4- 0(p) = 1[f - T (g)J + [a - r (g)J + OW m 

for a fixed mass of a gas in the region of low pressure. Equation 75 can hold only 

5 The region in the neighborhood of 0°K. is to be excluded. 
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Integration at constant m gives 

F = r(m)T (76) 

where T is thermodynamic temperature and r(m ) depends only on m for a given 
gas. Thus equation 72 becomes: 

p7 = r(m)T + A(T,m)p + 0(p 2 ) (m constant) (77) 

and in the region of very low pressures: 


(p7)* = i 
rT 


(78) 


Since volume is an extensive property of a system, the value of r will be charac¬ 
teristic of each gas if we replace V in equation 78 by 7 /m, where m is the number 
of units of mass of the gas in the volume 7. Further let m be expressed in terms 
of moles where 1 mole of a gas is that mass which at a very low pressure and each 
temperature occupies the same volume as 32 g. of gaseous oxygen measured at 
the same pressure and temperature. If m is so measured, r is independent of the 
gas and will be denoted by R. Thus for low pressures we may write: 

pV = nRT + ^ + 0(p-) (79) 


pV = nRT + ^ + 0 (80) 

where n is the number of moles in the volume 7, p is a pure temperature function 
(= ART if A is taken for 1 mole of gas) and is so chosen to conform to the usual 
writing of equations of state. 

B. The integration path 

We can now proceed to write down all of the thermodynamic functions of a 
pure gas in terms of the independent variables p and T, or 7 and T, and trans¬ 
form the improper integrals that occur in the expression for the entropy. 

The reference state of a gas is taken at any arbitrarily chosen pressure (pa) 
and temperature (To), the corresponding volume of n moles being 7<». Since 
the thermodynamic functions in which we are interested are all state variables 
we may proceed from the standard state (po, To) or (7 0 , To) to any other state 
(p, T) or (7, T) along any path. We shall use a three-step path involving a 
state in the region of very low pressure p* (or 7*). Let the mass of gas remain 
constant and: 

1. Change the pressure from po to p* (or the volume from the corresponding 
values 7o to 7*) at the temperature To- 

2. Change the temperature from T 0 to T with the pressure held constant at 
p* (or the volume at 7*). 

3. Change the pressure from p* to p (or the volume from 7* to 7) at the tem¬ 
perature T. 
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C. Derivations for the independent variables p and T 
From the usual thermodynamic relations we find for n moles of a real gas: 


H(p,T) - H( Po ,To) = 

f*P* [ 

TO'JPO I 


|dp 




+ 

f nc* d T + 

p*J T o 7 

Z[ v ~ 

*-3 

"QjI ^ 

1_1 

■8* 

(81) 

S(p,T ) - S(jp 0> T a ) = - 

rP* 

To^PO 


n -^dT - 

rp 

r (sv\ , 

/ l Prl dp 

rJp* \ol J p 

(82) 

= 

fP* 

Tq* Pq 

[?-©,] 

dp + 

P*^ 

r T * 

L.Y iT 



+ 

f p [nR fdV\ 1 , 

J P . L p w/J dp 

— nR In — 

Po 

(83) 

We can make the following 

simplifications: 




1. Let: 






A 0 = 4+ f\* p dT; 

Jr o 

nhl -- 

“ H(p 0 ,To) + | 

ZV 

r [y - 


(84) 

s° = si + f £ d T; 
Jt q 1 

0 

nso = 

- S(j>o, To) 





+ / V “ (S) + ( 80 ) 

*Vj>o L P \9-i / p_ 


2. From equation 73 and the relation C v = ( 3H/dT) P we find that 

« ‘ (%). + 0( *> (86 > 

and hence c* is a function of T alone. 

3. From equation 79 we find: 


“5 f ,.[ v ' T (»)J*"“!£[t ' (»)J dp - 0 (37) 


Equations 81 and 83 can now be written: 

*, + **• w 
s(p ’ ” ■ r [t ■ (I?) j ip -** 1,1 v + <s9) 


It is understood that the integrals are to be evaluated at the running tempera¬ 
ture T. From equations 88 and 89 the other thermodynamic properties of real 
gases can be written down by use of the relations given in Section II (page 143). 
These are collected in Section XIIE (page 165). 
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D. Derivations for the independent variables V and T 

In terms of the independent variables F and T we find for n moles of a real 
gas:, 

E(V,T) - E(Vo,Tq) = ro £* [ T (%) r ~'p] dV 

+ I* net dT + -p]dV (90) 

7*Jt o TJV* L \Oi /7 J 

sm - - X(l \ iV+ Xi iT+ X.(sf\ ir m 

-X[(IX-T] dF+ Xf dr 
X[(lX-T] dr+ ” Bh v; (92) 


+ 

These equations can also be simplified: 

1. Let: 

e° = eS + £ dT; (F 0 ,r 0 ) + ? £* [V - p] dF (93) 

Now from equations 84 and 93 we find: 

nha — ne ® = H(po,To) — E(Vo,To ) + j j^F — T J dp 

-XHlXX d7 (M) 

rp*y* 

= PoF 0 + d(pF) 

= nRTo 


Since/S(Fo,r 0 ) = S(po,To) we can replace the former by the expression for the 
latter obtained from the second of equations 85. This gives on simplification: 

rP*V* 

= —ftB In p 0 F 0 — / d In (pF) + ns? 

TqJpqVq 

* = -ft# In nig To + ft$o (95) 

Furthermore, from equation 80 and general thermodynamic relations we find 

Cp c„ = R (96) 
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and from the first of equation 85: 



S° = sl+ [ r %dT + nBhi^ 

Jt q 1 1 o 


2. Use of equation 80 for evaluating the volume integrals shows that V* can 
be replaced by infinity. 

Thus equations 90 and 92 become: 

E(V,T) = 

Ch- T (%\] i7+ne ° 

(97) 

S(V,T ) = 

/" [v - (1) J ir + * s 1,1 m + m ' 

(98) 

The relations for the other thermodynamic functions are given in Section XII F 
(page 166). 

E. Equations for pure gases in terms of p and T 


-r i 

V — T (g) J dp - pV + nh 0 

(99) 

'-r I 

/*v\ 1 

V — T dp + nh° 

(88) 

-ri 

f nR ( d7\ 1 , t, i . o 

LV ~ \a5yj d P ~ 111 p + ns 

(89) 

- r 

[f - dp + nRT In p - p7 + n(h° - 

Ts) (100) 


\j - dp + nRT In p + n(h° - Ts°) 

(101) 

'■i 

- ~^dp + RTh.p + h° - Ts° 

(102) 

RT In / = f 
Jo ! 

[iT“ y]dP + ^lnp 

(103) 

In the above equations the definite integrals are to be evaluated at the tem¬ 
perature T. The integration constants are given by the expressions: 


A® = A? + f c* p d T 

Jt o 

(104) 


s 0 = s°o+r%dT 

Jt 0 1 

(105) 

where the integrals are to be evaluated along the zero pressure curve 
so are the molal heat content and entropy constants for the gas at To. 

and and 
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F. Equations for pure gases in terms of V and T 


E = 


(97) 

H = 

n ? - r (s)J d7+!,7+ “” 

(106) 

S = 

r[v-(s)J d7+ * i8h ^ + “' 

(98) 

Fvr = 

C [* - ir - » bt h ^ ^ - rs '> 

(107) 

FpT = 

l [r-^]iy-nBT\nJp+pr + vV-Tt) 

(108) 

M = 

l [(|)„ - t] d7 " RT h nlf + BT + 

(109) 

RT In/ = 

/,[(©„- B v] ir ~ RTta I t 

(no) 

In these relations the definite integrals are to be evaluated at the temperature 

T, and 

e° = <& + [ ct dT; e° 0 = h° 0 - RT 0 

*T 0 

(111) 

• 

s ‘” s!+ £l dr + ' Bln f; 

(112) 


The temperature integral is to be evaluated along the zero pressure curve. 


xm. THE GENERAL LIMIT METHOD FOR GAS MIXTURES 

A. The assumption 

The Gibbs-Dalton law and the Lewis and Randall rule each make one assump¬ 
tion as a basis for the thermodynamic treatment of gas mixture. We shall make 
the following assumption: 

At all temperatures the ratio of the equilibrium pressure of each gas in a mix¬ 
ture to the product of the mole fraction of that gas in the mixture into the total 
pressure of the mixture can be represented in the region of low pressures by the 
expression: 


— = 1 + Di(Tj Xi,X2, •-•)? + 0(p 2 ) (113) 

pxi 

where D t * depends only on the temperature and composition of the mixture, and 
Di and its derivatives with respect to T 7 , n\ } n 2 , • • • are bounded. 
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B. Relations for the region of low pressure 

Consider a system of 2,-ra,- moles of a gas mixture and k systems each contain¬ 
ing n ek moles of one of the constituent gases. In all variations let: 

T (each pure gas) = T (mixture) 

V (each pure gas) = V (mixture) } (D) 

Wb = At i (k = i = 1, 2, 

Each pure gas would be in equilibrium with the mixture if separated from it by 
a membrane permeable to that gas alone. Hence the properties of the pure gases 
may be called equilibrium properties of the mixture. 

Subject to the condition D the general limit method (equation 113) gives the 
following results for the region of low pressure: 

1. 2^ = p(l + D m p ) (114) 

where D m is a function of temperature and composition (= 2,2*0,). 


2. = £ (1 + 2 D m p) 

frrni- 1,2, ...) 


Cel = C,(l + 2 D m p) 


(115) 

= Cxiil + 2 D m p) 



n ek = n,( 1 + 2 D m p) 



3. 2*5 e * = 5(1 + 2 D m p) 


(116) 

4. pV - 2 ini RT + p 

pV - ZiUiRT + 


(117) 

where /3 m is a bounded function of temperature and the composition of the gas 
mixture. 

5. = JST(1 + 2 D m p) + D m pV 

- H(l + 2D n p) ' 


= FvtO- + 2 D m p) + D m pV 

2F pTti = F p r(l + 2D „ip) 

► (118) 

^hCy elt = Cy(l + D'mP) 

ZC Pei = C,(l + Dip) . 



where D' m and D'J, are bounded functions of temperature and the composition of 
the gas mixture. 

To prove (15) these relations we take as independent variables T, pi, &, • • • 
for the gas mixture and T, Pk for each pure gas as in equations 10 and 11. Equa¬ 
tion 114 follows from equation 113, which may be written for the region of low 
pressure: 


p*k = px,{ 1 + Dip) 


( 119 ) 
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Differentiating equation 114 first with respect to one of the /t’s with T and all 
of the other /it’s constant, and then with respect to T with all of the /t’s constant, 
we find for the region of low pressure: 

(ir) = (ir) G + (* - * - 1.2, • • •) (120) 

\ duk/T \dni/Tn 

z ‘(wlr(%l a+w - ?) <121) 

Use of equations 12 and 13 gives the first of equations 115 and equation 116. 
The remainder of the equations 115 follow from the definitions given in Section 
II (page 143) and the second of the conditions D. 

Division of equation 119 by the first of equations 115 gives for the region of low 
pressure:, 

V — - [1 + CD, - 2 D m ) V ] (122) 

Tl>e )fe 2i?lt 

Now the left-hand side of this equation refers to the pure gas existing by itself 
and hence equation 79 applies. This gives the first of equations 117 and the sec¬ 
ond follows from the first for the region of low pressure where the terms 0(p 2 ) 
or 0(l/F*) are negligible. 

Use of the thermodynamic relations mentioned in Section II and the results 
already proved together with the conditions D leads to equations 118. 


C. Relations for the region of very low pressure 

As the pressure becomes very small at constant temperature and composition 
the relations given in Sections XII and XIIIB show that the functions pV, E, 
E, Cv, and C p for a gas mixture approach constant values while S, F V t, and 
F pT decrease or increase without limit in the same manner as ± In p. But 

Lim p In p — 0 

p -»0 


Hence the relations for gas mixtures in the region of very low pressures may be 
summarized from the results obtained in Section XIIIB (page 167). Subject to 
the conditions D, we have the following: 

1. Equilibrium relationships: 



2. Additive relationships: 

(^)* i 


(123) 


(124) 
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s* = sX (125) 

rr* _ V 77J*. TT* _ ^ TT* . TT»* _ 77T* 

iv s= Zic&h , Si — Zk&k , SVT — 

F* r - C? - 2*<£,; C* P = 2*C** ^ 

3. The equation of state (independent of the conditions D): 

(pF)* = 2,-reJgr (127) 

The designation e can be omitted in the relations for E, H, CV, and C p , since 
these quantities are essentially constant in the region of low pressure at constant 
temperature and mole numbers. 


D. General relations 


Corresponding to equations 81 and 83 for the heat content and entropy of a 
pure gas, we have for 2 ,m moles of a gas mixture of constant composition: 


H(p,T) - H( V o,To) 


S(p,T) - S(po,T 0 ) 



(128) 


(129) 


where the subscript n denotes constant mole numbers and C* is the heat capacity 
of 3 *m moles of gas mixture at a very low pressure. 

Now from equations 126, 88, and 123: 


H(p*,T 0 ) = 2kH k (p*,T„) = 2 k n e A - 2(130) 

where for convenience hh is written for ho k , since this will lead to no confusion. 
And from equations 125, 89, and 123: 

S(p*,T<> ) «= 2kS' k (p* k ,To) = 2*n ei sSt - 2 k n ei R In p* k 

= Siri.sS, - 2 t (mR In p*xt) (131) 


Also from equation 126 and equation 123: 

C* = 2 k C* pk = 2 k n ek c* k = 2 aiiC* Pi (132) 

Thus from equations 128 and 130: 

H(p*,T 0 ) + J*' [v - T (^) J dp = H(p*,T 0 ) = ZnXi (133) 
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and from equations 129 and 131: 

+ X Pt 5 - (§)J d?+h » 

= S(p*,To) + (2,n,)Slnp* 

= S<n,s« — S,(n,jK In*,) (134) 

We can now substitute from equations 132, 133, and 134 into equations 128 
and 129. Then use of equation 117 shows that we can replace the limit p* by 
0 (compare equation 87), and obtain: 

H(p,T) = jf [V - T dp + (135) 

S(p,T) = jf J dp - 2<(»<.B In p*<) + 2,(n,s!) (136) 

where h] and s* are given by equations 104 and 105. 

The other thermodynamic properties can now be written down as was done 
for the pure gases. These are collected in Section XIII E below. 

We can proceed in a similar fashion to obtain equations for the energy and 
entropy of a gas mixture in terms of the independent variables V and T, analo¬ 
gous to equations 97 and 98 for a pure gas. These equations are given in Section 
XIII F. 

E. Equations for gas mixtures in terms of p and T 

E -l ’[ v - T (%)+ OW) 

<i35> 

*S = jf J dp - 2 ifiiR In pxi + 2(136) 

+ 2 iUiRT In pxi — pV + 2i7ii(hi — Ts°) (138) 
F PT = j* [f - S,7l p r ] dp + 2 t ntRT In px t + 2,n,(A? - Ts?) (139) 

“■ - r KsL - f] ^+ rth **+«- ^ <«»> 

h/ - - f [(£L - f ] d »+ Kr *”=< < i4 » 

A? = Aoi + r dT s ° = Soi + f T % dr (142) 

•'Z'O JTq 1 
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F. Equations for gas mixtures in terms of V and T 


iOi 


(143) 

(144) 


B ~l [*' r (Jr)J d7 + I,n “ 

*-£[*-*( l)J dr + f y + s '"‘ e! 

s . £ [W _ (|) J d F +Z,n.R In ^ + x.nj ««> 

F vt = jT [p - d7 - S.-n^r In + W«« - Ts?) (146) 

r „ - /; [v - ^ ] dF - *.*«■ h ^ 

+ pV + 2 t n,(4 ~ Tsl) (147) 

« - f [(tL - T] dr -"' k OT + Br+< - n<( “« 

" /,' [(I,L - t] dr - RT ta S5T (m9 > 

e? = <g< + f Cvi dT s°< = s?, + f* % dT + «In % (150) 

Jtq Jtq 1 1 o 


G. General equilibrium relationships 


1. Mass action functions for homogeneous gaseous reactions: Equations 140 and 
148 are relations for the chemical potential of a gas in a mixture. Application 
of the general condition 2 o>ui t = 0 gives equations for the mass functions K p 
(in terms of p and T) and K c (in terms of V and T) for a homogeneous gas reac¬ 
tion. To obtain K p in terms of V and T we add and subtract the term RT In 
pxi to the right-hand side of equation 148 before applying the general condition 
of equilibrium. These give: 


A p 


In a; = 


. Kc 

ta F; 


In id = 


-A4[rKgL-?M 

- Ts J)] 

-is S.We! + RT - Ts°i + RT In RT)} 


+ (2,-Fi) In 


pV 

(ZindRT 


(151) 

( 152 ) 

(153) 

(154) 

(155) 
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2 . Equilibrium pressure and equilibrium concmiraiim of a gas in a mixture: 
When a pure gas is in isothermal equilibrium through a semipermeable mem¬ 
brane with a mixture containing that gas, the chemical potential of the gas is the 
same in both phases. Equating the relations for the chemical potential of a pure 
gas (equations 102 and 109) to those for a gas in a mixture (equations 140 and 148) 
gives relations for the equilibrium pressure and equilibrium concentration of a 
gas in a mixture: 


RTh. 

pxi 

RT In^S 





The first integral on the right-hand side of these equations applies to the gas 
mixture; the second to the pure gas. 

3. Effect of an inert gas on a univariant equilibrium: In a univariant equilibrium 
between a pure substance Si in a gas phase and one or more condensed phases: 

NHs(l) = NHs(g) (poi, T) 


m = i 2 (g) 


(Poi. T) 


| BaCl 2 • 8 NH 3 (s) = i BaCl 2 (s) + NHa(g) (p 0 i, T) 


the pressure poi is a function of temperature alone. The chemical potential 
Ha and molal volume v c i of Si in the condensed phases are: 

Ha = - (S,- V}hj)/vi; Vd = - (2jv/V})/vi (158) 

where is the molal volume of the condensed phase j, the algebraic sign of vj 
is negative for a reactant and positive for a product, and the sum extends over all 
of the condensed phases. In the first two of the above changes in state v c \ is 
simply the molal volume of the condensed phase; for the last, Gillespie (71) 
called v a the partial molal volume of Si in the condensed complex. 

Let the condensed phases be separated from the gas phase by a semipermeable 
membrane and subjected to the hydrostatic pressure p whereby the equilibrium 
pressure of Si increases from poi to p el . Then: 

P*(p,T) = UdipohT) + f Vcidp (159) 

" POI 

Now the chemical potentials m( p,T) and nci(poi ,T) of Si in the condensed com¬ 
plex must equal those of & in the pure gas phase at (p.i,T) and (poi,T), respec¬ 
tively. These axe given by equation 102. Making these substitutions, we 
obtain: 

RT In — = - dp + f v c i dp (160) 

Pol •'P01 P J *P01 

This is the exact Poynting relation. 
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Now let the univariant system, be at equilibrium under its vapor pressure 
poi and let an inert gas that does not react chemically with Si and is insoluble in 
the condensed complex be introduced into the system until the total pressure 
becomes j>. The equilibrium pressure p e 1 of Si in the system can be computed 
from equation 156 or from equation 160. These computations will be considered 
later. If we substitute the value of p e i from equation 160 into equation 156 
we obtain: 


»h&--rr (pi -«i* 

Poi Jo L\d n i/pT» V J 

+ rps_^l*, + r u * (in, 

Jo \Jlk Vk J Jpoi 

The first integral refers to the gas mixture, the second to the pure substance 
Si, and the third to the condensed complex. 

4. Equilibrium between gaseous mixtures and condensed solutions: The chem¬ 
ical potential j a ci (p, T, yi) of a volatile component i of a liquid (or solid) solution 
at p, T, and mole fraction yi is: 

Va(p,T, yi) = iicApoiyT) + RT In y { + RT In y { + f v ci dp (162) 

J POi 


where pa (poi,T) is the chemical potential of the component under its own vapor 
pressure po» and is given by equation 102 , v ci is the partial molal volume of the 
substance S t in the condensed solution, and 7 ,- is its activity coefficient in this 
phase. The latter has been discussed by Scatchard (162, 163), Scatchard and 
coworkers (164, 165, 166, 167, 168, 169, 170), and Hildebrand (85), who give 
references to the earlier work. The chemical potential of S, in the gas phase is 
given by equation 140. Equating these two expressions we obtain for isothermal 
equilibrium at T: 


-ruf) _dp + rTZ!-«?idp. 

PoiVi Jo iX^i/pTn p J Jo n k Pk J 



v C i dp + RT In yi 


(i = k) (163) 


The first integral is to be evaluated for the gas mixture, the second for the pure 
gas k, and the third for the condensed phase. 

Equation 163 applies directly to each component whose critical temperature 
is above T. Hildebrand (85) has suggested a method of determining a fictitious 
value of po* for a component above its critical temperature. 


XXV. INTEGRATION OF THE EQUATIONS 

A. The equation of state for pure gases 

Aside from graphical methods we can evaluate the definite integrals with re¬ 
spect to pressure or volume occurring in the thermodynamic properties of pure 
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gases from an equation of state of the type (V/n) = F(p, T) or p — f(V/n, T). 
All of the useful equations of state that have been applied to a number of sub¬ 
stances are of the latter type. The Keyes equation (90) has four adjustable 
constants and gives a fair representation of the volumetric behavior of gases, 
being especially satisfactory for gases whose isometrics are nearly linear. The 
equation of Benedict, Webb, and Rubin (37) contains eight adjustable constants 
and gives an excellent representation of the compressibility data to about twice 
the critical density. Below the critical temperature this equation gives satis¬ 
factory results into the liquid region and permits calculation of the vapor pres¬ 
sure to about 1 per cent. Results of intermediate accuracy are given by the 
Beattie-Bridgeman equation of state (17, 18, 19, 21) with five adjustable con- 
tants. This equation is: 


nRT ri$ n z y rib 
~y * yT ‘ ~yz ' ~yl 


(164) 


p = RTB 0 - A 0 - Rc/T 2 
y = — RTBob Aqcl — RBqc/T 2 
b = RBobc/T 2 


The equation has been applied to the compressibility measurements of a number 
of substances and the values of the constants A 0 , a, Bo, b, and c are listed in table 
1. The equation gives satisfactory representation of the volumetric behavior of 
gases to about the critical density and has been used to compute the limiting 
densities (20), the Joule-Thompson coefficient and pressure variation of the con¬ 
stant pressure heat capacity (12, 13, 14, 41), the heat content and entropy (78, 
81, 82, 148), the chemical potential (79), and the fugacities (113, 135, 137) of 
gases. In general the calculated values agree well with experimental results. 

Equation 164 has two main defects. The first is that the second virial coeffi¬ 
cient divided by RT , P/RT> approaches the limit B 0 at high temperatures in¬ 
stead of passing through a maximum and then decreasing with increasing tem¬ 
perature. This is more a theoretical than a practical defect: helium is the only 
gas exhibiting such a maximum below room temperature (at about —75°C.); 
neon and hydrogen have maxima at about 400°C., and other gases probably well 
above 1000°C. The second defect has more practical importance. The con¬ 
stant c, which was introduced to account for the curvature of the isometrics, 
should be a function of density and is so expressed in the equation of Benedict, 
Webb, and Rubin, who use three adjustable constants to represent the density 
variation of c. 


To express V/n as a function of p and T we may solve equation 164 for V/n to 
any number of terms desired (16, 161). For the purpose of determining the 
variation of many of the thermodynamic properties of pure gases with pressure 
it is sufficient to use the expression: 


V _ RT , p^ 
n p RT 
= £ _ Ao _ c_ 
ET RT T 3 


( 165 ) 
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TABLE 1 

Values of the constants of the Beattie-Bridgeman equation of state for several gases 
p = [RT( 1 - «)/F 2 ][F + B] - A/7 2 
A-A 0 (l-a/V) 5-5 0 (l-6/F) € - c/FT 3 

Units: normal atmospheres; liters per mole; °K (T° K. ** *°C. + 273.13); R = 0.08206 


GAS 

Ao 

a 

Bo 

i 

10" 4 X c 

MOLEC¬ 

ULAR 

WEIGHT 

REFERENCES 

He. 

0.0216 

0.05984 

0.01400 

0.0 

0.0040 

4.00 

(19, 21) 

Ne. 

0.2125 

0.02196 

0.02060 

0.0 

0.101 

20.2 

(19, 21) 

A. 

1.2907 

0.02328 

0.03931 

0.0 

5.99 

39.91 

(19, 21) 

Hi . 

0.1975 

-0.00506 

0.02096 

-0.04359 

0.0504 

2.0154 

(19, 21) 

Ni . 

1.3445 

+0.02617 

0.05046 

-0.00691 

4.20 

28.016 

(19, 21) 

O2 . 

1.4911 

0.02562 

0.04624 

+0.004208 

4.80 

32 

(19, 21) 

Air. 

I2 . 

1.3012 

17.0 

0.01931 

0.04611 

0.325 

- 0.01101 

4.34 

4000 

28.964 

253.864 

(19, 21) 
(60) 

C 0 2 .... . 

5.0065 

0.07132 

0.10476 

+0.07235 

66.00 

44.000 

(19, 21) 

NH*. 

2.3930 

0.17031 

0.03415 

+0.19112 

476.87 

17.0311 

(21, 27) 

CH 4 . 

2.2769 

0.01855 

0.05587 

-0.01587 

12.83 

16.0308 

(19, 21) 

C,H 4 . 

6.1520 

0.04964 

0.12156 

+0.03597 

22.68 

28.0308 

(70, 21) 

CiHt . 

5.8800 

0.05861 

0.09400 

+0.01915 

90.00 

30.0462 

(23) 

CjHs . 

11.9200 

0.07321 

0.18100 

+0.04293 

120.00 

44.0616 

(26) 

I-C 4 H 8 . 

16.6979 

0.11988 

0.24046 

+0.10690 

300.00 

56.0616 

(29) 

iso-CJBfs... 

16.9600 

0.10860 

0.24200 

+0.08750 

250.00 

56.0616 

(25) 

71 -C 4 H 10 . 

17.7940 

0.12161 

0.24620 

+0.09423 

350.00 

58.077 

(31) 

iso-C^Hio . 

16.6037 

0.11171 

0.23540 

+0.07697 

300.00 

58.077 

(30) 

n-CsHia . 

28.2600 

0.15099 

0.39400 

+0.13960 

400.00 

72.0924 

(28) 

neo-C5Hi2 . 1 

23.3300 

0.15174 

0.33560 

+0.13358 

400.00 

72.0924 

(22) 

71-C7H16 ... 

54.520 

0.20066 

0.70816 

+0.19179 

400.00 

100.12321 

(172) 

CH 3 OH . 

33.309 

0.09246 

0.60362 

+0.09929 

32.03 

32.0308 

(HI, H4) 

(CiHs)iO . 

31.278 

0.12426 

0.45446 

+0.11954 

33.33 

74.077 | 

(19, 21) 

GAS 

aV* 

bV * 

10- 2 Xe 1/2 

GAS 

aj / 2 i 

bV 8 

10 - 2 x c 1 /* 

He .. 

0.14697 

0.241014 


C5H4... 



4.7624 

Ne . 


0.274129 


c 2 h 6 . 

2.42487 


9.4868 
in.0545 

A. 

1.13609 

0.340017; 

2.4474 

CjHg. 

3.45254 


H 2 . 

0.44441 

0.275717 


I-C4H8 . 

4.08631 


■ESSfll 

N 2 . 

1.15953 

0.369529 


iso-CJEEs. 

4.11825 


15.8114 

0 *. 

1.22111 

0.358927 

1 RfRi 

71 -C 4 Hjo. 

4.21829 


IhBI 

Air. 

1.14070 


2.0833 

iso-C/Hio. 

4.07476 


17.3205 

it.! 

4.12311 

0.687534 

63.2456 

7 l-CfiHi 2 . 

5.31601 



CO2. 

2.23752 


mm 

neo-CsHis. 

4.83011 



NH S . 

1.54693 

0.324437 

0.382290 

21.8374 

Ti-OyHig. 

7.38377 

0.891341 

ESIBH 

ch 4 . 

1.50894 

3.5819 

CH3OH. 

(O2H5) 2O. 

5.77139 

5.59267 

§§§ 

5,6595 

5.7732 


Sartori (160) reports constants for water vapor for the temperature range 400-480° C. 

This gives satisfactory results, except for calculation of the density itself, to 
moderate pressures (12, 13, 14, 60, 75, 76, 77, 79). 
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In order to compute values of the thermodynamic properties of a pure gas at 
various pressures we can proceed as follows: 

1. For the most accurate values use equation 164 to evaluate the integrals of 
equations 97, 98, 106 through 110 and compute the pressure from equation 164. 
Note that equation 164 gives the value of pV which occurs in equations 106 and 
108. 

2 . For more approximate results use equation 165 to evaluate the integrals 
of equations 88, 89, and 99 through 103. Now pV can be expressed by equation 
165. 


B. Relations among the equation of state constants and evaluation of the 
constants from critical data 

From a study of the equation of state constants and critical constants of gases 
Keyes (93) found that the relation: 

Al 


c - 0.023 


R z Bl 


held fairly well for non-polar gases. Hirschfelder and Roseveare (86) have inter¬ 
preted the constants A 0 , B 0) and c of equation 164 in terms of the energy of inter¬ 
action and collision diameters of molecules by comparison of the second virial 
coefficient p/RT with that given by the 6-12 potential of the Lennard-Jones 
(115, 116) theory. They find 0.024 for the theoretical value of the coefficient. 
Corner (44) used a 6-9 potential and found the value 0.013. He extended the 
method to the third virial coefficient y/RT which gave the theoretical relations: 

a = 0.45J3 0 ; h = -0.1B 0 


The equation of state constants of a good many of the non-polar gases are in 
fair agreement with these relations. Stockmayer (174,175) used an exponential 
in place of an algebraic temperature function in P/RT for polar gases and found a 
similar relation among 2? 0 , A 0 , and D (the constant replacing c). 

The law of corresponding states originally arose through the prediction of a 
critical point by van der Waals’ equation and the possibility of writing a reduced 
equation of state containing only universal constants. It fell into disrepute but 
recently interest has revived in both the practical and the theoretical aspects of 
the law (32). From equation 164 we note that the following are dimension¬ 
less ratios: 


Ao r = 


Ao 


Bor 


Bp 

RT c /p c ’ 


C r 


C 

= RTi/p< 


(166) 


a r 


a 

RT c /p c ’ 


br 


b 

RTc/pc 


In these p c and T c are the critical pressure and temperature of the substance to 
which the constants apply. The relations are written in this form since the value 
of the critical volume, v c , is never known so exactly as those of p c and T c , and the 
critical ratio pc 0 c /RT c is known to be approximately constant. 

Keyes (93) found that the first three of these ratios for the substances whose 
equation of state constants were known fell into two groups, each surprisingly 
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constant: one group of the non-polar gases and the other of the polar gases. 
Maron and Turnbull (136) and Brown (42) proposed to determine the equation 
of state constants of gases whose critical pressure and temperature are known 
but compressibility unknown by determining the values of A 0r , B 0 „ c r , a,, b„ 
for nitrogen and then use these to compute the parameters for other gases by 
equation 166. Although they obtained good results it might be preferable to 
consider the ratios somewhat variable and to evaluate them for a gas as nearly 
similar as possible to the gas for which the parameters are desired. 

Su and Chang (176) made use of the relations of equation 166 and equation 
164 to write the reduced equation: 


Vr = 


I r , §r , Jr 
V r v\ V S r 




fir = T r B() r — Ao r — C r /Tl 

yr = — TrBorbr + Aor^r BqtCt/TI 
d r = BtrbrCr/Tl 


(167) 


Vr = v/Vc V r = vp c /RT Cy Tr = T/T c 

They re-smoothed the compressibility data on seven hydrocarbons (methane, 
ethane, ethylene, propane, n-butane, isopentane, and n-heptane) to give p T 
in terms of v r and T r , averaged p r for the seven gases, and determined the values 
of A 0r , B 0r , c r , a T , and b r in the usual manner. The average deviation of the cal¬ 
culated from the observed value of p f was 0.7 per cent; and of the computed pres¬ 
sures from the observed pressures for the seven gases, 1 per cent. Application 
of this equation with the same value of the reduced constants to nine other 
gases (argon, helium, neon, hydrogen, oxygen, nitrogen, carbon dioxide, air, and 
ethyl ether) gave a representation of the pressures to 0.63 per cent. 

In general, when the equation of state constants of a gas are not known but the 
critical pressure and temperature are known, we can use equation 167; or it is 
perhaps better to employ equation 164 or 165 with the values of the constants 
determined from equations 166 and the following values of Su and Chang: 

A 0 r = 0.4758 a T = 0.1127 (168) 

Bor = 0.18764 b r = 0.03833 

Cr = 0.05 

Thus in equations 164 and 165: 


A 0 = 0.4758 (yyf P* 

a = 0.1127 (yjy'j 

(169) 

B 0 = 0.18764 

b = 0.03833 (ty'j 



RT C 
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C. The equation of state for gas mixtures 

An equation of state for gas mixtures is an equation expressing the pressure of 
the mixture in terms of the volume, temperature, and the mole numbers and 
equation of state constants of the pure constituent gases. The earlier investi¬ 
gators felt that the equation of state of a gas mixture of constant composition 
had the same form as that of a pure gas and that each parameter of the mixture, 
say B m , was related to the corresponding parameters of the pure gases by the 
relation: 

B m = Bn (170) 

where x x , x, are mole fractions and the sums go over all of the species present 
in the mixture. The method of computing the interaction parameter B X j for 
the interaction of unlike molecules from Bn and Bjj has been the subject of a 
number of theoretical investigations (39, 59, 132, 181). The early workers in 
this field proposed the relations: 


Bi, = §(B, + Bj) 

(linear combination) 

(171) 

T) t> l/2 R l/2 

Dij = iJi iS j 

(square-root combination) 

(172) 

Bi, = f(B- /3 + B)'y 

(Lorentz combination) 

(173) 


where Bi and Bj are written for B x% and B j3 , respectively. The first relation 
gives the largest value of B i3 and the second, the smallest. Equation 172 was 
used for the a constant of van der Waals’ equation of state and theory indicates 
that equation 173, averaging of molecular diameters, applies to the b constant, 
although equation 171, which gives nearly the same value when B x and Bj do not 
differ greatly, has been frequently used for b . 

The use of these combination rules in the van der Waals equation gave a mod¬ 
erately successful representation of the properties of gas mixtures (58, 101, 102, 
103, 104, 105, 106, 107, 178, 179). The Keyes equation for gas mixtures gave 
better results (91, 92, 94, 95, 134), and that of Benedict, Webb, and Rubin, 
excellent results (35, 36, 38). 

The use of combination of constants in equations 164 and 165 gives a good 
representation of the compressibilities of gas mixtures (11, 24, 34, 88), the ex¬ 
pansion of gases on mixing (68, 69), and equilibria in gaseous phases (60, 73, 74, 
75, 76, 77, 112, 113, 114). 

Attempts have been made to write an equation of state for gas mixtures by 
finding combination rules for the virial coefficients (45, 50, 81, 82, 96, 144) or 
other properties of the mixture not involving the individual equation of state 
constants (5, 80, 98, 122). Su, Huang, and Chang (177) used the reduced 
equation 167 with the constants given in equations 168 and the pseudo-critical 
pressure and temperature of the mixture introduced by Kay (87) to calculate the 
pressures of gaseous mixtures. 

The use of linear and quadratic combination rules for certain of the parameters 
of the Lennard-Jones (115, 116) expression for the second virial coefficient was 
found to give good representation of the properties of gas mixtures by Lennard- 
Jones and Cook (117), Hirschfelder and Roseveare (86), and Beattie and Stock- 
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mayer (33). The success of these investigations suggests that the second virial 
interaction coefficient fta/j ET be written in terms of JS 012 , A 012 , and C 12 of equation 
164 as: 

I T = Bm t 1 “ B m RT B m f\ (174) 

and that the B m outside the brackets be obtained by Lorentz combination, 
and (A 012 /B 012 ) and (cn/Bon) by square-root combination. 

Stockmayer (175) showed that should be split into two terms for a polar 
gas: one corresponding to the attractive constant A 0 for a non-polar gas and the 
other depending on the dipole moment. Each is to be combined separately by 
square-root combination for a gas mixture containing polar gases. 

Practical considerations require that an equation of state for gas mixtures in¬ 
volve fairly simple combination rules for the constants. A study (34) of various 
methods of combining the constants Aq, Bq, and c of equation 164 for the system 
methane-n-butane indicated that the best representation of the compressibilities 
of the mixtures are obtained by square-root combination for A m and C 12 , and 
Lorentz combination for B 0 12 . The average percentage deviation of the com¬ 
puted from the observed pressures was 0.74 per cent, about half of which is caused 
by the failure of equation 164 to represent the pressures of the pure gases. The 
simpler rules, square-root for A 012 and linear for B 0 u and C 12 , represented the meas¬ 
urements with about twice as large an average percentage deviation. In this 
study linear combination was used for an and & 12 . 

Using square-root combination (equation 172) for A ou and C 12 , Lorentz com¬ 
bination (equation 173) for £ 012 , and linear combination (equation 171) for an 
and 612 in equation 170 to obtain the parameters for a gas mixture, we find from 
equation 164 the following equations of state for 2 *n t moles of a gas mixture: 


where 


V - 


' LtntBT + ( 2 ,n,-) 3 Ym ^ (s 




+ 


V s 


+ 


y* 


An = RTBom •— Aom 


Rc m 
T 2 


(175) 


T m — R'BBont bm “f* Aq m CLm 


RBom Cn 


(176) 


2 _ RBom b m Cn 

Om 

and 

A em = (2.x4« ) 2 

5om = f 2iSiXiX,(Boi 3 + Boj 3 ) 1 = + f (2iXiBoi S )(2iXiBoi 3 ) 

c m = (SiXiC 1 / 2 ) 2 |- (177) 

a m = 2,x,ai 


bm — 2t3/<bi 
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The approximate equation 165 becomes for a gas mixture: 

t7 'EiTliHT . fl 78 ^ 

p~ ^ RT V ' 

where is given by equations 176 and 177. 

Equations 175 and 178 in conjunction with equations 176 and 177 purport to 
represent the pressure [or volume] of a gas mixture as a function of V, T, n h 
7 &2> * * ’ [or p, T, rii, Tia, * * *] containing parameters of the pure gases 1, 2, • • • only. 
No measurements on mixtures are necessary. These relations can be used to 
evaluate the integrals of Section XIII, paragraphs E, F, and G. 

The general limit method gives a partial though exact solution of the problem 
of expressing the thermodynamic properties of real gases and gas mixtures in 
terms of those of pure gases. The general limit method and combination of 
constants in an equation of state give a complete though approximate solution 
to the problem. The approximation is introduced through the equation of state 
and the combination rules. 

D. Integrated approximate equations for pure gases 

The definite integrals of the general relations of Section XII F (page 166) can 
be expressed in terms of the equation of state constants of a gas by evaluation of 
the integrands from equation 164. The resulting equations state the thermo¬ 
dynamic properties of gases in terms of the independent variables V and T. 
Less exact but simpler expressions in terms of p and T may be derived from the 
use of equation 165 in the relations of Section XIIE (page 165). These are suf¬ 


ficient for many purposes and are given below. 

E = " [g|» + %] w ~ nRT + nh ° U79) 

H = ¥*] np + nh ° (180) 

S = -nKlnp- [A + np + ns° (181) 

Fvt = nRT In p — nRT + nh° — nTs° (182) 

FpT — nRT In p — A J np -j- nh° — nTs° (183) 

» = srinp + [bo - - a ] p + h°- Ts° (184) 

Erin/ = RThxp + [*„ ^ 4 ®. - |j]p (185) 
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From the usual thermodynamic relations and equation 165 we find for the heat 
capacities and the Joule and Joule-Thompson coefficient the following relations: 


Gy = nc* + ^ np 

(186) 

[2A 0 , 12c] 

L RT 2 + H' 

(187) 

C, - C 7 - nR + jj^ 2 4- np 

(188) 

, (BT\ fdE\ fac p/20] 

V \dVjj S \dV/, W/T)\r 

(189) 

r , 3c ] a 

U 2 T- RT *_r 

(190) 

, (dT\ _ (BH\ _ _ p(F/D] 

? W/ff W Jr 

(191) 

f _ 2A 0 , 4c ] 

n L Bo+ RT + T* J 

(192) 


In the absence of compressibility data from which Aq, B 0 , and c can be deter¬ 
mined, we can estimate the values of these constants for use in the above equa¬ 
tions from the critical pressure and temperature by means of equations 169. 

The above relations do not include any of the terms involving the third or 
higher virial coefficients. The expansion of equation 164 ending at the term in p 2 : 

V_RT jS r y “L 

n p ^RT^liRTY (RT)'] P 

J « 3/3 7 , 2/3* ]„ 2 

+ L (RTy ( RT)* + (£!F) 5 J v (93) 

proposed by Scatchard (161) reproduces the density to moderately high pressure 
and may be employed to extend equations 179-192 to higher pressures. 

E. Integrated approximate equations for gas mixtures 

The most accurate results are obtained from the general relations of Section 
XIII F (page 171) and the complete equation of state for gas mixtures, equation 
175. These express the properties of gas mixtures in terms of the independent 
variables V, T, and the mole numbers. The equations given below come from 
the approximate equation (equation 178) and the general relations of Section 
XIII E; they express the properties of gas mixtures in terms of p, T, and the 
mole numbers. 

If we write the second virial coefficient j3 m of a gas mixture in the form of equa- 
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tion 170, j3 ti and are the virial coefficients of the pure gases i and j, and the 
interaction coefficient is by equations 176 and 177: 

ft, = ^ (So 1 ? + So?) 3 - AtfAtf - (194) 

Let 

D l3 - = 2/3,, - /S, f - ft, (195) 

then 


Dii 

RT 


To (A 1/2 l/2\ 2“] 

o /Tjl /3 Di/ 3 ' 1 /p 2/3 d 2 / 3 \ V^-Ot -^Oj ,/ 'A_ C 3 / 

— ^ WOi -OO? jl-O0t "0j / J73 


(196) 


where 


D,i = Dyi - 0, D t y = D Jt (197) 

For each pair of gases D tJ - is an algebraic function of temperature and the coeffi¬ 
cients are computed from the A Q , B 0 , and c constants for the two gases. At 
constant temperature D xj is simply a number for a given pair of gases. 

The expression: 


/8V\ RT _ 1 pfonjft, " 

\dn t ) pTn p RT L dn< Jt 


RT 


[22jXjpij — 2i2jX,ZiPtj\ 


— RT *£; Bij XiXj Dij\ 

= ftPp ($i + S>i) 


(198) 

(199) 

( 200 ) 


where the summations extend over all species present in the gas mixture, ft 
has been written for the second virial coefficient ft* of the pure gas i, and D X /RT 
is the difference between the partial molal volume of gas i in the mixture and its 
molal volume at the same pressure and temperature as computed by equation 
165: 


Di = (9V\ _ (RT ft\ 
RT \dniJpTn \ p RT/ 


( 201 ) 


In general D» is much smaller than ft, and it depends on the temperature, com¬ 
position, and equation of state constants of all gases present in the mixture. We 
may write D* in the following forms: 

D % 1 


RT RT 


(2j Xj Dij 2^4 j x 3 D*j) 




J CBm - - 2 , *,•£??) 


(Ac 1 ? - S.XiAo 1 ?) 2 (cf - 2, 


l/2\2 




• 2 .x,cf) 2 ] 

r* J 


( 202 ) 


(203) 


where the summations extend over all gases present. 
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For a gas 1 in a binary mixture: 

Di = Duxt (204) 

and for a gas 1 in a ternary mixture: 

D\ = Du,x\ + Duxt + 0^12 + Diz — D2z)X%Xz (205) 

The thermodynamic properties of gas mixtures follow. 

E = ~\M + 3 ^\ “ ( -’ 2 ' ni ' )RT + & ni} $ (206) 

H " [ Bom ~ Tfr - + (207) 

S = — (2 t n t Bbxptd ~ (2,n,-)p + fatufi (208) 

Fyt = (2,n, 2£T In pr,) — ($ t n,)RT -j- (2;n, 4) — T(2, n, s“) (209) 

= (Z^Brinp*,) +[s„ m ~ ^ (Zi«<)p 

+ (2,71,-A.i) - T(2 f niS°) (210) 
W = i2rinpx,+ (A + ^,)p + A? - Ts? (211) 

RT In/, = igr In pc, + (^ + ^)p (212) 

C v = (2,•»,<:*•) + ^ (2,7 it)p (213) 

C, - (2,71,4*) + [gggr + (2,7ii)p (214) 

C P -C y = (2th)B + + |p] (2,-n,)p (215) 


For the Joule and Joule-Thompson coefficients we obtain the same relations as 
equations 190 and 192 with the constants of the pure gases replaced by those of 
the mixture and n replaced by S t -rii. 

F. Integrated approximate equilibrium relationships 

From the general equilibrium relations of Section XIII G (page 171) we find 
the following equations: 

1 . Mass action functions for homogeneous gaseous reactions: Equations 151 and 
153 become: 

= _ f + JL 

K* L RT ^ RT JRT 


( 216 ) 
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— —•s 2 ,j'{jBo» 


— _ ' S < y » c « \ P 


ST 


T 3 J RT 


+ {il2 iVi (Bl{ z - S,a:,5o 1 ( 8 )(Bo / , 3 - 

{ZivXAl^-ZixMi*)*] [2 iV ,(cf - 2,x t cJ /2 ) 2 ]\ p /01 ^ 

yi J RT {2U) 


in x:= i rr dri-j- r r f & *>.<&) &t 

it ljt 0 i j Jtci L J r 0 J 


- ^ (S< Vihl) + £ (2i V, sS.) (218) 


£[/>’■* dr ]¥"si 


(219) 


p/p Qo'XJ + ^ (S.J-.-sL) 

Jr 0 j I- l£i il 

All summations extend over all species in the mixture, the stoichiometric coeffi¬ 
cient v being zero for a gas that does not enter into the chemical reaction. 

Equations 217 and 219 express K P in terms of the temperature, pressure, com¬ 
position of the equilibrium mixture, the equation of state constants for all gases 
present, the heat capacities of the gases entering into the reaction, and the heat 
content and entropy constants of the gases entering into the reaction. The last 
two sums of equation 219 may be considered adjustable in the absence of heat 
content and entropy data on the gases. Although equation 217 was derived 
for moderate pressures, it applies through a compensation of errors to gaseous 
equilibria at high pressure. Gillespie and Beattie (75, 76, 77) found it possible 
to correlate the measurements of the ammonia synthesis equilibrium to 1000 
atm. including equilibrium mixtures containing argon and those containing no 
argon. They used linear combination for B e ,u and Cn. 

To compute the composition of the equilibrium mixture given the initial com¬ 
positions, the pressure, the temperature, and the necessary constants for the pure 
gases we first calculate K*. From K* (the ideal gas value of K v ) compute the 
composition of the equilibrium mixture. Use these values of the mole fractions 
in the right-hand side of equation 217 to calculate a provisional value of K p 
from which provisional values of the compositions can be obtained. Repeat 
until no change in the calculated compositions results. In general two approxi¬ 
mations are sufficient even at high pressures. 

2 . Equilibrium pressure of a gas in a mixture: Equation 156 gives: 


In Efi = il. ( 2 ~ P* \ + ^il 

pxt RT \ RT ) RTRT 


i m k = 1, 2, 


( 220 ) 


If we express D,- in terms of we find for a gas 1 in a ternary mixture: 
Pel _ Pi ( p ~ Pe 1 ^ 


In — = 


pxi RT \ RT 


+ ^12^2 + £>13 2:1 + (Di 2 + D u — ixj 


( 221 ) 
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For a binary mixture all terms in the bracket except the first disappear. The 
general equation 156 was derived (10) a number of years ago, and the approxi¬ 
mate equation 220 was obtained by Gillespie (69). 

To compute the equilibrium pressure of a gas given the total pressure and com¬ 
position of the mixture, place p t k on the right-hand side of the equation equal to 
its ideal gas value pxi for the first approximation. Then repeat the calculation 
with the provisional value of p e k resulting from the first approximation. 

To compute the composition of a mixture of n gases given the total pressure 
and n — 1 values of p e k> use the ideal gas values Xi = Pek/p for the compositions 
occurring on the right-hand side of the equation. Repeat if necessary. 

3. Effect of an inert gas on a univariant equilibrium: Let 

UP,T) = &<P,T)(1 - kiP) (222) 

where vti is the (extrapolated) value of i) cl at zero pressure and «i is the compres¬ 
sibility of this quantity. 

The Poynting equation (equation 160) gives: 



where p 0 i is the equilibrium pressure of the condensed complex under its own 
vapor pressure and p el is the equilibrium pressure under the pressure p. "When 
the pressure p is obtained by forcing an inert gas insoluble in the condensed 
complex into the system, we find from equation 161: 

«■ fl - (* - m) (&*) - m h -1 (W « 

In equation 225 x* is the mole fraction of the inert gas in the gas phase. If the 
inert gas is soluble in the condensed complex, equations 226 and 227 should be 
used. 

Equation 224 combines equation 220 for the equilibrium pressure of a gas in a 
mixture and equation 223 for the Poynting effect. It was derived by Gerry and 
Gillespie (60). 

Equation 225 is used to compute poi given p and Xi, or to compute X\ given p 
and poi in the manner described under equation 221. 

4. Equilibrium between gaseous mixtures and condensed solutions: Equation 163 
gives: 


In pX{ - 
PoiVi 

(*-»)(4F) 

Di p 

RTRT 

(: 
2 V 


(226) 

For component 1 of a binary system: 




In pXl -| 
PoiVi ' 

(-* A \(p - Poi\ 

^ cl rt)\ rt ) 

Dvtxl p 

RT RT 


V - p°i\ +ln 

S, RT T 

(227) 
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This equation was derived by Scatehard and Raymond (165). For the use of 
equation 227 see under equation 225. 

The relations given in the last three paragraphs have been applied to numerous 
equilibria. Lurie and Gillespie (134) used an equation similar to equation 224 
to correlate their measurements on the equilibrium BaCl 2 * 8 NH 3 (s), BaCl 2 (s), 
NH 3 (g) + N 2 (g) and applied it to the data of Pollitzer and Strebel (145) on the 
system C0 2 (1), C 0 2 (g) 4 - N 2 (g); they used combination of constants in the 
Keyes equation of state. Gerry and Gillespie (60) applied the relation to the 
correlation of the data on the vapor pressure of iodine determined by the gas 
stream method. Apparent discrepancies caused by the use of different inert 
gases were resolved. Scatehard and coworkers (164-170) and Benedict and 
coworkers (35) applied equation 227 to liquid-vapor equilibria at about 1 atm. 
pressure. Here the pressures were low and the parameters D& and ki could be 
placed equal to zero; the main effect was that introduced by yi. Goff and 
coworkers (81, 82) applied an equation similar to equation 225 to moist air; they 
used a combination of second virial coefficients. Stockmayer (175) applied 
equation 226 to the data of Saddington and Krase (150) and Bartlett (3) on the 
system H 2 0(1), H 2 0(g) + N 2 (g) and to unpublished data on the system H 2 0(1), 
H 2 0(g) + C0 2 (g); he used a special method for combining A and D (correspond¬ 
ing to A 0 and roughly to Rc/A 0 ) for the polar gases. 

The effects predicted by the ideal gas law may be obtained by placing the 
parameters ft and D equal to zero in equations 220, 223, 224, and 226. In gen¬ 
eral the mole fraction of a vapor in a gas mixture is greater than that computed 
by Dalton's law (sometimes as much as 100 times), but it may be less if the inert 
gas is above its Boyle temperature. 

G. The energy and entropy constants 

From equations 88 and 104 we find that the heat content constant ho is the 
molal heat content of a gas at To and a very low pressure p*; from equations 97 
and 111 , eo is the molal energy at To and p*; and from equations 89 and 105 
So — R In p* is the molal entropy at To and p*. The parameters h° , e°, and s° — R 
In p* are the corresponding molal quantities at T and p*. If we choose a stand¬ 
ard state of 1 atm. and To, we note that hi, el, and si are approximately equal to 
the molal heat content, energy, and entropy of the gas in the standard state 
(see equations 179, 180, and 181). 

The evaluation of hi and so (eo = hi — RTo) depends on wffiat changes in state 
of the gas mixture are to be studied, and may be made on the basis of the follow¬ 
ing considerations: 

1 . Chemical reactions may occur among the constituent gases: Arbitrary values, 
say zero, may be assigned to the molal heat content and entropy of all elemen¬ 
tary substances in the standard state po, To. The constants hi and si for such 
elements as are gases under these conditions can be computed from equations 
180 and 181, and for elements that are not gases and gases that are not elements 
can be calculated from these equations and other thermodynamic data. Thus 
from the usual relations we can compute the heat content and entropy of an 
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element in the condensed state at its vapor pressure and T 0 , add the heat con¬ 
tent and entropy of vaporization to give these quantities for the vapor at the 
vapor pressure and To, and apply equations 180 and 181 to determine hi and si. 
For a gaseous compound we can compute 2{V t hl t and 2^-Sot from equations 217 
and 21& from equilibrium measurements of a reaction in which the compound is 
formed from its elements or of some reaction involving the compound with other 
substances whose constants are known. This has been done for the ammonia 
synthesis reaction (75, 76). 

When interested only in the effect of pressure on chemical equilibrium at con¬ 
stant temperature, we can use equation 217 with K* considered to be an adjust¬ 
able parameter. 

2. No chemical reaction occurs: We can assign arbitrary values to the molal 
heat content and entropy of each individual substance or indeed to the mixture 
if the composition is constant. If the temperature is to vary the values are as¬ 
signed only at po,T 0 , but if the temperature is to be constant for all variations we 
can assign arbitrary values at p 0 and any temperature. 

XV. COMPARISON OF THE GENERAL LIMIT METHOD WITH THE LEWIS 

and Randall rule .and the Gibbs-Dalton law 

The Lewis and Randall rule requires additivity of volumes at constant total 
pressure and temperature (equation 40). The Gibbs-Dalton law requires the 
additivity of pressures at constant total volume and temperature (equation 6). 
The general limit method places no such severe restrictions on the equation of 
state for gas mixtures; it does require that the pV product for a gas mixture 
approach 'EjiJlT in a certain manner as the pressure approaches zero (equations 
117). 

The Lewis and Randall rule, the Gibbs-Dalton law, and the general limit 
method together with combination of constants in an equation of state each give 
a complete solution to the problem of computing the general thermodynamic 
properties of gas mixtures from data on the pure constituent gases alone. The 
latter gives the most accurate representation of the properties of gas mixtures; 
the Lewis and Randall rule and the Gibbs-Dalton law frequently give calculated 
values that bracket the measured value, one giving a high and the other a low 
value. 

The Lewis and Randall rule requires that the partial molal volume of a gas in 
a mixture equal the molal volume of the pure gas measured at the temperature 
and total pressure of the mixture. It gives in place of equation 200 the relation: 



that is, it requires that D t - = 0. If we delete all terms containing any mole 
fractions on the right-hand side of the equations of Section XIV F (page 183) we 
obtain the approximate equilibrium relationships given by the Lewis and Randall 
rule, the approximation being that of equation 165 for pure gases. Thus the 
rule predicts that K p , p e i/px^ etc. do not depend on the composition of the gas 
mixture but only on the properties of pure gases. 
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The requirement of the Gibbs-Dalton law is given in equation 9. From equa¬ 
tion 175 we find, on dropping terms after the second: 

(P) = (& + /?» +DO (»'-* = 1,2, •••) (229) 

\dni/YTn V V- 

To the same number of terms the Gibbs-Dalton law predicts: 



where V and T have the same values in equations 229 and 230, and n ck = n;, the 
number of moles of gas i in moles of the mixture. 

Equation 229 used in equation 157 gives for the equilibrium concentration 
Cek of a gas in a mixture: 

ln^= (/3,• + I3 m + Di) ^ - 2^^| (im k = 1, 2, • • •) (231) 

where C is the concentration of the mixture and Ci the concentration of g?s i 
in the mixture. The Gibbs-Dalton law requires that the right-hand side of 
equation 231 be zero. 
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VOLUMETRIC BEHAVIOR IN SEVERAL GASEOUS HYDROCARBON 

SOLUTIONS 1 
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The recent marked accumulation of information concerning the volumetric be¬ 
havior of hydrocarbons and their mixtures has made it interesting to compare the 
various methods of prediction of such behavior with the experimental data. 

A comparison has been made of volumetric data for the binary mixtures of 
methane with ethane, propane, and n-butane with predictions based on an equation 
of state for the mixtures. The comparison has been carried out at pressures up to 
204 atm. and at temperatures from 38° to 121 °C. The results indicate that for 
regions of low density some of the available methods are adequate for most techni¬ 
cal uses. However, at the higher densities corresponding to the higher pressures 
there still remains the need for additional refinement to permit the use of equations 
of state in many industrial requirements. 

Gaseous solutions are typified in nature by the atmosphere and by natural gas 
at relatively low pressures. The assumptions of the additivity of volume (18) 
and of the perfect gas laws can be used to approximate their behavior roughly. 
The additive volume concept, which is equivalent in part to the assumption of 
ideal solutions (17), appears to be applicable at reduced temperatures below 
about two only for low reduced pressures, but at high reduced temperatures for 
a fair range of reduced pressures. Efforts to correlate the volumetric and phase 
behavior of mixtures of paraffin hydrocarbons by graphical, tabular, or nomo¬ 
graphic means have been notable for their lack of success except for the volu¬ 
metric generalization proposed by Kay (16) that has come to be known as the 
“pseudo-critical correlation.” This generalization has proven to be most useful 
for many purposes but is not sufficiently precise to satisfy all requirements nor 
does it permit direct estimation of phase behavior. These limitations in the 
relatively simple methods of estimation of the volumetric behavior of gaseous 
mixtures from a knowledge of the behavior of the components have made neces¬ 
sary the experimental investigation of the behavior of such phases. The work on 
the volumetric behavior of hydrogen and nitrogen (3, 4, 26) and of air (2, 15) 
has been supplemented recently by studies of natural gases (20, 25) and of a 
number of binary mixtures of the paraffin hydrocarbons (10, 20, 21, 22, 24). 
Some of these data have been employed in the evaluation of the partial volu¬ 
metric behavior of these hydrocarbons in binary mixtures (23). Such informa¬ 
tion has been used for the prediction of the compressibility factor of natural 
gases. Most of the experimental data accumulated serve to indicate that 

1 Presented at the Symposium on Thermodynamics and the Molecular Structure of 
Solutions, which was held under the auspices of the Division of Physical and Inorganic 
Chemistry at the 114th Meeting of the American Chemical Society, Portland, Oregon, 
September 13 and 14, 1948. 
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gaseous solutions at elevated pressures deviate materially from the additive 
volume relationships, especially at low reduced temperatures. 

The Beattie-Bridgeman equation (6) has been proposed for application to 
gaseous mixtures. Values of each coefficient, as applicable to the mixture in 
the single-phase region, have been taken as derivable from the corresponding 
coefficients for the pure components. On this basis, which was originally pro¬ 
posed by Beattie (5), the several coefficients of the Beattie-Bridgeman equation 
may be established by application of the following types of expressions: 



where refers to the mole fraction of the 4 th component in the mixture. 

It has been found that this method of evaluating the coefficients of the Beattie- 
Bridgeman equation does not yield satisfactory results insofar as the prediction of 
the volumetric behavior of binaiy and more complex hydrocarbon mixtures in 
the gaseous region is concerned. However, some improvements in the evaluation 
of the coefficients have been suggested (9). Furthermore, the Beattie-Bridge¬ 
man equation is not suitable for use at high specific weights. For example, one 
of the originators has indicated a value of about 4 gram-moles per liter (8) as the 
limiting density at which the equation is applicable to n-butane. This figure in 
the case of methane is about 6 gram-moles per liter (7). 

In order to overcome the lack of applicability of the Beattie-Bridgeman equa¬ 
tion to mixtures in the gaseous region and to materials having high specific 
weight, Benedict proposed (11, 12) a more complex but nevertheless more ac¬ 
curate expression for the estimation of the volumetric behavior of hydrocarbon 
mixtures. The expression proposed by Benedict appears to be of sufficient ac¬ 
curacy to permit its use to predict the chemical potential of the components in 
each of the phases. From such knowledge, the composition of the coexisting 
phases as a function of temperature and pressure may be estimated. These 
methods appear feasible of extension to practical engineering use in the estima¬ 
tion of the volumetric and phase behavior of multicomponent hydrocarbon 
systems. 

The extension of such methods to the design of process equipment has been 
limited by the lack of specific information concerning appropriate values of the 
coefficients for the components of greater molecular weight than n-butane. 
Furthermore, the numerical effort associated with the establishment of the 
composition of the coexisting phases is significant. In the past, this effort 
prevented the widespread utilization of equations of state for the prediction of the 
composition of coexisting phases in heterogeneous, multicomponent systems. 
Recently, with the advent of more effective mechanical or electronic computing 
devices (see, for example, articles by Aiken (1) and Brainerd (13)), it appears 
more feasible to solve the requisite simultaneous equations by trial than in the 
past. Therefore it is believed that the extension of the knowledge of the co- 
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TABLE 1 


Ratio of volumes * in the methane-ethane system 
A. Temperature =* 37.8°C. (100 °F.) 


* COMPOSITION 

EXPERIMENTAL VOLUME 

RATIO OF VOLUMES* 

MOLE FRACTION METHANE 

Liter/gram-mole 

Cu. ft./lb. mole ’ 

Pressure == 27.22 atm. (400 lb./sq. in.) 

0.0 

wmmmm 

1 

0.9909 

0.1 

m 1 1 

■ 

0.9981 

0.2 

0.783 

12.55 

1.0015 

0.4 

0.821 

13.15 

1.0024 

0.6 

0.851 

13.63 

1.0034 

0.8 

0.875 

14.02 

1.0045 

• 1.0 

0.900 

14.41 

0.9998 

Pressure = 68.05 atm. (1000 lb./sq. in.) 

0.0 

0.0964 

1.544 

0.9954 

0.1 

0.1410 

2.259 

0.92f 

0.2 

0.1828 

2.928 

1.0058 

0.4 

0.2485 

3.98 

1.0064 

0.6 

0.2890 

4.63 

1.0045 

0.8 

0.317 

5.08 

1.0049 

1.0 

0.340 

5.45 

0.9984 

Pressure = 204.1 atm. (3000 lb./sq. in.) 

0.0 

0.0742 

1.189 

0.9978 

0.1 

0.0750 

1.202 

0.9940 


0.0760 

1.217 

0.9954 

0.4 

0.0788 

1.262 

1.0084 

0.6 

0.0841 

1.347 

1.0303 

0.8 

0.0932 

1.493 

1.0285 

1.0 


1.713 

1.0025 


B. Temperature =* 

121.1°C. (250°F.) 


COMPOSITION 

EXPERIMENTAL VOLUME 

RATIO OF VOLUMES* 

MOLE FRACTION METHANE 

Liter/gram-mole 

Cu. ft./lb. mole 

Pressure = 27.22 atm. (400 lb./sq. in.) 

0.0 

1.087 

17.41 

0.9979 

0.2 

1.106 

17.71 

1.0032 

0.4 

1.124 

18.00 

1.0037 

0.6 

1.142 

18.29 

1.0029 

0.8 

1.158 

18.55 

1,0013 

1.0 

1.173 

18.79 

0.9985 


* Ratio of volume calculated from Benedict equation to experimental volume, 
t Value omitted from figure. Curve dotted in the vicinity because exact shape not 
established. 
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TABLE 1 —Concluded 


B. Temperature = 121.1°C. (250F .°)—Concluded 


COMPOSITION 

EXPERIMENTAL VOLUME 

RATIO OF VOLUMES* 

MOLE FRACTION METHANE 

Liter/gram-mole 

Cu. ft./lb. mole 



Pressure = 68.05 atm. (1000 lb./sq. in.) 


0.0 

0.373 

5.97 

0.9912 

0.2 

0.395 

6.32 

1.0132 

0.4 

0 414 

6.63 

1.0091 

0.6 

0.431 

6.91 

1.0087 

0.8 

0.447 

7.16 

1.0065 

l.ft 

0.463 

7.41 

0.9966 


Pressure — 204.1 atm. (3C00 lb./sq. in.) 


0.0 

0.1089 

1.745 

0.9951 

0.2 

0.1174 

1.881 

l.oet 

0.4 

0.1261 

2.020 j 

1 0173 

0.6 

0.1352 

2.165 

1.0235 

0.8 

0.1446 

2.317 

1.0172 

1.0 

0.1546 

2.476 

i 

1.0008 


efficients for the Benedict equation to the paraffinic hydrocarbons of higher 
molecular weight will be worth while. With the completion of the study of the 
behavior of binary and ternary systems of olefinic and paraffinic hydrocarbons, 
it will be possible to develop a sufficient background of information to permit 
the prediction of the behavior of multicomponent hydrocarbon systems of low 
and intermediate molecular weight. Such calculations should be capable of 
accomplishment with the accuracy necessary for nearly any engineering applica¬ 
tion. 

It is the purpose of the present discussion to review the accuracy with which 
the volumetric behavior of several binary paraffin hydrocarbon systems may be 
predicted from the available constants for the Benedict equation of state (11, 
12). Since no constants for the Benedict equation for paraffin hydrocarbons of 
higher molecular weight than n-butane are available, it has been necessary to 
limit the systems which may be included in the comparison. In table 1 are 
presented the values of the ratio of molal volumes estimated from the Benedict 
equation with those obtained from experimental measurements (22) for the 
methane-ethane system. The experimentally determined molal volumes have 
been included in this tabulation. The range of pressures and temperatures 
includes the greater part of states covered by the experimental investigation. 
The volume ratios for this system are portrayed graphically in figures 1 and 2. 
In the figures, dotted lines indicate that the volume ratios have not been estab¬ 
lished in sufficient detail in the regions indicated to draw the correct curves. 
If the experimental points in these regions are not in the range of the graph, 
they are omitted. The agreement between the predicted and experimental 
values is, for the most part, better for the pure substances than for mixtures, 
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but is reasonably good at nearly all states. It is understood that the data for 
the methane-ethane system (22) were not employed in the derivation of the 



MOLE FRACTION METHANE 

Fig. 1 . Ratio of volumes for the methane-ethane system at 37.8°C. (100°F.) 



Fig. 2. Ratio of volumes for the methane-ethane system at 121.1 °C. (250°F.) 

constants for methane and ethane in the Benedict equation (11, 12). The 
standard deviation of the predicted values from the experimental measurements 




TABLE 2 

Ratio of volumes * in methane-propane system 
Temperature = 37.8°C. (100°F.) 


COMPOSITION 

EXPERIMENTAL VOLUME 

RATIO OP VOLUMES* 

MOLE FRACTION METHANE 

| Liter/gram-mole j 

Cu. ft./lb. mole 



Pressure — 27.22 atm. (400 lb./sq. in.) 


0.0 

0.0923 

1.479 

1.021 

0.0845f 




0.44191 




0.6 

0.783 

12.55 

1.025 

0.7 

0.823 

13.19 

1.0086 

0.8 

0.854 

13.68 

1.0057 

1.0 

0.900 

14.41 

0.9998 

Pressure = 68.05 atm. (1000 lb./sq. in.) 

0.0 

0.0900 

1.441 

1.0216 

0.2 

0.0889 

1.424 

1.0176 

0.3 

0.0926 

1.484 

0.9998 

0.3271f 




0.6635J 




0.7 

0.2653 

4.25 

0.9934 

0.8 

0.2947 

4.72 

1.0070 

1.0 

0.340 

5.45 

0.9984 

Pressure = 204.1 atm. (3000 lb./sq. in.) 

0.0 

0.0848 

1.358 

1.0280 

0.2 

0.0803 

1.287 

1.0310 

0.3 

0.0790 

1.266 

1.0283 

0.6 

0.0813 

1.302 

0.9978 

0.7 

0.0854 

1.368 

0.9905 

0.8 

0.0914 

1.464 

0.9898 

1.0 

0.1069 

1.713 

1.0025 


* Ratio of volume calculated from Benedict equation to experimental volume, 
t Bubble-point composition, 
t Dew-point composition. 
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TABLE 3 


Ratio of volumes* in the methane-n-butane system 
A. Temperature * 37.8°C. (100°F.) 


COMPOSITION- 

I EXPERIMENTAL VOLUME 





RATIO OP VOLUMES* 

MOLE TRACTION METHANE 

Liter/gram-mole 

Cu. ft./ib. mole 


Pressure » 27.22 atm. (400 Ib./sq. in.) 


0.0 

0.1033 

1.655 

1.0129 

0.1208f 




0.8221$ 




0.9 

0.860 

13.77 

1.0136 

0.1 

0.900 

14.41 

0.9998 


Pressure = 68.05 atm. (1000 lb./sq. in.) 


0.0 

0.1019 

1.632 

1.0157 

0.2 

0.0943 

1.511 

1.0216 

0.3 

0.0918 

1.471 

1.0192 

0.3172t 




0.8818$ 




0.9 

0.312 

4.99 

0.9974 

1.0 

0.340 

5.45 

0.9984 


Pressure = 204.1 atm. (3000 lb./sq. in.) 


0.0 

0.0984 

1.577 

1.0204 

0.2 

0.0895 

1.434 

1.032 

0.3 

0.0860 

1.378 

1.0288 

0.6 

0.0809 

1.296 

1.0054 

0.8 

0.0851 

1.364 

1.0085 

0.9 

0.0938 

1.503 

1.0131 

1.0 

0.1069 

1.713 

1.0025 


B. Temperature * 

121.1°C. (250°F.) 


COMPOSITION 

EXPERIMENTAL VOLUME 





RATIO OT VOLUMES* 

MOLE TRACTION METHANE 

Liter/gram-mole 

Cu. ft./ib. mole 

, 

Pressure = 27.22 atm. (400 lb./sq. in.) 

0.0 

0.1358 

2.175 

0.9952 

0.0216$ 




0.14171 




0.2 

0.779 

12.48 

1.09§ 

0.4 

0.938 

15.02 

1.0534 

0.6 

1.039 

16.65 

1.0350 

0.8 

1.111 

17.80 

1.0215 

1.0 

1.173 

18.79 

0.9985 


* Eatio of volume calculated from Benedict equation to experimental volume, 
f Bubble-point composition, 
t Dew-point composition. 

§ Value omitted from figure. 
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TABLE 3 —Concluded 


B. Temperature = 121.1°C. (250°F .)—Concluded 


COMPOSITION 

EXPERIMENTAL VOLUME 





RATIO OP VOLUMES* 

MOLE TRACTION METHANE 

Liter/gram-mole 

Cu. ft./lb. mole 


Pressure = 68.05 atm. (1000 lb./sq. in.) 


0.0 

0.1262 

2.021 

1.0033 

0.2 

0.1405 

2.250 

0.9780 

0.2192f 




0.4326* 




0.6 

0.358 

5.74 

1.0192 

0.8 

0.416 

6.66 

1.0220 

1.0 

0.463 

7.41 

0.9966 

Pressure = 204.1 atm. (3000 lb./sq. in.) 

0.0 

0.1140 

1.826 

1.0138 

0.2 

0.1075 

1.722 

1.0203 

0.4 

0.1057 

1.693 

1.0228 

0.6 

0.1144 

1.832 

1.0220 

0.8 

0.1333 

2.135 

1.0182 

1.0 

0.1546 

2.476 

1.0008 
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MOLE FRACTION METHANE 

Pig. 4. Ratio of volumes for the methane-n-butane system at 37.8°C. (100°F.) 


for the methane-ethane system is about 0.2 per cent for the curve at 27.22 atm. 
(400 lb./sq. in.) and 121.1°C. (250°F.) and about 2 per cent for the curve at 204.1 
atm. (3000 lb./sq. in) and 37.8°C. (100°F.). 

A comparison of the ratio of estimated to experimental molal volumes for the 
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TABLE 4 

Ratio of volumes * in the methane-ethane system for ideal solutions 
A. Temperature - 37.8°C. (100°F.) 


COMPOSITION 

EXPERIMENTAL VOLUME 

RATIO OF VOLUMES* 

MOLE FRACTION METHANE 

Liter/gram-mole 

Cu. ft. /lb. mole 

Pressure = 27.22 atm. (400 lb./sq. in.) 

0.0 

0.743 

11.90 

1.0000 


0.783 

12.55 

0.9882 

0.4 

0.821 

13.15 

0.9810 

0,6 

0.851 

13.63 

0.9836 

0.8 

0.875 

14.02 

0.9922 

1.0 

0.900 

14.41 

1.0000 

Pressure = 68.05 atm. (1000 lb./sq. in.) 

0.0 

0.0964 

1.544 

1.0000 

0.2 

0.1828 

2.928 

0.7941 

0.4 

0.2485 

3.98 

0.7800 

0.6 

0.2890 

4.63 

0.8397 

0.8 

0.317 

5.08 

0.9198 

1.0 

0.340 

5.45 

1.0000 

Pressure « 204.1 atm. (3000 lb./sq. in..) 

0.0 

1 

1.189 

1.0000 

0.2 


1.217 

1.0635 

0.4 

0.0788 

1.262 

1.1084 

0.6 

0.0841 

1.347 

1.1161 

0.8 


1.493 

1.0773 

1.0 

— 

1.713 

1.0000 


B. Temperature = 

121 .l'C. (250°F.) 


COMPOSITION 

experimental volume 

RATIO OF VOLUMES* 

MOLE FRACTION METHANE 

Liter/gram-mole 

Cu. ft./lb. mole 

Pressure » 27.22 atm. (400 lb./sq. in.) 

0.0 

1.087 

17.41 

1.0000 

0.2 


17.71 

0.9990 

0.4 

1.124 

18.00 

0.9977 

0.6 

1.142 

18.29 

0.9975 

0.8 

1.158 

18.55 

0.9977 

1.0 

1.173 

18.79 

1.0000 


* Ratio of volume calculated on the assumption of an ideal solution to experimental 
volume. 
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TABLE 4 —Concluded 

B. Temperature = 121.1°C. (250°F .)—Concluded 


COMPOSITION 

experimental volume 

ratio of volumes* 

HOLE FRACTION METHANE 

Liter/gram mole 

Cu. ft./lb. mole 



Pressure = 68.05 atm. (1000 lb./sq. in.) 



0.373 

5.97 

1.0000 

0.2 

0.395 

6.32 

0.9908 

0.4 

0.414 

6.63 

0.9878 

0.6 

0.431 

6.91 

0.9881 

0.8 

0.447 

7.16 

0.9946 

1.0 

0.463 

7.41 

1.0000 



OX) 0.2 0.4 0.6 0 6 I.Q 


MOLE FRACTION METHANE 

Fig. 5. Ratio of volumes for the methane-n-butane system at 121.1°C. (250°F.) 

methane-propane system is given in table 2 and figure 3. Similar data for the 
methane-n-butane system are given in table 3 and figures 4 and 5. Fairly satis 
factory agreement between the estimated and experimental values was obtained 
even though in some instances the system was in the liquid phase. In the figures 
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MOLE FRACTION METHANE 

Fig. 6. Ratio of volumes for ideal solution in the methane-ethane system at 37.8°C. (100°F.) 



Fig. 7. Ratio of volumes for ideal solution in the methane-ethane system at 121.1°C. 
(250°F.) 

the end of a curve within the boundaries of the graph indicates the presence of a 
bubble- or a dew-point. As a matter of interest the corresponding experimentally 
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determined molal volumes have been included in the tables along with the 
bubble-point and dew-point compositions when heterogeneous equilibrium was 
involved. It is surprising that larger deviations between the predicted and 
experimental data do not exist at the higher pressures. The assumptions (14) 
often made in regard to the contribution of the components of a gaseous mixture 
to the behavior of the system are not applicable at the higher pressures. 

A prediction of the volume of one system is made on assumptions of ideal 
solution because of the use of the method in the process industries. The data for 
mixtures of methane and ethane are presented in table 4 and in figures 6 and 7. 
Satisfactory agreement is obtained at lower pressures. 
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The intermolecular forces are determined for collisions between both like and 
unlike molecules from experimental measurements of certain transport properties. 
From these forces other transport properties and the second virial coefficients for 
pure gases and gaseous mixtures may be calculated as a function of temperature. 
In most cases the agreement with experiment is excellent. Only thermal con¬ 
ductivity remains anomalous, and this is due to the transfer of energy from the 
translational to the internal degrees of freedom. A large number of numerical 
examples are given for viscosity, self-diffusion, ordinary diffusion, and thermal 
diffusion for pure substances and mixtures. The extrapolations of our equations to 
very high temperatures are often more reliable than the direct experimental meas¬ 
urements. The relations are given for multicomponent as well as binary mixtures. 
Formulae are given for all of the transport properties in terms of the integrals 
presented in a previous paper (7). This treatment assumes that the energy of inter¬ 
action of two colliding molecules is the sum of an energy of repulsion varying in¬ 
versely as the twelfth power of the separation and an energy of attraction varying 
as the inverse sixth power. The viscosities for seven-component industrial flue and 
fuel gas mixtures up to 1300°K. are readily calculated and shown to agree with 
available experimental data. 


I. INTRODUCTION 

The transport coefficients of simple non-polar gases are dependent upon the 
forces between the molecules involved. In a previous paper (7) we evaluated 
all of the collision integrals required in the calculations for the transport coeffi¬ 
cients. These integrals were tabulated for eighty-four temperature levels, 
embracing a very wide range. 

The potential energy function for the molecular interaction which was em¬ 
ployed is that of the form 

E(r) = 4e [- (r 0 /r) 6 + (r 0 /r) 12 ] (1) 

in which r is the molecular separation, e is the maximum energy of attraction, 
and r 0 is the collision diameter for low-energy head-on collisions. When the 
force constants are known, it is possible to predict any of the transport proper¬ 
ties by the use of the collision integrals; conversely, the transport coefficients 
provide a very effective means for the determination of the force constants e 
and r 0 . 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solu¬ 
tions, which was held under the auspices of the Division of Physical and Inorganic Chem¬ 
istry at the 114th Meeting of the American Chemical Society, Portland, Oregon, September 
13 and 14,1948. 

2 This work was carried out under Contract NOrd 9938 with the Bureau of Ordnance of 
the United States Navy. 
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H. DETERMINATION OF THE INTERMOLECULAR FORCE CONSTANTS 

At the present time there is a decided dearth of accurate experimental data 
both for the transport properties and also for the determination of the second 
virial coefficients of simple gases and their mixtures. On this account, the values 
of e and r 0 are by no means uniquely specified and must be altered as more pre¬ 
cise experimental data become available. Not until more and better measure¬ 
ments have been obtained will it be reasonable to examine and interpret devia¬ 
tions of the actual energy of interaction from the form shown in equation 1. 


TABLE 1A 

Force constants between like molecules 


FORCE CONSTANTS DETERMINED FROM VISCOSITY DATA 

REFERENCE FOR 
VISCOSITY 
DATA 

FORCE CONSTANTS DETER¬ 
MINED FROM SECOND 
VIRIAL COEFFICIENT 

REFERENCE FOR 
SECOND VIRIAL 
COEFFICIENT 

Gas 


f 0 

ifk 

fo 

Air. 

°x. 

97.0 

1. 

3.617 

(a) 

°K. 

99.2 

1. 

3.522 

(e) 

h 2 . 

33.3 

2.968 

(a) 

37.02 

2.92 

(d, e) 

Ns. 

91.46 

3.681 

(a) 

95.9 

3.72 

(f) 

co 2 . 

190 

3.996 

(a) 

185 

4.57 

(g) 

n 2 o. 

220 

3.879 

(a) 

189 

4.59 

(g) 

NO. 

119 

3.470 

(a) 

131 

3.17 

(g) 

CH 4 . 

136.5 

3.882 

(a) 

142.7 

3.81 

(g) 

Os. 

113.2 

3.433 

(a) 

117.5 

3.58 

(f) 

CO. 

110.3 

3.590 

(a) 

95.33 

3.65 

(e) 

A. 

124.0 

3.418 

(b) 

119.5 

3.41 

(b) 

Ne. 

35.7 

2.80 

(b) 

35.7 

2.74 

(h) 

He. 

6.03 

2.70 j 

(b) 

6.03 

2.63 

(h) 


<a) H. L. Johnston and K. E. McCloskey: J. Phys. Chem. 44,1038 (1939). 

(b) H. L. Johnston and E. R. Grilly: J. Phys. Chem. 46,948 (1942). 

<c) L. Holborn and H. Schultze: Ann. Physik 47, 1089 (1915). 

<d) J. DeBoer and A. Michels: Physica 5, 945 (1938); 6, 97 (1939). 

<e) J. Corner: Proc. Roy. Soc. (London) 58, 737 (1946). 

(f> J. 0. Hirschfelder and W. E. Roseveare: J. Phys. Chem. 43,15 (1939). 

J. O. Hirschfelder, F. T. McClure, C. F. Curtiss, and D. W. Osborne: NDRC Report 
A116. 

(i ° R. A. Buckingham: Proc. Roy. Soc. (London) A168, 264 (1938). 

We have already discussed (7) the calculation of force constants between pairs 
of similar molecules from viscosity data for pure gases. In table 1 are tabulated 
values of e/k and n so obtained. There are also shown some force constants 
which are estimated from critical and boiling-point data. These values were 
obtained using the followdng approximate relations (which follow from the 
Lennard-Jones and Devonshire theory of gases and liquids (11; also 2)): 


e/k = 0.75T C 

(2) 

e/k = 1.39T& 

(3) 

r, = (8.33 X 10 7 )(F«) 1/3 

(4) 
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TABLE IB 


Force constants between like molecules 


GAS 

f0 FROM 
VISCOSITY 
DATA 

e/k FROM 
VISCOSITY 
DATA 

ejk FROM 
BOILING 
POINT 

e/k FROM 
CRITICAL 
TEMPERATURE 

ro FROM 
CRITICAL 
VOLUME 

REFERENCE 
FOR VISCOS¬ 
ITY DATA 


1 . 

°K. 

°K. 

° 2 T. 

I. 


Xe. 

4.051 

230 

228 

192 

4.04 

(i) 

C 2 N 2 . 

4.38 

339 

352 

301 


(i) 

AsH 3 . 

4.06 

281 

303 



(i) 

CH 2 C1 2 . 

4.759 

406 

435 



(j) 

Kr. 

3.61 

190 

169 

158 

3.96 

(i) 

Cl 2 . 

4.115 

357 

332 

313 

4.15 

0 ) 

Br 2 . 

3.859 

400 

461 

431 


(k) 

COS. 

4.13 

335 

310 

284 


(i) 

Is . 

4.982 

550 

637 

620 


(i) 

CCL. 

5.881 

327 

487 

417 

5.42 

(i) 

Hgli. 

5.625 

698 

872 



0 ) 

SnBr 4 . 

6.666 

465 

660 



0 ) 

CS*. 

4.438 

488 

445 

410 


(P) 

HgBrj. 

5.414 

530 

827 



0 ) 

CH 3 C1. 

3.375 

855 

346 

312 

4.29 

(j) 

CHCls. 

5.430 

327 

581 

402 

5.11 

(i) 

HC1. 

3.305 

360 

261 

243 

3.69 

(m) 

SO*. 

4.290 

252 

366 

323 

4.15 

(n) 

SnCL. 

4.540 

1550 

538 

444 

5.88 

(j) 

CEfeCH. 

4.221 

185 

263 

232 

4.02 

G) 

CH 2 =CH 2 . 

4.232 

205 

235 

212 

4.19 

(i) 

CJH,. 

4.418 

230 

257 

229 

4.36 

(i) 

CjH». 

5.061 

254 

321 

278 


(i) 

7 I-C 4 H 10 . 

4.997 

410 

379 

320 


a) 

Z-C 4 H 1 O . 

5.341 

313 

366 

305 


(1) 

n-CsHtt . 

5.769 

345 

431 

353 

5.64 

(P) 

n-CcHu . 

5.909 

413 

475 

381 

5.97 

(P) 

n-CsHis . 

7.451 

320 

555 

427 

6.56 

(i) 

?t-CflH 2 o . 

8.448 

240 

589 



(i) 

Cyclohexane . 

6.093 

324 

491 

416 

5.65 

(P) 

C 6 H 6 . 

5.270 

440 

491 

442 

5.30 

(i) 

CH 3 OH . 

3.585 

507 

470 

385 

4.08 1 

(P) 

C 2 H 6 OH . 

4.455 

391 

489 

387 

4.59 

(P) 


(i) Landolt-Bornstein: Physikalisch-Chemische Tabellen. 

0) H. Braune and R. Linke: Z. physik. Chem. A148, 195 (1930). 

(k > A. 0. Rankine: Proc. Roy. Soc. (London) 88, 582 (1913). 

T. Titani: Bull. Chem. Soc. Japan 5, 98 (1930). 

< m) M. Trautz and A. Narath: Ann. Physik 79, 637 (1926). 

(n) M. Trautz and R. Zink: Ann. Physik 7,427 (1930). 

( p> T. Titani: Bull. Chem. Soc. Japan 8, 255 (1933). 

in which k is Boltzmann’s constant, r 0 is the low-velocity collision diameter ex¬ 
pressed in Angstroms, T c is the critical temperature, V 0 is the critical volume 
in cubic centimeters, and T& is the boiling point. By means of these approx¬ 
imate relations it is possible to estimate the transport properties as well as the 
second virial coefficients without any direct experimental data. 
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The values given in table 1, which are calculated from the viscosity data, 
should be quite good for those spherical non-polar gases whose interaction can 
be represented fairly well by the above-mentioned potential function. There 
are included in the table, however, a number of gases which certainly do not 
meet these qualifications. While we realize that the calculation of these values is 
not strictly justified on the bases of the polarity and/or the non-spherical shape 
of many of the molecules listed, we have set forth these force constants in the 
hope that they may be of some use in the estimation of the various transport 
properties until the theory can be extended to include these special cases. Also, 
these figures give some qualitative ideas as to the size of the molecules and the 
strength of the interaction forces. 

The force constants determined from viscosity seem unreasonable for carbon 
tetrachloride, stannic bromide, stannic chloride, methyl chloride, carbon disul¬ 
fide, mercuric iodide, and mercuric bromide. In the case of the tetrahalides, 
this is somewhat surprising because of their symmetric nature. The carbon 
disulfide discrepancy can be due to its cigar shape. The mercury halides are 
quite polar. 

For example, the e/k value for stannic chloride which was calculated from vis¬ 
cosity data is far greater than that estimated from the formulae in equations 2 
and 3. This discrepancy might suggest that stannic chloride molecules are 
associated in the vapor phase or are polar. Joel Hildebrand suggests that the 
chlorine atoms might stand out from the central tin atom like the quills of a 
porcupine. As a result, there is a large interchange of energy between transla¬ 
tion and rotation during collisions. Chapman and Cowling show that the vis¬ 
cosity for such “perfectly rough” spheres may be anomalously large by as much 
as 14 per cent. 

It is not surprising that the force constants for the hydrocarbons do not 
behave properly. In order to fit their second virial coefficients, it is necessary 
to use a foim for the intermolecular energy involving three adjustable constants 
rather than two (9). We are trying to evaluate the collision integrals for this 
three-constant model and hope that it will prove suitable for the hydrocarbons. 

There are some substances for which our force constants could not be ob¬ 
tained from the experimental viscosity data. They are listed in table 3, together 
with their Sutherland’s constants and the temperature index of their viscosity. 
For these substances there is no possible choice of e/k and r 0 which would lead 
to the observed temperature dependence. Their Sutherland’s constants divided 
by the temperature or their temperature exponent, s, are generally larger than 
any values which can be interpreted in terms of our equations. This may be 
seen by comparing the values in table 3 with those in table 5. Obviously, our 
simple model of the intermolecular potential (designed for spherical non-polar 
molecules) does not apply in these cases. These molecules fall into the following 
classes: 

A. Polar molecules: H 2 0, NH S , HBr, HCN, HI, HgCl* 

The energy of interaction of polar molecules is quite different from that of 
non-polar molecules. Stockmayer (14) has considered the interaction of two 
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polar spherical molecules. He finds that, in addition to the interaction energy 
which we have assumed (equation 1), there is a term proportional to the product 
of the dipole moments, inversely proportional to the cube of the separation, and 
dependent on the orientation of the molecules. With this Stockmayer potential 

TABLE 2 


Force constants between unlike molecules 


GAS PAIR 

EXPERI¬ 
MENTAL Du 
MEASURE¬ 
MENT 

TEMPERA¬ 
TURE FOR 

Dit 

ARITHMETIC 
MEAN nt 
FROM VIS¬ 
COSITY 

GEOMETRIC 
MEAN eu/k 
FROM VIS¬ 
COSITY 

cn/k FROM 
Du 

tu/k FROM 
BINARY VIS¬ 
COSITIES 

REFERENCE 
FOR Du 
DATA 


cm , 2 sec. 

°K. 

A. 

°K . 

°K. 

°K. 


He-A. 

0.641 

273.2 

3.059 

27.3 

24.5 

30.1 

(a) 

h 2 -o 2 . . 

0.697 

273.2 

3.201 

61.4 

58.2 

59.8 

(a) 

h 2 -n 2 . 

0.674 

273.2 

3.325 

55.2 

47.8 

60.4 

(a) 


0.743 

288.2 



46,1 


(b) 


0.76 

293.2 



47.7 


(c) 

Hjr-CKU. 

0.625 

273.2 

3.395 

67.4 

63.8 

53.6 

(a) 

Or-N 2 . 

0.181 

273.2 

3.557 ! 

102 

90,7 

98.5 

(a) 


,0.22 

293.2 



67.7 


(C) 

OHX>. 

0.185 

273.2 

3.512 

112 

91,9 

116 

(a) 

CO-N,. 

0.192 

273.2 

3.636 

100 

68.2 

104 

(a) 

C(VN *0 . 

0.096 

273.2 

3.938 

204 

183 

190 

(a) 

Ha-CO. 

0.651 

273.2 

3.279 

60.6 

65.0 


(a) 

H2-CO2. 

0.550 

273.2 

3.482 

79.5 

76.0 


(a) 


0.619 

288.2 



63.8 


(b) 


0.60 

293.2 



88.4 


(c) 

H2-N2O. 

0.535 

273.2 

3.424 

85.6 

96.2 


(a) 

O2-CO2. 

0.139 

273.2 

3.715 

147 

115 


(a) 


0.16 

293.2 



110 


(c) 

co-co 2 . 

i 0.137 

273.2 

3.793 

145 

120 


(a) 

COr-N 2 . 

0.144 

273.2 

3.839 

132 

93.3 


(a) 


0.158 

288.2 



93.9 


(b) 


0.16 

293.2 



100 


(c) 

COj-CH.. 

0.153 

273.2 

3.909 

161 

126 


(a) 

Ha-A... 

0.77 

293.2 

3.193 

64.3 

64.1 


( 0 ) 

a-n 2 . 

0.20 

293.2 

3.550 

107 

83.8 


(c) 

a-o 2 . 

0.20 

293.2 

3.426 

119 

95.2 


(c) 

A~COi. 

0.14 

293,2 

3.707 

154 

142 


( 0 ) 

He-Ne. 



2.75 

14.7 


12.7 


Ne-A. 



3.11 

66.5 


68.9 



^ S. Chapman and T. G. Cowling: Mathematical Theory of Non-Uniform Gases , Cam¬ 
bridge University Press, Teddington (1939). 

0,5 B. E. Boardman andN.E, Wild: Proc Boy. Soc. (London) A162,511 (1937). 

<c) L. Waldman: Naturwissenschaften 32, 223 (1944). 

it is possible to fit the second virial coefficients for simple polar molecules with 
high precision. In order to predict the transport properties for polar molecules, 
the collision integrals should be evaluated for this same potential. The work 
involved is stupendous, but sooner or later it will have to be done. 

The energy of interaction between polar and non-polar molecules is of the M.rm» 
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form as the energy of interaction between two non-polar molecules. It is a 
surprising fact that the effect of the permanent dipole moment of the polar mole¬ 
cule is negligible in attracting the non-polar molecule (12). However, on this 

TABLE 3 


Viscosity of anomalous gases 
7 ? X 10 7 - c' T* 

77 X 10* = ksTM/ll + C 8/T )] 


GAS 

TEMPER¬ 

ATURE 

RANGE 

C r 

| 

s 

ks 

s 

(S/T) SUTHER¬ 
LAND CONSTANT 
DIVIDED BY 
TEMPERATURE 
IN MIDDLE 

OF RANGE 

; 

REFERENCE 
FOR VISCOS¬ 
ITY DATA 


°K. 





* 


h 2 o. 

300-400 

2.039 

1.079 

140.2 

459.4 

1.313 

(a) 


500-600 

1.227 

1.164 

235.8 

1051 

1.911 



600-700 

1.598 

1.123 

244.4 

1108 

1.705 


NH*. 

300-400 

1.203 

1.181 

202.7 

740.7 

2.116 

(a) 


500-600 

2.576 

1.053 

189.4 

684.3 

1.244 



600-700 

5.207 

0.9427 

164.7 

518.7 

0.7980 


HI. 

300-400 

6.889 

0.9837 

221.9 

312.9 

0.8940 

(b) 


400-500 

10.42 

0.9152 

229.4 

334.4 

0.7431 


HBr. 

300-400 

5 004 

1.040 

245.3 

376.2 

1.075 

(a) 

HCN. 

300-400 

0.7443 

1.215 

166.3 

836.2 

2.389 

(a) 


500-600 

1.131 

1.144 

185.4 

999.1 

1.817 


HgClj. 

500-600 

1.521 

1.180 

351.6 

1191 

2.165 

(a) 


600-700 

4.841 

1.000 

248.1 

656.5 

1.010 



750-850 

3.406 

1.057 

314.1 

982.8 

1.229 


Zn. 

850-920 

1.384 

1.237 

757.1 

2374 

2.682 

(b) 


920-950 

18.68 

0.8554 

338.9 

557.0 

0.5957 


Cd. 

750-850 

5.390 

1.048 

475.5 

1011 

1.264 

(b) 


850-900 

9.836 

0.9592 

406.0 

734.2 

0.8391 


Hg. 

500-600 

7.488 

1.039 

486.1 

640.1 

1.164 

(b) 


700-800 

8.793 

1.018 

552.0 

776.4 

1.035 



800-900 

8.827 

1.018 

595.7 

892.6 

1.050 


n-OrHie . 

350-450 

2.163 

0.9789 

72.73 

363.2 

0.9080 

(b) 


450-550 

0.6715 

1.172 

133.1 

1022 

2.044 


F,. 

50-150 

3.237 

1.170 

244.7 

246.9 

2.469 

(c) 


200-300 

13.52 

0.8793 

170.7 

139.3 

0.5572 



(a) H. Braune and R. Linke: Z. physik. Chem. A148, 195 (1930). 
to) Landolt-Bornstein: Physihalisch-Chemiscke Tabellen. 

Co> E. Kanda: Bull. Chem. Sac. Japan 12,463 (1937). 


account we can treat such collisions as though they were between two non-polar 
molecules. Thus, in a forthcoming paper we shall consider the properties of 
gaseous mixtures in which one component is polar. 
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B. Metal vapors and valence-unsaturated molecules: Hg, Cd, and Zn 

Valence-unsaturated molecules behave in a rather anomalous fashion. Some¬ 
times their collisions follow one potential energy curve and sometimes another. 
At large separations, their van der Waals energy of attraction is perfectly no rmal . 
However, at shorter distances the energy of interaction depends very largely on 
the particular electronic state, which corresponds to the collision complex. 
According to quantum mechanics, there are well defined a priori probabilities 
that a collision will result in a particular electronic state. 

The collision between two hydrogen atoms should serve to clarify this compli¬ 
cated situation. At large separations, the van der Waals energy of attraction is 
perfectly normal. However, at shorter distances the energy of interaction de¬ 
pends upon the spin orientations of the atoms (and the electronic state is deter¬ 
mined by the spin orientations). In an arbitrary collision between two hydrogen 
atoms there is a chance of one in four that the collision will correspond to a singlet 
electronic state and a chance of three in four that the system will be in a triplet 
electronic state. The singlet corresponds to the normal H 2 molecule and has the 
force constants: e/k = 51,000°K. and r a — 0.5 A. The triplet state corresponds 
to the lowest excited state of the hydrogen molecule—a state in which the mole¬ 
cules repel each other except at the largest separations. The triplet state has the 
force constants: 3 e/k = 3.8°K. and r 0 = 3.5 k. Thus, in collisions between hy¬ 
drogen atoms it is expected that one in four collisions will follow the potential 
curve corresponding to e/k = 51,000°K. and r 0 = 0.5 A., while the other 
three out of four collisions will follow the potential curve corresponding to 
e/k = 3.8°K. and r„ = 3.5 A. 

The metallic vapors mercury, cadmium, and zinc are not valence saturated, 
and it is to be expected that their collisions should be anomalous in the same 
sense as those of the hydrogen atoms. These metal vapor atoms are initially 
in the *$0 state, but their valence electrons are easily promoted during the course 
of collisions. 

Hildebrand, Wakeham, and Boyd (6) have determined the interaction poten¬ 
tial between mercury atoms from a study of the experimental Menke distribution 
function for liquid mercury. They found that the mercury atoms are so “squishy ” 
that it is necessary to use the inverse ninth rather than the inverse twelfth power 
to describe their energy of repulsion. This use of the smaller power might cor¬ 
respond to our view that collisions between mercury atoms are a statistical mix¬ 
ture of two sorts—those with large e/k and small ro (corresponding to the ground 
state of Hg 2 ) and those with small e/k and large ro (corresponding to an excited 
state of Hg 2 ). If we try to fit Hildebrand, Wakeham, and Boyd's potential 
with an inverse twelfth power, we obtain the force constants e/k = 1522 and ro = 
2.5 A.. If we insert these force constants into equation 6 we calculate values 
for the viscosity of mercury as shown in table 4. There is a considerable dis¬ 
crepancy between the calculated and the observed values of the viscosity. It 

* Rough quantum-mechanical calculations by J. 0. Hirsehfelder (unpublished). 
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will be interesting to find out whether this discrepancy is due to the two types of 
collisions or just to the natural “squishiness” of these particular atoms. 

C. Cigar-shaped molecules: n-heptane 

The transport properties are not very sensitive to the shape of the molecules. 
However, if the ratio of the length to the diameter becomes too great, all of the 
physical properties are affected. Thus, the temperature dependence of the vis¬ 
cosity of n-heptane is greater than would be expected for spherical molecules. 

D. Fluorine 

We cannot guess why the temperature dependence of the viscosity of fluorine 
should be anomalous. Perhaps the experimental data should be checked. If 
it is substantiated, we would have to conclude that the forces between two 
fluorine molecules are of a different nature from those for any of the other halo¬ 
gens. This should have a bearing on fluorine chemistry. 


TABLE 4 

Viscosity of mercury 


r 

7 ] X 107 (CALCULATED) 

rj X 10 7 (EXPERIMENTAL)* 

C K. 



491 

4945 

4709 

603 

! 5943 

5831 

769 

7466 

• 7610 

* 883 

8551 

8802 


* Landolt-Borastein: Physikalisch-Chemische Tabellen. 


The force constants between pairs of dissimilar molecules could very easily be 
calculated from the coefficient of diffusion as a function of temperature, if these 
data were available. The expression for the coefficient of diffusion is inde¬ 
pendent of the force constants for the individual components; hence this par¬ 
ticular transport property is exceedingly well-adapted to the calculation of the 
tn and r n for pairs of unlike molecules. The International Critical Tables give 
values of the diffusion constant for a number of pairs of gases at a single tem¬ 
perature. Using these figures and making the fairly reasonable assumption 
that the collision diameter, rn, is given by: 

r-n = in + r 2 )/ 2 (5) 

(here n and r 2 are the individual collision diameters), we have calculated the 
values of eu/k for these molecule pairs. These results are displayed in table 2. 
It will be noticed that in many cases the values of eu/k can be fairly well ap¬ 
proximated by the geometric mean of the a/k and « 2 /fc for the components in¬ 
volved. The values of en/k determined from diffusion coefficients lead to values 
of the viscosity of mixtures which agree well with experimental data. 

In table 2 we have omitted the consideration of D n for D 2 diffusing through 
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H 2 . The recent value of D 12 given by Waldman (20) agrees perfectly with our 
expectation on the basis of the force constants already obtained from the viscos¬ 
ity of H 2 . An older experimental value of Du quoted by Chapman and Cowling 
was considerably in error. 


HI. THE COEFFICIENT OF VISCOSITY 

In this and the following sections, the formulae for the various transport prop¬ 
erties will be set forth and their application will be discussed. The formulae 
for the transport coefficients are essentially those of Chapman and Cowling (1) 
and are written here for convenience in terms of the transport integrals which 
are tabulated in table 1 of our preceding publication (7). 

The coefficient of viscosity for a single gas is given by the relation: 

H X 10 7 = 266.93(Af7 , ) 1 VV/[Ft 2 >(2)] (6) 

where M is the molecular weight, T is the temperature in degrees K., r 0 is the 
low-energy collision diameter expressed in Angstroms, and V and W m (2) are 
slowly varying functions of JcT/e previously tabulated. We have already shown 
how this equation may be used to predict values of the viscosity. And to obtain 
the inteimolecular force constants equation 6 is simply written for values of 
viscosities at two temperatures, the resulting two equations then being solved 
simultaneously for r 0 and e. 

The temperature dependence of viscosity is often expressed in terms of a 
Sutherland constant, S: 

v - ksT 1,2 /[ 1 + (S/T)] (7) 


Both ks and S are supposed to be constants characteristic of the gas. Unfor¬ 
tunately, our relations show that this cannot be true over any large temperature 
range. If we require that at a particular temperature i? and di?/d T as deter¬ 
mined from equation 7 agree with that determined from equation 6, it follows 
that S/T is the following function of e/kT: 


S/T - 

in which: 

</>! = W l2) (3)/W m (2) 


(4 — 4>i — <j>2 + 4>z )/(3 — 4>i — <fa + to) 


= 2 • 


V - 11 f28W (S) (2) - 17W e, (3) + 2W m (i)' 


-JL 


7F«>(2) - 2F®(3) 


-•pv] 


1tF b (2) + F , (4)][4F(2) 


+ W 


( 2 ) 


<2) (2) - F <25 (3)1 
(2)[6F (2) (4) - F <2) (5)] 

- 2F (2) (3)[5F (2) (3) - W &) 


(4)1 


7F< 2) (2) - 2F (2) (3) 


( 8 ) 

(9) 

(10 


( 11 ) 


A plot of S/T as a function of kT/e is shown in figure 1 and values are given in 
table 5. This result is useful, since e/k can be determined immediately from 
tabulated values of S. The double values of e/kT for a given value of S need 
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cause no concern, since we usually know whether a gas is above or below the 
critical point (e/kT c — 0.75). 

For some purposes it is more convenient to express the viscosity in terms of an 
equation of the form: 

17 = h'T' (12) 

TABLE 5 

Temperature dependence of Sutherland’s constant and the temperature exponent, s 


n = ksT'l */[1 + (S/T)l 
V = h’T’ _ 


kT/e 

S/T 

5 

kT/e 

S/T 

s 



0.8564 

3 

0.3669 

0.7684 




4 

0.2829 

0.7205 




5 

0.2453 

0.6970 





0.1857 

0.6566 

1.25 


0.9641 

50 

0.1697 

0.6451 


0.7443 



0 1681 1 

0.6439 



0.8534 



0.6438 

Hil 

0.4331 







Fia. 1 . Sutherland’s constant (equation 7) divided by the temperature, S/T, and the 
temperature exponent, s (equation 12 ), plotted against kT/e. 


The exponent, s, may be determined as a function of e/kT in a manner quite 
similar to the method used for the Sutherland constant above. It is not difficult 
to show that 

s = (9/2) — <t>i — fa + (13) 

Values of s so determined are shown in table 5, and graphically in figure 1 . 
i\ For the binary mixture, the formula for the first approximation to the viscosity 
has already become rather complicated: 

v ini _ Ri + Rt + R3 + (E/Hi) + (E/H/) 

(£i/tfi) + (Ro/Ht) + (E/HA) + (Re/E) 


( 14 ) 
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in which 

fix = (*!/%) (2/3 + AMVitf*) (15) 

ft = (^M)(2/3 + AMi/Mt) (16) 

ft = 2[(2/3) - A] (17) 

ft = 2A(3fi + M^/ZMiMi (18) 

Hi = 266.93(Af,7 1 ) 1 /s (r ,-) -2 /(TT < 2 ) ( 2 ; fcT/e,)) (* = 1, 2) (19) 


E = 37.75[(Jfi + M 2 ) 3 r/(M 1 M 2 )] 1,2 (r 12 )-V(F'«(l; fcT/ ei2 )) (20) 

Here Xi is the mole fraction of the i th component; Mi is the molecular weight of 
the i th component; the r,- and rn are the low-velocity collision diameters measured 
in Angstroms; A is a function of the collision integrals and is tabulated as a func¬ 
tion of kT/e in our previous paper. The H t are simply the first approximations 
to the viscosity of the i th component. 

Using the force constants between like molecules which were determined from 
viscosity data and those between dissimilar molecules which were determined 
from diffusion, we have calculated the viscosity of several binary mixtures. 
The diffusion data used to get the e^/k are those values tabulated in Chapman 
and Cowling (1). The experimental binary viscosity data listed are from Lan- 
dolt-Bomstein, with the single exception of the H 2 -N 2 data (18). The results 
of these computations are displayed in table 6 along with the experimental 
figures. It will be observed that the agreement is excellent in most cases. This 
is a nice illustration of the use of force constants obtained from one transport 
property in the calculation of another of the transport coefficients. 

The determination of force constants between dissimilar molecules from vis¬ 
cosity data of binary mixtures is not too difficult in principle. However, the 
existing data are apparently not sufficiently good to give worthwhile results. 

The viscosity of multicomponent gas mixtures has been worked out by C. F. 
Curtiss and J. 0. Hirschfelder (3). For a mixture of / components, the gen¬ 
eralized viscosity may be expressed as follows: 


X 10 7 = 


Jn 

J12 

Jiy 4 

*Jif 

J 12 

J22 

Jyy ' 

' *Jif 


J 23 

J 33 * 

* m Jzf 

Ju 

Jif 

Jzf 

• Ju 

1 

1 

1 • 

•• 1 


14 - 


1 

1 

1 


1 

0 


( 21 ) 


in which | Jy | is the / th -order determinant of the J the /„• (for i ^ j) and J» 
being given by: 


J ij — A ij JB {j 


( 22 ) 
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TABLE 6 

Viscosity of binary mixtures 



* EX = experimental data; CG = calculated using a geometric mean e/jfc; CD = cal¬ 
culated using an e/k calculated from diffusion. 






























TABLE 6 —Continued 


VISCOSITY Ha-COs 


VISCOSITY Hr-Oj 


T 

%Hs. . 

0.0 ! 

19.93 

41.29 ! 

78.50 

100.0 


0.0 

18.35 

39 45 

60.30 

78.08 

100.0 

°K. 

300 

EX* ... 

1493 

1501 

1506 

1370 

891 


2057 

2019 

1925 

1784 

1494 

889 


CG* .. 

1493 

1507 

1508 

1372 

889 


2064 

2021 

1934 

1774 

1524 

889 


CD*.... 

1493 

1509 

1512 

1379 

8S9 


2064 

2024 

1939 

1782 

1531 

889 

400 

EX. 

1944 

1945 

1933 

1713 

1081 


2568 

2507 

2381 

2192 

1858 

1087 


CG.. . 

1920 

1926 

1913 

1698 

1065 


2567 

2506 

2388 

2178 

1857 

1065 


CD .. 

1920 

1928 

1918 

1703 

1065 


2567 

2509 

2394 

2186 

1865 

1065 

500 

EX... . 

2353 

2353 

2321 

2026 

1256 


3017 

2950 

2790 

2556 

2158 

1259 


CG ... 

2301 

2302 

2275 

1990 

1228 

. 

3015 

2940 

2795 

2541 

2158 

1228 


CD. 

2301 

2303 

2280 

1998 

1228 


3015 

2943 

2802 

2551 

2168 

1228 

550 

EX . . 

5556? 

2542 

2506 

2173 

1341 


3220 

3147 

2978 

2733 

2288 

1381 


CG . . 

2479 

2478 

2445 

2130 

1308 


3224 

3140 

2986 

2714 

2302 

1308 


CD .. 

2479 

2479 

2450 

j2137 

1308 


3224 

3146 

2993 

2721 

2313 

1308 


viscosity COs-NsO 

viscosity Oa-CO 

T 

%COa . .. 

0.0 

40.24 

60.33 

80.97 

100.0 

%o*.. 

0.0 

23.37 

42.01 

77.33 

100.0 

*K. 

300 

EX. . . 

1488 

1494 

1495 

1490 

1493 


1776 

1841 

1900 

1998 

2057 


CG. 

1489 

1497 

1498 

1496 

1493 


1779 

1880 

1946 

2034 

2064 


CD .. . 

1489 

1523 

1524 

1513 

1493 


1779 

1844 

1897 

1998 

2064 

400 

EX. 

1493? 

1950 

1950 

1941 

1944 


2183 

2268 

2343 

2482 

2568 


CG. 

1936 

1938 

1934 

1928 

1920 


2210 

2328 

2407 

2521 

2567 


CD ... 

1936 

1965 

1961 

1946 

1920 


2210 

2292 

2358 

2485 

2567 

500 

EX. 

2355 

2365 

2365 

2358 

2353 


2548 

2650 

2741 

2908 

3017 


CG. 

2338 

2332 

2325 

2314 

2301 


2593 

2725 

2817 

2954 

3015 


CD. 

2338 

2361 

2354 

2332 

2301 


2593 

2690 

2768 

2918 

3015 

550 

EX. 

2555 

2562 

2564 

2551 

2556 








CG. 

2525 

2517 

2508 

2495 

2479 








CD. 

2525 

2546 

2537 

2513 

2479 








viscosity Hr-NiO 

T 

%CaH< ... 

0.0 

24.05 

56.95 




0.0 

39.89 

59.61 

73.57 

100.0 

°K. 

300 

EX. 

1781 

1574 

1308 


1033 


1488 

1481 

1451 

1348 

891 


CG... 

1777 

1562 

1306 

1176 

1029 


1489 

1509 

1483 

1376 

889 

400 

EX... . 

2190 

1956 

1655 

1491 

1348 


1943 

1907 

1849 

1684 

1081 


CG... . 

2192 

1946 

1653 

1501 

1330 


1936 

1932 

1876 

1710 

1065 

500 

EX. 

2560 

2292 

1963 

1786 

1622 


2355 

2292 

2206 

1990 

1256 


CG. 

2556 

2284 

1961 

1792 

1602 


2338 

2311 

2229 

2009 

1228 

550 

EX.... 

2727 

2453 

2108 

1921 

1753 


2555 

2477 

2376 

2137 

1341 


CG. 

2729 

2444 

2104 

1927 

1728 


2525 

2489 

2392 

2150 

1308 


* EX = experimental data; CG = calculated using a geometric mean CD — cal¬ 
culated using an e/k calculated from diffusion. 
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TABLE 6— Continued 


viscosity He-A 


viscosity Ht-CH* 


r 

%He .. . 

0.0 

38.20 

49.06 

100.0 

%Hj .. 

0.0 

28 08 

48.55 

60.22 

92.23 

100.0 

293 

EX*... 

2211 

2291 

2296 

1973 


1087 

1099 

1098 

1086 

955 

876 


CG*.... 

2223 

2305 

2319 

1926 


1092 

1102 

1096 

1083 

952 

876 


CD*.... 

2223 

2314 

2330 

1926 


1092 

1105 

1101 

1088 

955 

876 

373 

EX.... 

2684 

2745 

2750 

2320 


1331 

1337 

1328 

1306 

1132 

1033 


CG. 

2688 

2753 

2757 

2244 


1327 

1329 

1313 

1291 

1115 

1021 


CD. 

2688 

2765 

2774 

2244 


1327 

1333 

1318 

1297 

1119 

1021 

473 

EX. 

3208 

3250 


2715 


1603 

1602 

1587 

1551 

1338 

1213 


CG. 

3205 

3261 

3257 

2615 


1588 

1583 

1557 

1525 

1300 

1185 


CD. 

3205 

3282 

3285 

2615 


1588 

1585 

1561 

1531 

1303 

1185 

523 

EX. 

3448 

3488 


2903 


1725 

1718 

1699 

1662 

1423 

1296 


CG. 

3443 

3502 

3496 

2790 


1709 

1701 

1670 

1634 

1389 

1265 


CD. 

3443 

1 3518 

3516 

2790 


1709 

1704 

1675 

1641 

1393 

1265 

viscosity A-Nc 

viscosity He-Ne 

T 1 

%A . ... 

0.0 




100.0 

%He .. 

0.0 

26.59 

56.24 

76.21 

100.0 

°K. 

293 

EX. 

3092 

2808 

2504 

2401 

2213 


3092 

2971 

2702 

2429 

1941 


CG. 

3079 

2805 

2503 

2401 

2223 


3079 

2935 

2675 

2407 

1926 

373 

EX. 

3623 

3313 

2990 

2885 

2693 


3623 

3479 

3171 

2846 

2281 


CG. 

3602 

3306 

2988 

2878 

2688 


3602 

3428 

3122 

2805 

2244 

473 

EX..,.. 

4220 

3890 

3529 

3413 

3222 


4220 

4056 

3702 

3327 

2672 


CG. 

4168 

3862 

3526 

3410 

3205 


4168 

3980 

3633 

3271 

2615 

523 

EX... . 

4501 

4150 

3793 

3658 

3460 


4501 

4310 


3555 

2853 


CG. 

4447 

4127 

3779 

3656 

3443 


4447 

4244 

3875 

3488 

2790 

VISCOSITY HsrNe 

viscosity Hr*A 

T 

%H*. . .. 

0.0 

25.20 

46.09 

77.15 

100.0 

%Hs .. 

0.0 

29.42 

44.57 

65.15 

100.0 

°K. 

293 

EX. 

3092 

2782 

2427 

1684 

875 


2211 

2140 

2056 

1857 

875 


CG. 

3079 

2763 

2411 

1670 

876 


2223 

2140 

2060 

1860 

876 

373 

EX. 

3623 

3269 

2845 

1981 

1029 


2684 

2586 

2488 

2238 

1029 


CG. 

3602 

3231 

2820 

1950 

1021 


2688 

2576 

2470 

2219 

1021 

473 

EX. 

4220 

3807 

3327 

2319 

1211 


3208 

3070 

2948 

2636 

1211 


CG. 

4168 

3741 

3267 

2263 

1185 

; 

3205 

3063 

2929 

2619 

1185 

523 

EX. 

4501 

4054 

3540 

2476 

1296 


3448 

3310 

3164 

2826 

1296 


CG. 

4447 

3992 

3487 

2416 

1265 


3443 

3287 

3143 

2808 

1265 


* EX = experimental data; CG — calculated using a geometric mean 6/k; CD = cal¬ 
culated using an e/k calculated from diffusion. 
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TABLE 6 —Continued 


VISCOSITY Nr-Os 


viscosity CO-Na 


T 

%N* . 

0.0 

24.08 

58.93 

78.22 

100.0 

%co. 

0.0 

18.46 

39.70 

65.68 

83.71 

100.0 

e K. 

300 

EX*.... 

\ 

2057 

1995 

i 

1894 

1843 

1781 


1781 

1782 

1781 

1775 

1774 

1776 


CG*.... 

' 2064 

1994 

1894 

1839 

1777 


1779 

1826 

1855 

1852 

1823 

1777 


CD*... 

2064 

2015 

1921 

1858 

1777 


1779 

1778 

1780 

1780 

1780 

1777 

400 

EX. 

2568 

2480 

2345 

2275 

2190 


2190 

2186 

2183 

2191 

2184 

2183 


CG. 

2568 

2475 

2343 

2272 

2192 


2210 

2245 

2279 

2279 

2252 

2192 


CD .. . 

2568 

2497 

i 2372 

2292 

2192 


2210 

2196 

2201 

2205 

2208 

2192 

500 

EX.... 

3017 

2909 

! 2741 

2658 

2560 


2560 

2560 

2558 

2549 

2551 

2548 


CG. 

3015 

2901 

2741 

2654 

2556 


2593 

2617 

2656 

2661 

2636 

2556 


CD .. . 

3015 

2923 

2768 

2674 

2556 


2593 

2564 

2573 

2582 

2588 

2556 

550 

EX. 

3220 

3109 

2932 

2840 

2727 


2727 

2721 

2719 

2722 

2719 

2714 


CG. 

3224 

3100 

2925 

2833 

2729 


2771 

2792! 

2834 

2840 

2814 

2729 


CD .... 

3224 

3125 

2956 

2854 

2729 


2771 

27371 

2746 

2757 

2763 

2729 


VISCOSITY C 2 H 4 -CO 

VISCOSITY Hj-CaHs 

T 


00 

26.32 

43.54 

80.62 

100.0 

%H2 . 

0.0 

37.04 

78.82 

92.25 

100.0 

°K . 













300 

EX. 

1776 

1553 

1402 

1135 

1033 


817 

874 

985 

970 

891 


CG... . 

1779 

1538 

1399 

1144 

1029 


819 

892 

995 

980 

889 

400 

EX. 

2183 

1943 

1763 

1460 

1342 


1070 

1130 

1233 

1194 

1081 


CG .... 

2210 

1930 

1768 

1466 

1330 


1074 

1152 

1241 

1194 

1065 

500 

EX. 

2548 

2279 

2098 

1760 

1622 


1308 

1366 

1459 

1392 

1256 


CG. ... 

2593 

2279 

2097 

1757 

1602 


1309 

1390 

1462 

1389 

1228 

550 

EX.. .. 

2714 

2433 

2240 

1900 

1753 


1422 

1478 

1566 

1485 

1347 


CG. 

2771 

2440 

2249 

1891 

1728 


1418 

1499 

1566 

1482 

1308 

VISCOSITY COjrCaHs 

VISCOSITY NtO-CsH8 

T 

%co 2 . . 

00 

40.25 

57.76 

78.83 

100.0 

%NsO.. 

0.0 

20.16 

58.29 

79.82 

100.0 

°K. 

300 

EX. 

817 

1058 

1174 

1326 

1493 


817 

926 

1167 

1326 

1488 


CG. 

819 

1033 

1146 

1304 

1493 


819 

917 

1145 

1307 

1489 

400 

EX. 

1070 

1383 

1533 

1730 

1944 


1070 

1213 

1525 

1725 

1943 


CG. 

1074 

1345 

1487 

1685 

1920 


1074 

1201 

1494 

1703 

1936 

500 

EX. 

1308 

1670 

1856 

2093 

2353 


1308 

1478 

1854 

2083 

2355 


CG.. .. 

1309 

1627 

1795 

2026 

2301 


1309 

1460 

1811 

2059 

2338 

550 

EX. 

1422 

1815 

2010 

2267 

2556 


1422 

1610 

2012 

2271 

2556 


CG. 

1418 

1759 

1939 

2186 

2479 


1418 

1581 

1959 

2227 

2525 

* EX — experimental data; CG 

= calculated using a geometric mean e/Zs; CD 

— cal- 


culated using an */k calculated from diffusion. 
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TABLE 6 —Concluded 


viscosity Hr-Na 


T 

%&. 

0.0 

25.00 

50.00 

75 00 

82 

EX*... 

544 

540 

524 

493 


CG*.... 

I 564 

564 

552 

508 

292 

EX. 

1746 

1700 

1609 

1396 


CG. 

1744 

i 

1699 

1605 

1393 


VISCOSITY SO2 - CO2 


0.0 I 20.00 | 40.00 60.00 80.00 100.0 


CG.. ..1443 1420 1397 1375 1353 1331 


viscosity C0HSC1 




and the A a and Bn are defined as: 

An = (0.017663) 2 r ’ 1/2 [r*j] 2 [IV (1) (1; kTfaWiMi/itft + M^f 12 (24) 

Bn = (0.0052988) (2; kT/e^WMi/iMi + M ,) 3 ] 1 ' 2 (25) 

In table 7a are shown some experimental figures for the viscosity of a helium- 
neon-argon mixture; along with this data are given the calculated results ob¬ 
tained by using equation 21, letting / = 3. The force constants between like 
molecules which were used are those obtained from viscosity data; the force 
constants between unlike molecules which were used are those obtained by 
taking an arithmetic-mean collision diameter and a geometric-mean t/k. 

The methods presented here are well suited to the prediction of transport prop¬ 
erties for such industrially important mixtures as flue and fuel gases. In table 
7b we compare the experimentally observed values of the viscosity of flue and 
fuel gases with values calculated using equation 21, together with the force con¬ 
stants given in tables 1 and 2. The agreement in more than half of the examples 
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is excellent; however, in some of the other mixtures there is a considerable dis¬ 
crepancy. This might be explained on the basis of small errors in the experi¬ 
mental gas analysis. In any case we believe that our calculated values have an 
inherent accuracy of within 0.5 per cent. The fact that some of these mixtures 
contained as many as seven components caused no computational difficulties. 

In this report we do not consider quantum corrections, inasmuch as they are 
numerically small and negligible at any reasonable temperature (T > 15°K.). 

TABLE 7A 


Viscosity of ternary mixture of neon-argon-helium 


T 


VOLUME PEE CENT 


17m X 10 7 g./cm.-sec. 


Ne 

A 

He 

Calculated 

Experimental ( a ) 

m K. 

193 

55.76 

26.70 

17.54 

2718 

2740 


31.93 

32.13 

35.94 

2562 

2569 


21.66 

58.51 

19.83 

2429 

2411 


21.89 

23.82 

54.29 

2500 

2504 

373 

55.76 

26.70 

17.54 

3205 

3237 


31.93 

32.13 

35.94 

3025 

3044 


21.66 

58.51 

19.83 

2895 

2886 


21.89 

23.82 

54.29 

2938 

2957 

473 

55.76 

26.70 

17.54 

3752 

3790 

: 

31.93 

32.13 

35.94 

3551 

3574 


21.66 

58.51 

19.83 

3425 

3415 


21.89 

23.82 

54.29 

3449 

3470 


Force constants used 


LIKE MOLECULES UNLIKE MOLECULES 


Molecule 


<i/h 


A. 

°X, 

Ne. 

2.80 

35.7 

A. 

3.418 

124.0 

He. 

2,70 

6.03 


Molecule 

pair 

Arithmetic 
mean ft? 

Geometric 
mean cij/k 

Ne-A. 

3.11 

68 

Ne-He. 

2.75 

14 

A-He. 

3,059 

27 


M. Trautz and K. F. Kipphan: Ann. Physik 2,746 (1929). 


The quantum corrections would be expected to be larger for hydrogen than for 
any heavier molecules. The magnitude of this correction may be seen from a 
comparison of the viscosity of H 2 and D 2 . If there were no quantum corrections, 
Vb .2 would equal (M s / ilf D ) 1 / 2 ?to 2 . This would be true regardless of the form for the 
energy of interaction as long as classical mechanics applies, but quantum cor¬ 
rections would introduce deviations. From table 8 it is seen that there is no 
appreciable deviation (nor quantum correction) down to 15°C. Similarly in the 
case of CH 4 and CD 4 , where it is expected that ijost — (Mch 1 /-M’cd 4 ) 1,5 ’7cd« • Here, 
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TABLE 7B 


Viscosity of multicomponent mixtures: industrial gases 


COMPOSITION (VOLUME PEE CENT) 

TEMPER¬ 

ATURE 

v X to 7 

EXPERI¬ 

MENTAL 

77 X 10 7 

CALCU¬ 

LATED 

REFER¬ 

ENCE 

CO* 

Oa 

CO 

Hi 

cm 

Na 

Heavier 

hydro¬ 

carbons 








°K. 




8.6 

2.3 



■ 

89.1 


293 

1756 , 

1761 

(b) 

13.3 

3.9 




82.8 


293 

1749 

1765 

(b) 

6.2 

10.7 




83.1 


293 

1793 j 

1789 

(b) 

10.4 


28.5 

1.6 


59.5 


293 

1738 

1798 

(b) 

10.80 

2.00 


2.20 


85.00 


300.5 

1827 

1792 

(a) 








524.5 

2715 

2661 





| 




973 

4117 

4008 









1279 

4856 

4753 


6.70 

0.10 

7.80 

2.20 


83.20 

! 

307.5 

1842 

1835 

(a) 







i 

519 

2655 

2653 









975 

4048 

4019 









1285 

4808 

4783 


6.40 

3.00 

0.30 

0.70 


89.60 


314 

1904 

1856 

(a) 








518 

2706 

2644 









974.5 

4113 

4017 









1287 

4895 

4777 


6.00 

0.10 

25.70 

11.50 


56.70 


302 

1823 

1829 

(a) 








526 

2686 

2696 









976 

4041 

4042 









1283 

4777 

4821 


10.6 


29.8 

3.9 

0.3 

55.4 


293 

1743 

1794 

(b) 

8.9 


30.7 

3.3 

0.4 

56.7 


293 

1747 

1797 

(b) 

8.7 


32.8 

1.5 

0.2 

56.8 


293 

1749 

1802 

(b) 

3.70 

0.30 

27.10 

9.50 

1.60 

57.80 


300.5 

1815 

1816 

(a) 








565.5 

2819 

2823 







| 


981 

4045 

4041 




i 



1 


1282 

4792 

4803 


1.7 

0.9 

6.0 ! 

57.5 

24.0 

7.8 

2.1 

293 

1262 

1254 

(b) 

2.1 

0.9 

5.7 

53.0 

24.3 

11.7 

2.3 

293 

1304 

1290 

(b) 

2.0 

1.4 

4.6 ! 

54.9 

23.5 

11.6 

2.0 

293 

1310 

1398 

(b) 

3.3 

0.6 

3.8 

51.3 

29.6 

10.0 

1.4 

293 

1332 

1269 

(b) 

2.2 

0.6 

4.1 

53.1 

29.5 

9.2 

1.3 

293 

1306 

1254 

(b) 

2.2 

1.0 

4.0 

52.3 

29.9 

9.4 

1.2 

293 

1307 

1261 

(b) 

2.5 

0.8 

14.9 

53.0 

18.1 

9.1 

1.6 

293 

1355 

1373 

(b) 

4.8 

0.3 

26.4 

17.2 

2.6 

48.2 

0.5 

293 

1714 

1743 

(b) 

3.5 

0.3 

27.3 

14.4 

3.7 

50.0 

0.8 

293 

1712 

1732 

(b) 

3.1 

0.5 

28.6 

17.7 

4.2 

45.0 

0.9 

293 

1715 

1719 

(b) 


(a) Schmid: Gas-u. Wasserfach85,92 (1942). 

<b> F. Herning and L. Zipperer: Gas- u. Wasserfach 79,49-54,69-73 (1936). 


from the figures shown in table 8, there is no appreciable quantum correction in¬ 
dicated by the experimental data down to 90°K. Only in the cases of hydrogen 
and helium is it expected that the transport properties would show a small quan¬ 
tum correction above 15°K. In these two cases it appears probable that a part 
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of our difficulty in obtaining a suitable fit with the experimental viscosity data 
may arise from small quantum corrections. The conclusions have been substan¬ 
tiated by the theoretical work of Uehling and Uhlenbeck (4,16, 17) and Massey 
and Mohr (13). 


TABLE 8 


Viscosity of light and heavy methane and light and heavy hydrogen 


T 

Y M„ 

(EXPERIMENTAL) (a) 

(calculated) 


2 

(experimental) 







15 

71 

82 

70 

30 

146 

158 

141 

75 

332 

347 

331 

290 

886 

884 

876 

T 

Y Ma> t ‘ 

(EXPERIMENTAL) (b) 

(calculated) 


(EXPERIMENTAL) 



°K. 




90 

384 

376 

353 

200 

828 

785 

780 

225 

922 

874 

868 

250 

1013 

961 

955 

275 

1101 

1039 

1037 

300 

1095 

1111 

1115 


A, Van Itterbeek and 0. Van Paemel: Physica 7,265 (1940). 
<W A. Van Itterbeek: Physical 831 (1940). 


IV. THE COEFFICIENT OF DIFFUSION 


The first approximation for the coefficient of diffusion is given by the following 
equation: 


(T) . 0.00092916T 3/s [(Mi + M*)/MM 

Kn)l p(rn) 2 WU(l-,kT/tn) 


(26) 


in which Dn is the coefficient of diffusion in cm. 2 sec. -1 , p is the pressure in at¬ 
mospheres, and the Mi represent molecular weights. Note that the first ap¬ 
proximation to the diffusion coefficient is independent of composition. This is 
no longer true in the case of the second approximation: 


(Du)* = CW(1 - A) (27) 

Here A, a small quantity usually less than 0.03, is defined by 

A = 5(C — l) a (Pia;iE + P->x\ + P 12 X 1 X 2 ) / (Qixl + Q&l + Qmx 1 X 2 ) (28) 
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in which 

Pi = M\[Mi + M 2 ]- 2 (2/37 0 )([Z) I2 ] 1 /hi] 1 )(273.16F/r) (29) 

P 2 = JlfStMi + M 2 ]- 2 (2/3F 0 )([Z)i2]i/h2]i)(273.16P/r) (30) 

Pia = [3 (Mi - M 2 ) 2 + 4MiM 2 A]/(Mi + MiY (31) 

Qi = (Pi/M\){m\ + 5 Ml - 4 M\B + SMiMiA) (32) 

Qi = (P 2 /M 2 )(6M? + 5M| - m\B + 8MiM 2 A) (33) 

"3(5 - 4 B){Mi - M 2 y/(Mi + M 2 ) 2 " 

Qn= + 4AMiM 2 (11 - 4P)/(Mi + M 2 ) 2 (34) 

L+ 2PiP 2 (M x + MiY/MlMl 


Here the Xi are mole fractions of the i ih component; the Mi are molecular weights; 
A, B, and C are functions of kT/e a tabulated previously; F 0 is the molar volume 
under standard conditions, i.e., 22,414.6 cc.; and foi]i and [i? 2 ]i are calculated first 
approximations to the viscosity of the pure component given by the formula: 

fo]i = 2.6693(10- 5 ) (.MiTfiyKnYW^ (2; ftT/e,)] ( 6 ') 

The possibility of getting good force constants between pairs of dissimilar 
molecules from equation 26 has already been mentioned. This equation could 
be written for two temperatures, inserting two diffusion measurements, and 
the resulting equations solved simultaneously for rn and eu/k. 

In the case of self-diffusion 

Mi — M 2 61 = e 2 = €12 ri = r 2 = T 12 

and equations 26 and 27 reduce to the particularly simple forms for the first 
approximation to the coefficient of self-diffusion: 

(Du)i = 0.0013140 T 3 / 2 /[pr?IF ' 11 ( 1 ; kT/e)M 12 ] (35) 

and the second approximation is given by: 

(D u ) 2 = (D n )i/(1 - A) (36) 

in which A is defined simply as: 

A = 5(C — 1) 2 /(11 -4 B + 8 A) (37) 

and, as before, is a small correction factor. 

The coefficients of self-diffusion may be calculated from our previously assigned 
values of the force constants without making any adjustments. The results are 
shown in table 9, along with experimental values. Harteck and Schmidt deter¬ 
mined the self-diffusion coefficient for hydrogen by using ortho- and para- 
hydrogen. The self-diffusion coefficients for the other gases shown were 
determined using gases containing tracer isotopes. In all of these cases the 
agreement is very good between the experimental and calculated quantities. 
Additional experimental data would be very useful for purposes of comparison. 
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The available values for the coefficient of ordinary diffusion have been ana¬ 
lyzed to give the force constants of table 2 for the interaction between diss imilar 
molecules. 

In a mixture containing f components the concept of diffusion may be gen¬ 
eralized (8). If JJi is the average velocity of molecules of the i th species relative 
to U, the mass average velocity of the gaseous mixture, then rigorously: 


Ui = (n/prii) 2 da grad x ,• 

b—l 


(38) 


where 

/ 

n = 23 n k = p/ ( RT) 
1 


(39) 


s the total number of moles of gas in a cubic centimeter. The d# are not the 
usual diffusion constants for binary mixtures, D#, but the two are very closely 
related, in the general case by: 




pni 

m 2 


0 A 23 A 2 4 • • • 


A12 A 13 A14* * • 

AL 32 0 A 34 ■ * • 


A 32 0 A 34 * * • 

-A 42 A. 43 0 * * " 

+ 

. ^ 
6 

. 

& 

• 0 





0 A 12 -A 13 ALi4* • • 

A 2 1 0 A 23 A 2 4 * • * 

A31 Az 2 0 Am* • • 

A41 A42 -A43 0 • • • 


(40) 


Here the coefficients in the determinant are 

/ 

A ik = ( riink/D X k ) + (n*m*/m,) £ ( n./Du ) (41) 

9fL\ 

The other da may be obtained from the final form of the da by permuting the 
indices or from equation 40 by suitable modifications of the determinants in the 
numerator. This generalized formula may be obtained also from the work of 
Hellund and Uehling (5). 

For the binary mixture 

da = Du (42) 

and for ternary mixtures: 

n 3 (™! Da - Da) 

v m _ / 

ftlA23 + W 2 Dl3 4" n 3^12j 


du = D& 1 + 


(43) 
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TABLE 9 


The coefficient of self-diffusion 


GAS 

T 

P 

Dn 

REVERENCE 
FOR EXPERI¬ 
MENTAL 
VALUES 

Calculated 

Experimental 


•K. 

atm. 

cmJ/sec. 

cm.*/sec. 


Hydrogen. 

273 

1 

1.243 

1.28s 

db 0.002s 

(a) 


85 

1 

0.167 

0.172 

=fc 0.008 

(a) 


20.4 

1 

0.01043 

0.00816 =fc 0.0002 

(a) 

Krypton. 

293 

1 

0.093 

0.093 

zb 0.004s 

(b) 

Xenon. 

293 

1 

0.055 

0.044 

± 0.002s 

(b) 

Neon.... 

293 

1 

0.491 

0.473 

Zb 0.002 

(c) 

Argon. 

295 

0.4211 

0.422 

0.423 

db 0.003 

(d) 

Nitrogen. 

293 

1 

0.198 

0.200 

=fc 0.008 

(e) 

Methane. 

292 

0.00811 

26.38 

26.32 

=fc 0.73 

(f) 

Hvdroeen chloride. 

295 

1 

0.127 

0.1246 


(K) 


(a > P. Harteck and H. W. Schmidt: Z. physik. Chem. 21B, 447 (1933). 
(b) W.Groth andP.Harteck: Z. Elektrochem. 47,167 (1941). 

< e > W. Groth and E. Sussner: Z. physik. Chem. 193,296 (1944). 

<d) F.Hutchinson: Phys.Rev.72,1256 (1947). 

< e > E.B. Winn: Phys. Rev. 74, 698 (1948). 

< f > E. B. Winn and E.P.Ney: Phys. Rev. 72,77 (1947). 

H. Braune and F. Zehle: Z. physik. Chem. 49B, 247 (1941). 



Fig. 2. The calculated thermal diffusion ratio for separation of a mixture of hydrogen 
and deuterium. Note the change in sign of hr at low temperatures, an effect which has been 
experimentally observed for some substances. 


V. THE THERMAL DIFFUSION RATIO 

Since the second approximation to the thermal diffusion ratio involves very- 
complicated algebra, only the first approximation will be set forth here. It is: 

k T = 5xix 2 (C — l)($iXi — Sixi)/(Qixt + Qixl + QzXxXz) (44) 
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in which 

_ Mi (rX [2(M 1 + Mtf J'* [ W <2) (2; kT/ ei ) ] 

5WL M 2 J L^ (1) (l; kT/e u )J 

- 3 M 2 (M 2 - M 1 ) - iAMiMi (45) 

C _ M, (n Y [mi + T r W (2) (2; kT/et) 1 

5 W L Mi J lW^a-,kT/e 12 )j 

- ZM^Mi - Mt) - AAMiMi (46) 
o _ 1 (rX\2{M, + M t ) ] 1/2 f TT (2, (2; &TA,)1 

yi 5 \ri2/ L M 2 J bF w (l;*7Au)J 

• [6 M\ + (5 - 4. B)M\ + 8AMiM 2 ] (47) 
o - 1 [2 (Ml + M 2 )T /2 f TF 0> (2; feT/e,) 1 

5 w L Mx J Lw^uata^J 

- [64*1 + (5 - 45)4*1 + 8AMM (48) 
Qz = [W, - Mtf( 5 - 45) + 4A4f 1 4* 2 (ll - 45) + A 


(Mi + Mi)*l 

~W a) ( 2; kT/ ei )W i2) (2- kT/e t )J 

(MiMiY* J 

W<»(l;kT/tn) JJ 


Here the ilf * are the molecular weights of the species; the x t - are mole fractions; 
the A, B , and C are functions of kT/tn previously tabulated; and the n, r 2 , 
and r 12 are low-velocity collision diameters in Angstroms. When the thermal 
diffusion of isotopes is under consideration, equation 44 may be used where the 


S’ s and the Q’a have the more simple form: 

Sx = AMi[(2/M 2 ) U2 - 4M 2 ] - 3M 2 (M 2 - Ml) (50) 

S t = AMi[{2/Mi) m - AMi] - ZMi(Mi - 4*1) (51) 

Qi = A(2/M i ) lli [6Ml + (5 - 45)4*1 + 8 AMiMi) (52) 

Qi = A(2/Mi) m [QMl + (5 - 45)4*1 + 8A4A4A] (53) 


Qz = 4A 2 (MiM 2 ) _1/2 + 3(4*1 - Mi)\ 5 - 45) + 4AMiM 2 (U - 45) (54) 

A graph of k r versus composition for light and heavy hydrogen calculated with 
the above formula is shown in figure 2. The force constants for a mixture of 
isotopes are the same as those for the pure substance. It is interesting to note 
that these theoretical values predict the change in sign in the thermal diffusion 
coefficient which have been found to occur at low temperatures. At very low 
temperatures the thermal diffusion is so small that no practical use can be made 
of this inversion. 

Experimental data are generally reported as the ratio, Hr, of the thermal dif¬ 
fusion ratio, kr, to the corresponding value for rigid spherical molecules. While 
the calculated and experimental k T are functions of temperature for real mole- 
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cules, k T for rigid spheres is independent of temperature, and it is computed using 
the rigid spheres quantities: 

A - 0.4, B = 0.6, C - 1.2, TF C1) (1) - h and TF«(2) - 1 (55) 

TABLE 10 


Thermal diffusion of gases 


GAS MIXTURE 

CONCENTRATION 

T 

r t 

(calculated) 

R'p 

(experimental) 

REFERENCE 



*K. 1 




He-Ne. 

63.8 % He 

585.2 

0.71 

0.64 

(a) 



233.2 

0.70 1 

0.64 




117.2 

0.68 

0.58 


He-A. 

61.2% He 

585.2 

0.73 

0.66 

(a) 



233.2 

0.71 

0,63 




117.2 

0.63 

0.55 


He-Xe. 

53.6 % He 

585.2 

0.75 

0.66 

(a) 



233.2 

0.70 

0.66 


Ne-A. i 

51.2 %Ne 

585.2 

0.66 

0.57 

(a) 

■ 


233.2 

0.52 

0.48 


1 


117.2 

0.27 

0.28 


Ne-Xe. 

64.2 % Ne 

585.2 

0.68 

0.66 

(a) 



233.2 

0.44 

1 0.46 


A-Xe. 

56.4% A 

585.2 

0.51 

0.45 

(a) 



233.2 

0.15 

0.15 


Ha—D*. . . 


333 

0.63 

0.50 

(b) 

Ne^-Ne 22 . 


357 

0.62 

0.60 

(c) 

A 36 -A*>. 


620 

0.55 

0.47 

(c) 

C B H4-C 1S EU. 


274 

0.29 

0.49 

(b) 

N“Hr-N“H,. 


308 

0.08 

0.11 

(d) 

CH4T-H 2 . 


506 

0.68 

0.67 

(e) 

Oa-Coa. 


735 

0.61 

0.63 

(e) 

CO-CO*. 


725 

0.60 

0.40 

(e) 

Ha-He. 


284 

0.53 

0.41 

(b) 

h*-co 2 . 


596 

0.70 

1.03 

(e) 


(a) K. E. Grew: Proc. Roy. Soc. (London) 189, 402 (1947). 

< b > B. F. Murphy: Phys. Rev. 72, 836 (1947). 

(c) L. G. Stier: Phys. Rev. 62, 548 (1942). 

(d) Yif. W. Watson and D. Woermley: Phys. Rev* 63, 184 (1943). 

<e) N. G. Schmahl and J. Schewe: Z. Elektrochem. 46, 210 (1940). 


Table 10 shows some values of R T (calculated) and R? (experimental). For 
those gas pairs for which diffusion data were available, e^/k obtained from dif¬ 
fusion (see table 2) were used; otherwise, it was necessary to employ the geo¬ 
metric mean of the e/k for the single components. For all of the gas pairs, r 12 
was taken to be the arithmetic mean of the r<> for each of the two components. 
Force constants for ammonia were obtained from second virial coefficient data. 

Since the concentration gradient which results from thermal diffusion is op- 
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posed by ordinary diffusion, a steady state is reached after a certain time interval. 
Van Itterbeek, Van Paemel, and Van Lierde (19) have measured thermal dif¬ 
fusion in gas mixtures at low temperatures as per cent change in composition at 
the steady state Ay, which may also be calculated from the following integral: 

Ay = [ '‘fa d In T (56) 

Jt i 

This integration was performed numerically, making use of equation 44 for k Ti 
for the gases and temperatures in table 11, where the experimental and calculated 
values of Ay may be compared. 


TABLE 11 

Thermal diffusion in gas mixtures 


Ay «= change in per cent 


GAS MIXTURE 

AVERAGE 

VOLUME 

PER CENT H* 

Ti 

Tt 

Ay 

(EXPERIMEN¬ 
TAL )(<0 

Ay 

(calculated) 

HjrNe. 

35.6 

°K. 

290.4 

*K. 

90.2 

6.9 

7.1 


50.9 

290.4 

90.2 

8.2 

8.2 


66.7 

290.4 

90.2 

7.7 

7.9 

h 2 -co. 

39.7 

293.3 

90.2 

5.6 

5.9 


51.7 

293.3 

90.2 

6.6 

6.7 


73.7 

293.3 

90.2 

5.7 

6.4 

H 2 -He. 

32.3 

291.7 

90,2 

3.4 

3.8 


50.5 

291.7 

90.2 

4.6 

4.2 


65.4 

291.7 

90.2 

3.7 

3.7 

H 2 —N 2 . 

40.9 

292.1 

64.4 

7.6 

8.1 


50.8 

292.1 

64.6 

8.4 

9.0 


78.0 

292.1 

64.4 

6.3 

8.1 

H2—O2. - • • . 

33.8 

293.6 

90.2 

4.0 

5.7 


48.2 

293.6 

90.2 

5.5 

7.1 


73.7 

293.6 I 

90.2 

5.3 

6.9 


M A. Van Itterbeek, 0. Van Paemel, and J. VanLierde: Physica 13,231 (1947). 


VI. THE COEFFICIENT OF THERMAL CONDUCTIVITY 

For a single gas the coefficient of thermal conductivity, A, through the second 
approximation is given in terms of the viscosity, ij, and the specific heat at con¬ 
stant volume, C v , by the relation: 

X = (H v /VM)[C V + (9/4) iJ] (57) 

Here R is the usual gas constant per mole, M is the molecular weight, and H 
and V are functions of kT/e previously tabulated. The ratio H/V is very close 
to unity. The factor [C® + (9/4) E] depends upon the Eucken assumption that, 
during a collision, thermal equilibrium is established between the translational 
and internal degrees of freedom in the molecule. The experimental values of X 
determined by Johnston and coworkers (10,15) provide an opportunity to check 
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the validity of this equation. Table 12 shows the comparison of the observed 
versus the calculated value of (H/Y) = (XM/ti)[C v + (9/4)!?] -1 . The agreement 
is fairly good in the case of helium, where there are no internal degrees of freedom. 
In all other cases the discrepancies are large. This indicates that the Eucken 
assumption is not valid; hence equation 57 must be modified so as to take into 
account the difficulty of transferring energy from translation to rotation and 
vibration. The time lag in the specific heat is another indication of this diffi¬ 
culty. At very high temperatures, such as occur in combustions, the molecules 
behave more classically, and equation 57 should apply. 

Until the discrepancies in the Eucken assumption are settled, there seems 
little advantage in trying to apply the complicated Chapman-Enskog relation¬ 
ships for the heat conductivity of gaseous mixtures. Instead, we shall employ 


TABLE 12 
Thermal conductivity 


GAS 

3/v 

100°K. 

200®K. 

300°K. 

He. 

Experimental (a) 

0.9933 

0.9897 

0.9733 


Calculated 

1.0042 

1.0043 

1.0045 

ch 4 . 

Experimental^) 

0.9676 

1.0258 

1.0675 


Calculated 

1.0000 

1.0002 

1.0009 

NO. 

Experimental^ 5 


0.9504 

0.9974 


Calculated 


1.0004 

1.0013 

COs. 

Experimental^) 


0.8788 

0.9479 


Calculated 


1.0001 

1.0003 

o s . 

Experimental^) 

0.9529 

1.0042 

1.0320 


Calculated 

1.0000 

1.0005 

1.0015 

Air.*. 

Experimental (b) 

0.9499 

1.0022 

1.0107 


Calculated 

1.0001 

1.0008 

1.0019 


H. L. Johnston and E. R. Grilly: J. Chem. Phys. 14,233 (1916). 
Cb) W. J. Taylor and H.L. Johnston: J. Chem. Phys. 14,219 (1946). 


equation 57, using the viscosity and specific heat of the mixture to estimate 
the heat conductivity. 

Unfortunately, accurate experimental measurements of heat conductivity are 
very difficult to obtain, so that there is no possibility of developing a more satis¬ 
factory empirical formulation at the present time. 
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The calculation of fugacities from P-V-T data necessarily involves a differentia¬ 
tion with respect to the mole fraction. The fugacity rule of Lewis, which in effect 
would eliminate this differentiation, does not furnish a sufficient approximation. 
Algebraic representation of P-V-T data is desirable in view of the difficulty of nu¬ 
merical or graphical differentiation. An equation of state containing two individ¬ 
ual coefficients is proposed which furnishes satisfactory results above the critical 
temperature for any pressure. The dependence of the coefficients on the composi¬ 
tion of the gas is discussed. Relations and methods for the calculation of 
fugacities are derived which make full use of whatever data may be available. 
Abbreviated methods for moderate pressure are discussed. 

The old problem of the equation of state has a practical aspect which has 
become increasingly important in recent times. The systematic description of 
gas reactions under high pressure requires information about the fugacities, 
derived sometimes from extensive data but frequently from nothing more than 
the critical pressure and temperature. - 

For practical purposes a representation of the relation between pressure, vol¬ 
ume, and temperature based on two or three individual coefficients is desirable, 
although a representation of this typ'e satisfies the theorem of corresponding 
states and therefore cannot be accurate. Since the calculation of fugacities 
involves a differentiation with respect to the mole fraction, an algebraic repre¬ 
sentation by means of an equation of state appears to be desirable. After this 
paper had been written, Joffe (12) showed that fugacities can be correctly de¬ 
rived also from generalized charts. An algebraic method, however, if based on 
a suitable equation of state, appears to be more convenient. It is free from the 
arbitrariness necessarily involved in the drawing of generalized charts. In 
addition, an approximate equation of state can be used for the precise repre¬ 
sentation of experimental data with the aid of approxiate deviation functions. 

I. AN EQUATION OP STATE 

Several theoretical and practical considerations lead to the following equation 
of state. We omit a detailed discussion because the reasoning is circumstantial 
and by no means rigorous. The equation is therefore essentially empirical. 
Its justification rests mainly on the degree of approximation obtained by com¬ 
paratively simple means. 

1 Presented at the Symposium on Thermodynamics and Molecular Structure of Solutions, 
which was held under the auspices of the Division of Physical and Inorganic Chemistry at 
the 114th Meeting of the American Chemical Society, Portland, Oregon, September 13 and 
14, 1948. 
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The proposed equation is represented by 


P = RT/(V -b) - a/T m V(V + b ) (1) 

It will be used in the form: 

2 = 1/(1 — K) — (A 2 /B)h/( 1 + h) (2) 

Z = PV/RT (3) 

A 2 = a/R 2 T iS = 0A278Tc S /P e T 2 - 6 (4) 

B = b/RT = 0.08 Q7T e /PcT (5) 

ft = PP/Z = b/V (6) 


The relations between the coefficients a and b or A 2 and B and the critical tem- 




Fig. 1. Compressibility factor of ethane (237.8°C.). Curve 1, van der Waals; curve 2, 
Dieterici; curve 3, Berthelot; curve 4, Wohl; curve 5, equation 2; A, experimental data (26). 

Fig. 2. Compressibility factor of n-butane. Experimental data (23): O, 137.8°C.; A, 
237.8°C. Curves: equation 2. 

perature T e and pressure P c follow from the critical conditions. The quantities 
A 2 and B are expressed in atmr 1 

The results obtained from equation 2 have been compared with experimental 
data for various gases in a wide pressure range. A few examples are shown in 
figures 1-3. The temperature, the pressure range, and the data for the maximum 
deviation are given in table 1 for all gases examined. A comparison with simi¬ 
larly simple equations of state is shown in figure 1 for the arbitrarily chosen 
example of ethane. Considering the limitation imposed on any equation con¬ 
taining but two or three individual coefficients by the failure of the correspond¬ 
ence theorem, the approximation obtained by equation 2 is satisfactory. 

At high pressures the volume of all gases approaches a limiting value (13) 
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which is practically independent of the temperature and close to 0.26F C (F c = 
critical volume). In equation 1 this limiting volume is represented by the coeffi¬ 
cient 6. The equation has been constructed to satisfy the condition 

b = 0.26F C (7) 

in order to furnish good approximation at high pressure. 

For low pressures Berthelot’s equation is known to furnish a very good ap¬ 
proximation. The second virial coefficient derived from equation 2 

P - 6 - a/RT 1 - 6 = 0.0867(iJTc/Pc)[l - 4.93(lyZ 1 ) 1 - 6 ] (8) 

agrees quite well with the value derived from Berthelot’s equation 

P - 0.0703 (P7yP e )[l - 6(7yP) 2 ] (9) 



Fig. 3. Compressibility factor of hydrogen and carbon dioxide. Experimental data: 
hydrogen (17), O, 0°C.; (2), □, 399.3°C. Carbon dioxide (25), V, 33.8°C.; A, 237.8°C. 
Curves: equation 2. 

for the critical and higher temperatures. Below the critical temperature, the 
deviations of both equations from experimental data increase with decreasing 
temperature. Here Berthelot’s equation furnishes a better approximation for 
low pressures. 

Sometimes it is useful to know the limiting tangents in a diagram of Z a gains t 
P. If we transform equation 2 into 

Z = 1 + BP - A 2 P(Z - BP)/Z(Z + BP) (10) 

we find that the tangents are represented by 

1 + (P - A 2 )P = 1 + 0P/RT for P = 0 (11) 

1 + BP for P = t» (12) 

Although equations 2 and 6 represent Z only implicitly as a function of P, 
numerical calculations are not laborious: Calculate B and A 2 /B according to 
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TABLE 1 

Maximum deviations 


SUBSTANCE 

TEMPER¬ 

ATURE 

PRES¬ 

SURE 

RANGE 

DATA 

REFERENCE 

MAXIMUM DEVIATION 

i At 

pressure 

z 

(ob¬ 

served) 

z 

(calcu¬ 

lated) 



°C. 

atm. 


atm. 



Hydrogen. 


0 

2542 

(17) 

2542 

2.706 

3.067 



150 

2970 

(17) 

2970 

2.267 

2.564 



399.3 

400 

(2) 

300 

1.089 

1.098 

Nitrogen. 


0 

1000 

(2) 

1000 

2.064 

; 1.977 



399.3 

1000 

(2) 

1000 

1.511 

1.416 

Oxygen. 


0 

1000 

(ID 

1000 

1.736 

1.664 



199.5 

900 

(ID 

900 

1.413 

1.362 

Carbon dioxide. 


37.8 

680 

(25) 

680.5 

1.116 

1.168 



237.8 

680 

(25) 

680.5 

0.916 

0.878 

Methane. 


37.8 

680 

(22) 

680.5 

1.447 

1.415 



237.8 

680 

(22) 

680.5 

1.330 

1.289 

Ethane. 


37.8 

680 

(26) 

61.24 

! 0.248 

0.292 

r*. 


237.8 

680 

(26) 

680.5 

1.405 

1.353 

Ethylene. 


150 

3000 

(15,18) 

2473 

3.653 

3.584 

Propane. 


104.4 

204 

(27) 

40.84 

0.525 

0.584 



100 

181 

(5) 

45 

0.245 

0.430* 

EP 


275 

303 

(5) 

130 

0.808 

0.787 

n-Butane. 


137.8 

680 

(23) 

680.5 

2.060 

' 2.187 



237.8 

680 

(23) 

680.5 

1.858 

1.913 

Isobutane. 


137.8 

340 

(19) 

34.02 

0.216 

| 0.269 



237.8 

340 

(19) 

340.2 

1.117 

1.094 


MOLE 







HECTU 1 ES 

FRACTION 








METHANE 







Methane-ethane. 

0.4006 

50 

60 

(16) 

60 

0.759 

0.780 

Methane-isobutane. 

0.4681 

137.8 

340 

(21) 

170.1 1 

0.690 

0.714 

Methane-carbon dioxide_ 

0.4055 

37.8 

680 

(25) 

51.0 

0.641 

0.613 


* The value of Z changes rapidly in the vicinity of the critical point. The experimental 
value Z - 0.430 corresponds to a pressure of 43 atm. 


TABLE 2 


Auxiliary functions 


A 

1/(1 - A) 

A/(l + A) 

A 

1/(1 - A) 

A/(l + A) 

0.02 

1.0204 

0.01961 

0.3 

1.4286 

0.23077 

0.04 

1.0417 

0.03846 

0.4 

1.6667 

0.28571 

0.06 

1.0638 

0.05660 

0.5 

2.0000 

0.33333 

0.08 

1.0870 

0.07407 

0.6 

2.5000 

0.37500 , 

0.1 ! 

1.1111 

0.09091 

0.7 

3.3333 

0.41176 

0.15 

1.1765 

0.13043 

0.8 

5.0000 

0.44444 

0.2 

0.25 

1.2500 

1.3333 

0.16667 

0.20000 

0.9 

10.0000 

0.47369 
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equations 4 and 5, estimate the required range of the auxiliary variable h from 
equation 6, calculate Z according to equation 2 with the aid of table 2 for a suit¬ 
able set of values of h, and calculate P = hZ/ B for the values of h chosen in the 
preceding step. Graphical interpolation furnishes Z for any value of P. 

Equation 2 can be advantageously used for the presentation of experimental 
data and for subsequent thermodynamic calculations. The deviation function 

W = Zjs — Zs (13) 

(Z E = experimental value of Z\Z a = value calculated from the equation of state) 
is restricted to a small range and varies only slowly with P. It can be easily 
interpolated and represented graphically or by means of a short table. Thermo¬ 
dynamic calculations can be carried out algebraically in Z a so that graphical or 
numerical differentiations and integrations are required only for the small devia¬ 
tion W. The advantage is considerable, especially in differentiations. 

It is convenient to call the quotient of the fugacity and the pressure “fugacity 
coefficient.” 2 The relationship between fugacity, volume, and pressure (c/. 9) 
together with equation 2 furnishes for the fugacity coefficient <p the equation: 

In v = f' (Z - l)d P/P - Z - 1 - In (Z - BP) - (A 2 /B) In (1 + BP/Z ) (14) 
Jo 

n. GASEOUS MIXTURES 

It null be expected that equation 2 holds about equally well for gaseous mix¬ 
tures. The question is only in which way the coefficients A and B of the mixture 
depend on the corresponding coefficients Aj and B,- and the mole fractions y,- 
of the components. 

Since the coefficient b has been introduced as the limiting volume, it is quite 
obvious that it depends linearly on the mole fractions. Therefore, 

b = 'Hvibr, B = D y,Bj (15) 

J 3 

This relation deviates from the original theory of van der Waals and from the 
general theory of the second virial coefficient (8). But the theory is valid only 
for moderate pressures where the influence of b is small. The linear relation 15 
follows from our interpretation of b for high pressures, where the influence of b 
is decisive. This relation is well supported by experimental data (20). 

The situation is different for the attraction coefficient a. Molecular theory 
leads to the result that the second virial coefficient is a function of second degree 
of the mole fractions. This result is also experimentally well established (8). 
Since the coefficient a is important at moderate pressures, a reasonable approxi¬ 
mation can be achieved only by assuming a similar relationship for a: namely, 

a = aiyl + a 2 yl + •■• + ZanViyo + • • • (16) 

a Prigogine and Defay (24) recently introduced this term by means of a slightly different 
definition which appears to be less convenient. 
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The coefficients an •... of the cross terms can be related to the properties of the 
pure components by the usual though somewhat arbitrary assumption that 

an = (dia 2 ) 1/2 (17) 

Equations 4,16, and 17 furnish 

A - £ y,A, (18) 

3 

Equations 15 and 18 are in accord with the conclusions of several authors, 
especially Gillespie (9a, 14) and Beattie (4), and are for moderate pressures well 
supported by their discussions of experimental data. 

The second virial coefficient 

0 = RT(B - A 2 ) = BT\Sy s Bi - (2 yM (19) 

is a linear function of the mole fractions only in the exceptional case that all 

coefficients A are equal. In first approximation for low pressures we have 

Z = 1 + 0 P/RT (20) 

Since the attraction coefficient A 2 is in general far more important here than B, 
we arrive at the conclusion that the deviations from the perfect law cannot even 
in first approximation be represented by a linear function of the mole fractions. 
In general, the volume of a gaseous mixture ceases to be additive as soon as the 
gas ceases to be perfect or, a gaseous mixture is a perfect solution only as long as 
it is a perfect gas. In other words, no legitimate pressure range exists for the 
application of the rule of Amagat (1). Since the fugacity rule of Lewis and Ran¬ 
dall is thermodynamically connected with Amagat’s rule, this fugacity rule, too, 
does not furnish a correct first approximation. This conclusion does not depend 
on the assumption of a particular equation of state. It is in accord with experi¬ 
mental data (c/. 10). 

The difference in the dependence of B and A 2 on the composition and the dif¬ 
ference in the influence of these coefficients on Z in different pressure ranges 
accounts for a fact which at first is very surprising: volume-composition curves 
approach straight lines at high pressure but in general deviate widely from 
straight lines at moderate pressures. 

in. THE FUGACITY COEFFICIENT 

The replacement of the fugacity by the fugacity coefficient is especially useful 
in calculations pertaining to solutions. We define the fugacity coefficient <p T 
of the component r of a solution by means of 

<Pr = fr/VrP (21) 

where /, denotes the fugacity of the component r. 

For gaseous mixtures the fugacity coefficient is given, therefore, by the relation 

In Vr = [ P (Z T - l)d P/P (22) 

VO 
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where the partial molal compressibility factor Z r is to be derived from Z accord¬ 
ing to 

Z r = Z + dZ/dy r — 2 VjdZ/dyj (23) 

? 

The summation is to be extended over all components. The partial differentia¬ 
tion is to be carried out, of course, at constant values of all mole fractions except 
that one with respect to which Z is differentiated. 3 

The derivation of the fugacity coefficients from equations 2, 6,15,18, 22, and 
23 is possible but tedious. Much more convenient is a calculation in which the 
order of the differentiation with respect to the mole fraction (equation 23) and 
the integration with respect to the pressure (equation 22) is reversed. We 
define the molal quantity U by 

TJ = 2 y,- log <Pi (24) 

According to equations 22 and 23, and 2 and 6, we find 

2.30317 = [ f (Z - l)d P/P 
Jo 

- Z - 1 — In (Z — BP) - (. A 2 /B) In (1 + BP/Z) (25) 

log <p r = U + dU/dy r - 23 VjdU/dyj (26) 

The dependence of Z on A and B is given by equations 2 and 6, and that of A 
and B on the mole fractions by equations 15 and 18. The calculation leads with¬ 
out difficulty to 

log <p r = 0.4343(Z - 1 )B r /B - log (Z - BP) 

[x _ §] Iog(1 + jBP/z) (27) 

Properly arranged, the computation of fugacity coefficients according to equa¬ 
tion 27 does not require an undue amount of time. For each temperature and 
composition of the gaseous mixture the fugacity coefficients of all components and 
for all desired pressures are calculated in one set. The required steps are: 

I. Aj and Bj for all components (equations 4 and 5) 

II. A and B for the mixture (equations 15 and 18) 

III. Z for the mixture as a function of P (equations 2 and 6) 

IY. log <p r (equation 27) 

Sometimes a sufficient approximation, at least for first information, is ob¬ 
tained by calculating the case in which one of the components is present in large 
excess, y, = 1. In this case the quantities A, B, and Z assume the values 

* Equation 23 applies to any molal quantity Z and the corresponding partial molal quan¬ 
tities Z r . It is derived from the usual definition of partial molal quantities by replacing 
mole numbers by mole fractions. The derivation of equation 23 is not based on an assump¬ 
tion that the y,’s are independent. It is therefore not necessary, though of course it is 
permissible, to eliminate one of the yfa in Z before applying equation 23. 
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4,, B„ and Z, of the pure solvent gas, so that the calculation is considerably 
shorter. 


TABLE 3 


Hydrogen-^ni trogen 


TEMPERA¬ 

TURE 

MOLE FRACTION H* 

0 

0.5 

1 

o°c. 

Pressure (atm.). 

600 

1000 

600 

1000 

600 

1000 


Fugacity of components (calcu- 








lated)... 

689 

1636 



927 

2159 


Same (Bolshakov). 

737 

1811 



899 

1992 


<Pxf<p\ (calculated). 

1.27 

1.26 

1.09 

1.08 

1 

1 


n/<p\ (Bolshakov). 

1.20 

1.20 

1.07 

1.07 

1 

1 


(calculated). 

1 

1 

1.03 

1.07 

1.28 

1.32 


n/<p 2 (Bolshakov). 

1 

1 

1.04 

1.05 

1.23 

1.27 

200°C. 

Fugacity of components (calcu¬ 








lated) . 

758 

1569 



783 

1565 


Same (Bolshakov). 

831 

1806 



769 

1513 


(calculated). 

1.08 

1.09 

1.03 

1.04 

1 

1 


<P\/v\ (Bolshakov). 

1.03 

1.04 

1.02 

1.02 

1 

1 


<Pi/ip° 2 (calculated). 

1 

1 

1.01 

1.01 

1.08 

1.11 


<pt/<pl (Bolshakov). 

1 

1 

1.00 

1.00 

1.04 

1.04 




Fig. 4 Fig. 5 

Pig. 4. Compressibility factor of methane-carbon dioxide (mole fraction of methane *. 
0.4055) Experimental data (25): O, 37.8°C. Full line: equations 2,15,18. Broken line: 
Bert helot's equation. 

Fig. 5. Methane-ethane (50°C.). Deviation function DZ (cf. equation 35). Experimen- 
tal data (16): Q, 13.61 atm.; O, 40.83 atm.; 6, 68.04 atm. Curves: equation 36. 


A test of equations 14 and 27 is shown in table 3. The fugacities of hydrogen 
and nitrogen and the activity coefficients ifi/Jl and <pi/tp\ of their mixtures have 
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been computed from experimental data by Bolshakov (7). His results for 200°C. 
cannot be quite accurate, since they are not in complete accord with the Duhem- 
Margules equation. For other gases, especially hydrocarbons, smaller devia¬ 
tions may be expected according to the results reported in table 1. 

Since equation 27 is strictly derived from the assumed equation of state and 
equations 15 and 18, its validity depends only on the validity of these relations. 
Figure 4 is presented as an example for Z. The maximum deviations for three 
mixtures are given in table 1. 

Experimental P-V-T data for the pure components, if available, can be used 
for improving the results obtained by means of equation 27. As in equation 13, 
we represent the difference between the experimental and calculated values of 
Zj for the component j by the function IF,. If no data for the mixtures are 
available the best assumption for the deviation function W of the mixture is 

W = yjWj (28) 

The improved value of In <p T is then obtained by adding 

T W r d P/P (29) 

Jo 

to the value obtained by means of equation 27. 

If data are available also for mixtures, equation 28 can be replaced by a better 
interpolation function. The calculation of the additional term in In <p r according 
to equations 25 and 26 will not present any difficulty. 

IV. APPROXIMATIONS FOR MODERATE PRESSURE 

In the pressure range which is sufficiently well represented by the second virial 
coefficient (equations 19 and 20), equations 22 and 23 furnish 

In vr = \B r - Al + (A r - AY]P (30) 

This relation is useful in the calculation of the correction for the imperfection 
of the vapor in liquid-vapor equilibria. The equilibrium between a liquid (mole 
fraction x n molal volume V' r and activity coefficient y' r of the component r) and 
its vapor is determined by the condition 

In krXrJr + V r P/RT = In y&P (31) 

The proportionality factor k r is eliminated by means of the condition for the 
equilibrium of the pure component under the vapor pressure pi. 

In h + Vrpl/RT = In v lpl (32) 

The equilibrium condition, therefore, is 

In (Xr7rP a r/yrP) = (B r - A\ - V' r /RT)(P - pi) + (Ar - Ayp (33) 

For binary solutions, the last term becomes (Ai — A 2 ) 2 (l — y r ) 2 P- A relation 
of this type has been previously proposed by Scatchard and Raymond (28). 

The fugacity rule of Lewis leads to omission of the last term. But this term 
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has in principle the same order of magnitude as the preceding one. However, 
it is small if the values of the critical constants of the components do not differ 
appreciably. 

In equation 30 the term (B r — A\)P represents the logarithm of the fugacity 
coefficient of the pure gas, while (A r — A)-P indicates its dependence on the 
composition. Thus if Z, for the pure gas is known, we obtain a better approxi¬ 
mation by means of the relation 

In Vr = [* (Z r - l)d P/P + Ur ~ A) 2 P (34) 

Jo 

in which the equation of state is used only for determining the dependence on the 
composition. 

Another approximation furnishes appreciably better results. We discuss only 
binary systems, although the method can be extended to the general case with¬ 
out difficulty. We define 

i)Z — Z — yJZi — y 2 Z« (35) 

where Zi and 'Z 2 denote the values of Z\ and Z 2 of the pure components at the 
pressures yiP and y 2 P, respectively. By means of equations 2 and 6 we can 
develop the quantity DZ in terms of powers of P. The first-order term is 

DZ = y J y i P(B 1 + B 2 - 2A 1 A 2 ) (36) 

This approximation holds quite well up to pressures of about 50 atm. (see figure 
5). From equation 36 we derive the corresponding approximation for the 
fugacity coefficient: 

fVlP 

In = (Zi - 1) d P/P + v*Ui - Z 2 ) + ylP(Bx + B* - 2A\A 2 ) (37) 

Jo 

This quite convenient approximation has an important practical advantage. 
Sometimes we want to know the fugacity coefficient of a substance in a gaseous 
mixture below its critical temperature under a total pressure which is higher 
than its vapor pressure. A relation such as equation 34 cannot be used in this 
case, because Z r cannot be measured up to the total pressure P . But equation 37 
requires the knowledge of the compressibility factor of the pure gas only up to 
its partial pressure and therefore is always applicable. 

v. CONCLUSION 

A variety of problems arise in the calculation of fugacities of gaseous mixtures 
for two reasons: First, the available experimental data are widely different. 
Sometimes only the critical temperature and pressure are known, sometimes 
P-F-2 7 data for some or all of the components, sometimes a complete set of data 
for the mixtures. In each case, full use should be made of the data. Second, 
short methods are desirable for moderate pressures. It is believed that the 
relations discussed in the preceding sections cover the whole range and that the 
methods proposed do not require an unreasonable amount of time. 
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Whenever a complete set of data is not available, some assumptions must be 
introduced which can be only imperfect approximations. 

The methods proposed contain only two assumptions: the equation of state 
(equation 1) and the dependence of the coefficients A and B on the composition 
(equations 15 and 18). 

The equation of state furnishes a second virial coefficient which is in good 
accord with experimental data at the critical temperature and above. Simi¬ 
larly, the ratio between the limiting volume at high pressure and the critical 
volume is equal to the average of experimental data which vary within fairly 
close limits. The equation of state is therefore in accord with general experi¬ 
mental experience to the extent to be expected of an equation containing only 
two coefficients. 

The assumed dependence of the coefficients A and B on the composition of the 
gaseous mixture takes into account the relative importance of these coefficients 
at low and high pressures, the theoretical interpretation of these coefficients, and 
experimental tests of this interpretation. 

The degree of approximation obtained by the two assumptions, as ascertained 
in a number of test examples, is believed to be satisfactory in view of the fact that 
no experimental data are used except the critical pressure and temperature. 
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INTRODUCTION 


The measurement of colloid particle size by observation of the scattered light 
is based primarily on the electromagnetic theory developed by Gustav Mie (16) 
in 1908. Previously, Rayleigh (18) had derived his well-known equations for 
scattering by small particles of radius much less than the wave length of the 
incident light. Since that time, additional investigations, both theoretical and 
experimental, have been made by Debye (3), Love (15), Blumer (1), Jobst (7), 
Engelhard and Friess (4), Ray (17), Bromwich (2), Stratton and Houghton (22), 
Ruedy (19), La Mer and Barnes (10), Johnson and La Mer (8), La Mer and 
Kenyon (12; see also 9, 11), Van de Hulst (23), and others. The complete, 
theory is given in a compact form by Stratton (21). The pertinent equations 
of the Mie theory follow. 

Consider a plane wave of light incident on any isotropic dielectric sphere of 
radius, r, small compared to the wave length. The total light energy scattered 
per second per unit intensity of illumination (unit energy per unit cross-sectional 
area) is: 


S = 24t 3 


m‘ - i| 2 y 2 
m 2 + 2 X 4 


( 1 ) 


Here V is the volume of the sphere equal to 47rr 3 /3, X is the wave length of the 
light in the surrounding medium, and m is the real or complex refractive index 
of the particle relative to the real refractive index of the medium (see appendix A). 
S is defined as the scattering cross-section of the sphere. Equation 1 is in the 
form given by Rayleigh (18) and it applies only when r < < X. 

For spheres of any size the general form of equation 1 is: 

$ = + 1) (| 0» + ! Pn |“) (2) 

ATT »«1 
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The functions o„ and p n are complex functions of the parameter a = 2rr/\ 
and the index of refraction m. For transparent (non-absorbing) spheres m is 
real and equation 2 yields the total amount of light abstracted (i.e., scattered) 
from the incident beam. For absorbing spheres m is complex and equation 2 
yields only that part of the light which is scattered by the sphere. (See appendices 
A and B for the meaning of complex index of refraction and the definitions of 
a n and p n .) 

For absorbing spheres the total light abstracted from the incident beam (i.e., 



Fig. 1 . Total scattering, K., per unit cross-sectional area of particle versus a (cal 
culated). m — 1 33,1.44,1.50,1.55,2 00; observed m = 1.43. 


both scattered and absorbed) per second per unit intensity of illumination is: 




( 2 n -f- 1 ) (a n + 



( 3 ) 


S t is defined as the extinction cross-section and Re stands for the real part of the 
expression in the brackets. 

The sum in equation 2 has been calculated for a variety of values of a and m 
(real) by The Mathematical Tables Project of the Bureau of Standards. Tables 
of these calculations have recently been published (14). Figure 1 shows the 
results obtained for five values of the real refractive index m. The ordinates 
are the “scattering area coefficient”, defined as K s - S/rr*, i.e., the ratio of the 
scattering cross-section to the geometric cross-section. The abscissas are the 
values of a = 2vr/\. From equation 2 it is seen that 
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K, = lt l (2n + 1) (|a n | 2 +| Pri | 2 ) 

or n=i 


( 4 ) 


so that for a given refractive index K s is a function of a alone. 

The Mathematical Tables Project has also calculated the extinction cross- 
section, S e , from equation 3, for a variety of absorbing particles. These calcula¬ 
tions have not as yet been published. (See reference 8a on the scattering of 
ultraviolet light by sulfur hydrosols.) 

The above equations hold for incident light of any state of polarization. How¬ 
ever, the intensity scattered in a given direction varies with the state of polariza¬ 
tion of the incident light. For example, in the limiting (Rayleigh) case when 
the particles are very small compared to the wave length and the incident light 
is plane polarised, the intensity scattered at an angle ^ when r < < X is: 


h 


9** 'm ! - lj 2 7 2 

R 2 m 2 + 2| X 4 


sin 2 p 


( 5 ) 


R is the distance from the sphere to the point of observation, which must be 
very large compared to the radius of the sphere, p is the angle between the 
direction of propagation of the scattered light and the electric vector in the inci¬ 
dent light. The scattered light is plane polarized, with its electric vector lying 
in the plane defined by the electric vector in the incident light and the direction 
of propagation of the scattered light. 

When the incident light is unpolarized, and r < < X, the intensity scattered in 
the direction 0 is: 

2 R 2 m 2 + 21 X 4( 1 + cos0 ) 


Here 0 is the angle between the directions of propagation of the incident and 
scattered light. 

The theory predicts and observation confirms that when the incident light is 
unpolarized the light scattered by spheres of any size is composed of two inco¬ 
herent, plane polarized components whose planes of polarization are mutually 
perpendicular. For the extremely small spheres to which equation 6 applies, the 
cos 2 term in the parentheses gives the relative intensity of the scattered com¬ 
ponent whose electric vector lies in the plane defined by the incident beam and 
the observed scattered beam (hereafter referred to as the plane of observation). 
The term corresponding to the factor unity in the parentheses refers to the 
scattered component whose electric vector is perpendicular to the plane of 
observation. When 0 = 90° it is seen that the scattered light is plane polarized 
with its electric vector perpendicular to the incident beam, a well-known result. 

Equation 5 (but not equation 6) is in the form given by Rayleigh (18), who 
omitted the factor § from equation 6. It should be emphasized that both equa¬ 
tions refer to unit intensity of illumination. Our experimental and theoretical 
investigations have shown that the value usually given in the literature for the 



DAVID SINCLAIR AND VICTOR K. LA HER 



Fig. 3 . Polar diagram of i'i and t 2 for m = 1.55 and a = 3.6 
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intensity scattered by particles illuminated by unpolarized light is too large by a 
factor of two, for further reasons explained elsewhere (14,20). 

For spheres of any size the general form of equation 6 should be given by Mie 
as: 


I, 


X 2 

8ir*R 2 


(4 + 4) 


(7) 


(Mie writes the factor as f but it should be | for the reasons given in references 
14 and 20 .) The angular distribution functions 4 and 4 are complicated func¬ 
tions of a, m, and 0 . (See appendix C for definitions of 4 and 4.) Their values 
have been calculated by The Mathematical Tables Project for several values of 
a and m (real), for values of 7 (7 = 180° — 0) from 0° to 180° in steps of 10° (14). 
Typical results are shown in figures 2 and 3, where polar diagrams of the functions 
4 and 4 are plotted for m = 1.55 and a = 1.5 and 3.6. Similar diagrams for 
smaller values of m are plotted in reference 1 . 

The functions 4 and 4 are proportional to the intensities of the two incoherent, 
plane polarized components in the scattered light. 4 is the component whose 
electric vector is perpendicular to the plane of observation, and 4 is polarized 
perpendicular to 4- When the sphere is illuminated by unpolarized light of 
unit energy per unit cross-sectional area, the scattered intensity is given by 
equation 7. (When the incident light is plane polarized, the scattered light is 
ellipticallv polarized and 4 and 4 do not in general give its components.) 

Theoretically the above equations can be used to measure the radius of spheri¬ 
cal particles of any size composed of either transparent or absorbing materials. 
In the work described below the measurements were limited to aerosols of spheri¬ 
cal transparent droplets, since calculations for absorbing materials were not then 
available. The work is further limited to radii below about 1 micron because of 
the practical difficulties of evaluating equations 2 and 7 for larger sizes. (Meas¬ 
urements of absorption in liquid sulfur sols will be found in references 8 , 9, 11, 
and 12 .) Furthermore, above 1 micron the ordinary light microscope becomes 
increasingly accurate and useful and accordingly the more precise methods based 
upon scattering become less important. 

The measurements were of four types: ( 1 ) observation of the transmitted light 
as a function of wave length; (2) the intensity of the scattered light at a given 
wave length; (3) the color of the scattered light; (4) the polarization of the 
scattered light at a given wave length. Precise measurements were made on 
aerosols of uniform droplet size produced by a method described in a later 
section. 

Measurements were also made on fogs containing a distribution of sizes. Such 
measurements yield an average value of the radius whose accuracy depends on 
the degree of uniformity of size. In many practical cases, such as the oil fog 
from an outdoor screening smoke generator or the aerosol required for filter 
penetration tests, the distribution of sizes is comparatively narrow so that the 
equations applicable to perfectly uniform fogs can be used with fair accuracy. 



250 


DAVID SINCLAIR AND VICTOR K. LA MER 


Measurements of the size distribution in non-uniform fogs were made by com 
bining gravity settling methods with the optical methods. 

The concentration was low enough so that the scattering was incoherent and 
the effect of each of the n droplets per unit volume was superposed. This occurs 
when the ratio of droplet radius to distance of separation is about 100, corre¬ 
sponding to a fog of 10 6 droplets per cubic centimeter and of radius 1 micron. 
The mass concentration of such a fog is about 4 mg. per liter. The mass con¬ 
centration usually occurring in the laboratory and in oil fogs from an outdoor 
generator is a few tenths of a milligram per liter or less. 

1. METHODS BASED ON TRANSMISSION 
Transmission measurements 

For transparent materials the scattering cross-section, S (equation 2 ), can be 
obtained by measuring the transmission as a function of wave length. Measure¬ 
ments at various concentrations showed that the transmission, T, could be ex¬ 
pressed by the equation: 

T = y = e -Stt! = e~ Jcl ( 8 ) 

Here 7 0 is the incident and 7 the emergent intensity of light of wave length X, n 
the particle number concentration, c the mass concentration, J the scattering 
cross-section per gram, and l the length of path in the aerosol. When either the 
concentration or the radius is known, the other can be found by measuring the 
tr ansmissi on at a known wave length. When both are unknown, they may be 
found by measuring the transmission at two or more wave lengths. 

A beam of approximately monochromatic light from a Hilger Monochromator 
was passed through a uniform particle size aerosol of known concentration. The 
transmission was measured with a photocell, as a function of particle size and 
wave length, and the scattering cross-section per gram calculated from equa¬ 
tion 8 . Measurements were made at values of T from about 0.9 to 0.3 for a path 
length of 1 m. Good agreement was obtained between the experimental values 
of J and the theoretical values for oleic acid (m = 1.46), petroleum-diol 
(m = 1.55), and sulfur (m — 2 . 0 ). The results for oleic acid are given in fig¬ 
ure 4. The ordinates \J are a function of a alone, and therefore valid for all radii 
and wave lengths, and the abscissas are log r/X (theoretical) and 1/X (experi¬ 
mental). The curves a and b show the experimental results obtained for oleic 
acid of refractive index m = 1.46 and the curve to the left is the theoretical curve 
for m = 1.44. The maxima for the experimental curves occur at X/ = 5.0 cm . 8 
per gram of oleic acid, in satisfactory agreement with the theoretical maximum 
of 5.4 cm . 8 per gram. The droplet radius determined from the horizontal dis¬ 
placement of the experimental maximum from the theoretical is 0.38 micron and 
0.29 micron for curves a and b, respectively, in satisfactory agreement with the 

* The transmission method, applied to measurements on liquid sulfur hydrosols, is de¬ 
scribed in greater detail in references S, 9 , 10,11 , and 12. 
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observed higher-order Tyndall spectra (34 and 2-] orders, respectively) described 
below. The measurements on oleic acid and sulfur are described in reference 14. 3 

This method was also applied in field measurements by means of a portable 
photoelectric meter developed by Dr. Seymore Hochberg, called the “slope-o- 
meter.” The relative transmission at two wave lengths through a sample of 
smoke gave an average particle radius, and the absolute transmission at one 
wave length gave the concentration. 



Fig. 4. Comparison of experiment with Mie theory. Oleic acid smoke. The product 
of wave length X (cm.) and scattering coefficient J (cm. 5 per gram) as a function of 
radius and wave length. The experimental curves a and b exhibit a close approach to the 
theoretical value of \J = 5.4 at the ma ximum . 

Visual observations 

Visual observation of the residual color of white light transmitted through a 
fog provides a convenient and rapid measure of the average droplet size. Re¬ 
ferring to the scattering coefficient K in figure 1, where the abscissa a is propor¬ 
tional to r/X, i.e., inversely proportional to wave length, it will be seen that for 
the values of a to the left of the maximum, the scattering decreases as the wave 
length increases. In other words, the transparency increases with increasing 
wave length. If the sun is observed through a fog whose droplet radii are smaller 
than the radius corresponding to the principal maximum, the sun’s disc will 
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appear a deep red color just before extinction. Conversely, if the radii are greater 
than the maximum in the K curve of figure 1, the residual color will be blue or green . 
If the radii are grouped closely about the maximum, the residual color will be 
magenta. When the spread in particle size is too great, i.e., about as much as the 
wave length ratio of red to violet light, little or no color will be seen. This 
method was used to estimate the average droplet size and size distribution in 
the oil fogs produced outdoors. The results were in satisfactory agreement 
with those obtained from the photoelectric transmission meter and a portable 
meter (called the Owl) for scattered light described below. 

2. METHODS BASED ON THE INTENSITY OF THE SCATTERED LIGHT 

Absolute intensity 

The radius of the particles of a fog of uniform droplet size may be obtained by 
measuring the intensity scattered at angles 6 varying from the forward to the 
backward direction and integrating over a sphere. The method is tedious and 
the results are not as accurate as transmission measurements. 

A fog of supercooled stearic acid droplets of known uniform radius and concen¬ 
tration was observed while streaming out of a generator, in the form of a cylindri¬ 
cal jet about 1 cm. in diameter. A suitable volume was uniformly illuminated 
by unpolarized white light and the intensity scattered into a given small solid 
angle was measured with a photometer. The measurements were made through 
a roughly monochromatic filter (X = 0.524 =fc 0.01 micron) at angles 6 from 3° 
to 175°, at frequent intervals. The intensities were then integrated over a 
sphere and the scattering cross-section, S, obtained by comparison with the 
brightness of a diffuse reflector of known reflectivity. The results are given in 
the dashed curve of figure 1, in satisfactory agreement with the theoretical 
curve form = 1.44. 

The integration over the sphere of the observed scattered light when the 
incident light is unpolarized is mathematically equivalent to the integration of 
equation 7, which should be equal to equation 2. It was found, however, that 
the integral of equation 7 with the factor £ as given by Mie was equal to twice 
the value of S given by equation 2. The satisfactory agreement between the 
experimental values and equation 2 shows that the absolute intensities ii and i* 
as originally given by Mie for equation 7 are twice too high, as mentioned above. 
The detailed explanation has been given elsewhere (20). 

Relative intensity 

(a) Fogs of non-uniform droplet size 

At a given wave length the observed intensity scattered at any angle, 6, by 
particles of a given radius is directly proportional to the concentration. This is 
true provided the concentration is low enough so that secondary scattering is 
negligible. In this case the relative intensities scattered by particles of tv 7 o 
different radii may be obtained from equation 7. For this purpose the intensities 
calculated from equation 7 were approximated over a small range of values of 
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the radius as proportional to some power of the radius. Thus the intensity, I, 
scattered in a given direction from a given volume of aerosol is proportional to 
the particle number concentration, n, and the particle radius raised to some 
power, i.e., 

I = kr p n (9) 



The value of p as a function of r was obtained from the values of (ii + it) given 
in the tables (14). The values of log (u + u) vs. log r were plotted and the values 
of the slope, p, as a function of r obtained for several angles. 

Figure 5 shows the variation of p with r at angles 6 = 40°, 45°, and 50° (aver¬ 
aged), for refractive indices 1.44 and 1.55 at the wave length X = 0.524 micron. 
It is seen that p has the value 6 for radii below 0.1 micron, as is to be expected 
in the Rayleigh region. There is also a region where the slope is negative, that is, 
the scattering per particle actually decreases with increasing particle radius. 
This region, of course, corresponds to the one mentioned in the section on visual 
observations, where for a constant radius the scattering increases with increasing 
wave length, so that a blue transmission prevails. 

The data in figure 5 may be used to obtain the size distribution in a fog of non- 




254 


DAVID SINCLAIR AND VICTOR K. LA MER 


uniform droplet size by allowing it to settle in a convection-free fog chamber and 
observing the decrease in scattered light intensity with time. The apparatus 
consisted of a cylindrical brass chamber 2| in. high and 3 in. in diameter sub¬ 
merged in a thermostated water bath. Fog was introduced through tubes ex¬ 
tending down through the water bath into the fog chamber, and illuminated and 
observed through plane glass windows. As the fog settled, the intensity scattered 
by a small volume at a fixed height was measured as a function of time. The 
concentration of the fog was low enough so that multiple scattering and coagula¬ 
tion were negligible. 

Consider a layer in the fog at a height x below the top of the chamber, and 
suppose that at time t = 0 the concentration is uniform throughout the chamber. 
At the time k = x/i\ there will be no droplets above this layer whose velocity of 
fall is greater than i\, and at a later time 4 = x/v 2 there will be no droplets above 
this layer whose velocity of fall is greater than v 2 , where v 2 is less than Vi. Conse¬ 
quently, observation of the decrease in number concentration at a height x during 
the time interval 4 — 4 will give the number of particles having velocities of fall 
between v 2 and ri, or radii between r 2 and n given by Stokes’ law of fall. 

The decrease in number concentration is given by equation 9 in terms of the 
decrease in scattered light intensity, that is, 

An = Al/kr p (10) 

where r is now the average of the radii r x and r 2 . The corresponding value of p 
is obtained from figure 5. Successive measurements at different times will give 
the relative number of droplets of different radii. 

Observations w T ere made on an illuminated volume of fog at an angle of 45° 
to the incident beam. The observed volume was located a distance x = 1.5 cm, 
below the top of the chamber and the height of this volume was 2 mm. With 
these dimensions the intensity observed at any one time is that due to all droplets 
lying within the layer 1.5 ik 0.1 cm. from the top. This introduces an error such 
that a fog of uniform droplet size appears to have a spread in size of 7 per cent. 

In case the law of scattering as a function of droplet size is not known for a 
given apparatus, it may be calibrated by observation of the intensity scattered 
by un if orm droplet size fogs of known concentration, as described in the next 
section. 


(b) Fogs of uniform droplet size 

When the fog is made up of droplets of uniform radius the size may be ob¬ 
tained by observing the rate of settling of the top of the cloud in a convection-free 
settling chamber. The apparatus used was similar to that described above 
except that the smoke chamber was a glass cylinder about 3 in. in diameter and 
1 ft. high immersed in a larger glass cylinder through which water from a thermo¬ 
stat was circulated. The height of the cloud was recorded at suitable time inter¬ 
vals by sighting along the top of the cloud and recording the position on the w T all 
of the glass water jacket. 

The concentration corresponding to an observed scattered intensity was ob- 
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tained by passing a known volume of aerosol through a glass wool filter and 
weighing. The Mie theory shows that the intensity scattered at angles 0 = 5° 
to 30° may be 100 to 1000 times that scattered at 90°. Hence, the intensity 
measurements were made with a new form of Tyndall meter which collected and 
brought to a focus all the light scattered at small angles from the forward direc¬ 
tion. The aerosol to be collected in the glass wool filter was first passed through a 
cylindrical chamber 3 in. in diameter and 4§ in. long. A small volume of the aero¬ 
sol at the center of the chamber was intensely illuminated by means of a 16-cp. 
automobile headlight bulb. The image of the filament was formed at this point 
by two aspheric condenser lenses, 2\ in. in diameter and of 2J in. focal length, 
located at one end of the chamber. The central portion of the wide angle cone of 
rays was blocked out by a disc \ in. in diameter, and the intensity of the smoke 
was observed through the other end of the chamber along the axis of the cone. 
The diameter of the observation window was slightly less than that of the 
blocked-out region so that no direct rays reached the photometer. An opaque 
screen in the center of the chamber, having an aperture just larger than the 
image, cut off the light scattered from the lens surfaces. 

When no particles are present, the observer sees only the black background of 
the disc. When aerosol is passed through, the background becomes brilliantly 
illuminated by the light scattered at 5-30° from the direction of the incident cone 
of rays. The photometer is focussed on the image of the filament formed in the 
smoke. The brightness of this image can be measured quite accurately except 
when the particle size is so large and the concentration so low that flickering 
occurs. The sensitivity of the apparatus is such that the dust particles in the 
ordinary air of a room appear brilliantly illuminated. Consequently, the 
chamber must be air-tight and the zero reading made with well-filtered air. 

This method has been further refined by Hochberg in this laboratory, and later 
by Gucker (5) and collaborators at Northwestern University. They measured 
the scattered light by using photoelectric cells in place of the visual photometer. 
The calibration requires the aerosols of uniform particle size which are described 
in the next section and are mentioned in Gucker’s publication. The instrument 
was calibrated for smoke of a given particle size by observing the intensity at 
several concentrations high enough to be measured accurately by collection in the 
glass wool filter, but low enough so that secondary scattering and coagulation 
were negligible. The concentration of more dilute smokes is then directly pro¬ 
portional to the intensity. 

This method was used for measurements of mass concentration from 200 down 
to 10“ 3 micrograms (10~ 9 g.) per liter, depending upon the particle size. It is 
believed to be the most sensitive aerosol detector ever reported. It was equalled, 
but not exceeded, in delicacy by the later more complicated instruments de¬ 
veloped by Gucker and associates. For all particle sizes, the secondary scatter¬ 
ing was negligible for concentrations of 200 micrograms per liter or less. 
However, coagulation sets an upper limit to the allowable mass concentration, 
which decreases with particle size. For example, a smoke of 0.5 micron radius 
will not show appreciable coagulation at concentrations up to 500 micrograms 
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per liter, while the concentration of a smoke of 0.15 micron radius should not be 
greater than 14 micrograms per liter. 

3. METHOD BASED ON THE COLOR OF THE SCATTERED LIGHT: HIGHER-ORDER 

TYNDALL SPECTRA 

Visual observation of the color of the light scattered at different angles by a 
fog of uniform droplet size provides a rapid measure of particle size. When the 
fog is illuminated with a parallel beam of unpolarized white light, a series of 
bright colors is seen as the angle of observation, 8, is varied. The observation is 
best made through a plane polarizer oriented with its vibration direction perpen¬ 
dicular to the plane of observation, in which case the component i\ alone is seen. 
The component io exhibits a different and usually less distinct series of colors. 



Fig. 6 . Number of reds observed plotted against radius. A, sulfur (index = 2.0); 
B, stearic acid (index = 1.43); C, calculated (all indexes). 

As the angle of observation is varied from near 0° toward 180°, the sequence 
of colors resembles the spectrum in the order violet, blue, green, yellow, orange, 
red. This spectral sequence is repeated several times depending on the particle 
size. Near 90° the sequence of the colors is reversed. The spectral sequences 
have been designated as higher-order Tyndall spectra (8), for which the Rayleigh 
type would be of order zero. The purity and brightness of the colors increase 
with uniformity of droplet size. The number of times the spectral series is 
repeated increases with droplet radius. The droplet radius may be measured 
with considerable accuracy by counting the number of times red, the most distinc¬ 
tive color, is seen. 

Figure 6 shows the experimental curves obtained with stearic acid fogs (m = 
1.43) and sulfur fogs (m = 2.00). The ordinates are the number of reds seen 
when the angle of observation is varied from near 0° to near 180°, and the abscis¬ 
sas are the radii in microns, obtained from measurements of the rate of settling 
in the convection-free chamber using Stokes’ law. It is seen that the radius in 
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microns is roughly equal to the number of reds divided by 10. The number of 
reds to be expected theoretically was calculated from the values of the angular 
distribution function i\ (equation 7) given in the tables (14). A curve was 
plotted for each particle radius showing the ratio of i\ at X = 0.629 micron (red) 
to ii at X = 0.524 micron (green) versus scattering angle from 0° to 180°. The 
number of maxima of ratio greater than 0.45 was taken equal to the number of 
reds observed visually. The ratio 0.45 was chosen, since the intensity ratio at 
these two wave lengths is 0.9 in sunlight and 2.0 in the tungsten light used for 
observation. Consequently, a calculated ratio greater than 0.45 would cor¬ 
respond to an observed reddish hue, since the ratio in the observed scattered light 



Fig. 7 Number of maxima calculated: *» (red) to i'i (green) vs. angle y. Red-green in¬ 
tensity ratio. a r = 5; X r /X« = 1.2; m = 1.44. 

would be greater than 2 X 0.45 = 0.9. The tables (14) were designed to permit 
this calculation of the colors in scattered light by choosing successive pairs of a- 
values which bear the ratio 1.2, the ratio of 0.629 to 0.524. The results are shown 
in curve C of figure 6. The number of maxima was found to be practically 
independent of refractive index throughout the range calculated from the tables. 
It is seen that the calculated curve differs from the experimental curves by about 
0.025 micron. 

Figure 7 shows the calculated red-green intensity ratio as a function of angle 
y = 180° — 0 and m = 1.44, corresponding to a six-order stearic acid smoke. 

Figure 8 shows the angular position of the reds observed in stearic acid fogs. 
With the exception of sulfur the calculated points for all indices of refraction lie 
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on the stearic acid curves to within 5° of angle. With the aid of figure 8 greater 
accuracy in the particle-size measurement can be obtained by observing the 
angular position of the reds 4 as well as their number. The colors may be ob¬ 
served conveniently in a spherical flask of fog held in the hand in the parallel 
light beam. When the droplet size is very uniform and not larger than about 
0.6 micron radius the red orders may be counted without the aid of a plane 
polarizer. When the droplet size is not very uniform or the radius is greater than 
0.6 micron, the colors produced by the different sizes and by the two components 
ii and overlap and cause confusion. The introduction of a plane polarizer 
such as a disc of Polaroid between the eye and the flask gives increased clarity. 
No colors can be seen in fogs having a wide distribution of sizes. 



Fig. 8 . Stearic acid fogs: angular position of reds observed in scattered light 

When the Polaroid is held in the path of the incident light beam the observed 
scattered light is elliptically polarized except when the vibration direction of the 
Polaroid is either perpendicular or parallel to the plane of observation. With 
the first orientation the component ii alone and with the second orientation the 
component i% alone appears in the scattered light. 

For accurate measurement of the angular position of the colors, the flask of 
fog was observed through a telescope arranged to rotate about an axis passing 
through the center of the flask. The light beam and telescope were directed at 
the center of the flask and perpendicular to the axis. The telescope carried a 

4 This method is analogous to the measurement of the angular position of the coronas 
observed in the light diffracted by still larger droplets . Humphreys (6) gives a calculated 
curve showing the angular radii of the first and second red coronal rings as a function of the 
radii of water droplets between 1 and 10 microns. It will be seen that these two curves are 
roughly extensions of the first two curves of figure 8. 
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Polaroid which could be oriented perpendicular or parallel to the plane of observa¬ 
tion, so that the series of colors produced by either of the components i± and n 
could be observed. It was found that ii gave a more distinct series of colors 
over a greater range of sizes. 

A portable instrument (13), suitable for use either in the laboratory or in the 
field, was constructed for rapid measurement of the number and position of the 
reds. The instrument (code name “Owl”) consisted of a cylindrical smoke 
chamber and a light source which could be held in the hand and rotated while 
observing the smoke through a low-power microscope. The axis of rotation 
was perpendicular to the plane of observation. Smoke could be drawn in and 
out by means of a rubber bulb and ball valves. A cylindrical window in the side 
of the chamber allowed observation at angles from 15° to 165° read from a grad¬ 
uated scale. It was found that all the reds could usually be observed in this 
range. The parallel beam from the light source 5 traversed the cell along a 
diameter and entered a tube which served as a light trap to reduce stray light. 
The inside of the chamber was blackened by painting and covering with soot. 

The eyepiece of the microscope contained a split-field Polaroid disc of which 
one half had its vibration direction perpendicular and the other half parallel to 
the dividing line. The scattered light was observed with the dividing line 
perpendicular or parallel to the plane of observation, so that the component 
ii was seen in one half and i> in the other. The two series of colors produced by 
i\ and h were thus observed simultaneously but separately as the chamber and 
light source were rotated. This arrangement sometimes aided in estimating 
the size of smokes of non-uniform particle size. By placing a plane polarizer 
(hereafter referred to as the analyzer) between the eye and the split-field disc, 
the instrument was converted into a polarization photometer. In this form it 
was used to n^^me the relative intensities of the components i% and 4 as de¬ 
scribed in the next section. 

4. METHOD BASED ON THE POLARIZATION OF THE SCATTERED LIGHT 

In general the relative intensity of the plane polarized components %i and i* 
varies in a very irregular manner with a. However, for values of a below 2.5 
and for angles of observation near 90°, the intensity ratio ^Ai is a singly valued 
function of a and may be used as a measure of particle size. 

The polarization photometer referred to above was used to measure the in¬ 
tensity ratio iaAi at X — 0.524 for radii from 0.05 to 0.2 micron. A fog of uniform 
droplet size was observed through a Wratten green filter placed between the eye 
and the analyzer. With the dividing line of the split-field disc set perpendicular 
or parallel to the plane of observation, the analyzer was turned until the intens¬ 
ities of the two halves of the field were equal. If the angle between the light 
vibrations transmitted by the analyzer and the plane of observation is <f>, then: 

h/ii = tan 2 <£ (11) 

The values of ii and 4 given in the tables (14) were used to obtain theoretical 

5 Such as the Bausch & Lomb Nicholas Illuminator. 
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calibration curves. Figure 9 shows the calculated values of ^ as a function of 
radius for five different refractive indices when the angle of observation Q = 
90° and X = 0.524 micron. Figure 10 shows <j> as a function of radius for four 
values of <j> when the index of refraction m — 1.44 and X = 0.524 micron. 

The calibration curves of figure 9 were used to measure the droplet radius of 
fogs of uniform size. Since the size was so small it was not possible to check the 
calibration curves by other experimental methods except at isolated points. 
Good checks were obtained for supercooled sulfur droplets of 0.11 micron radius 



Fig. 9. Calibration curves for the Owl. Analyzer angle <f> vs. r for 9 = 90° at five refrac¬ 
tive index values. 

and oleic acid droplets of 0.17 micron radius by observation of the rate of fall 
of uniform-sized fogs in a small, convection-free settling chamber. 

Since good agreement with theory was obtained for larger sizes when using 
the other experimental methods described above, the polarization method is 
considered to be reliable for fogs of small droplet radii provided they are of 
sufficiently uniform size. The uniformity of size can be checked by measuring 
the polarization at two or more of the angles of observation given in figure 10. 
If the droplet radius obtained from each of these measurements is the same, then 
the fog is of reasonably uniform size. 

It should be emphas iz ed that the polarization method can be used only for 
small droplet fogs of radius below about 0.2 micron, depending upon the refrac¬ 
tive index. In short the method should not he used when the number of reds oh- 
served is two (2) or greater , as the function is then not monotonic. 



MEASUREMENT OF PARTICLE SIZE IN AEROSOLS 


261 


METHOD OF PRODUCTION OF FOGS OF UNIFORM DROPLET SIZE (13) 

Stable aerosols of very uniform particle size may be produced by slow and 
uniform condensation of the vapors of liquids of boiling point between 300° and 
500°C. when well mixed with air containing condensation nuclei. The size of 
the particles is determined by the ratio of the mass of condensible vapor to the 
number of nuclei. When the cooling and other pertinent factors are carefully 
controlled, it is possible to produce aerosols having a particle radius which does 
not vary by more than 10 per cent from the average, as shown by the direct 



Fig. 10. Calibration curves for the Owl. Analyzer angle 4> vs. r for m — 1.44 at four 
values of 6. 

microscopic measurement of the droplets and the disappearance of the higher- 
order Tyndall spectra when aerosols of different particle radii are mixed. The 
reliability of this criterion of uniformity of particle size has since been tested by 
mixing sulfur hydrosols of uniform particle size. When sols for which the radii 
of the particles differed by 2 per cent were mixed, the fifth and sixth orders were 
obliterated (8). 

The substance from which the smoke is to be formed is contained in the 
“boiler”, a 2-1. Pyrex flask (see figure 11). The flask and contents are heated 
electrically in an asbestos board box to between 100°C. and 200°C. depending 
upon the boiling point of the substance and the particle size desired. 
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The condensation nuclei are formed in the “ionizer”, a 1-1. Pyrex flask fitted 
with two electrodes sealed into standard-taper joints. The ionizer is mounted 
above the heater box and connected to the boiler by a standard-taper joint. 
The condensation nuclei may be formed by a high-voltage electric spark or an 
electrically heated coil of wire which has been dipped in sodium chloride. Re¬ 
cently (1947) it has been found by Irwin Wilson (24) that the evaporation to 
dryness of an aerosol produced by atomizing a dilute aqueous solution of sodium 
chloride in a Vaponefrin nebulizer furnishes an excellent source of radioactive 
sodium chloride nuclei. 



Fig. 1L Generator of aerosols of uniform particle size (improved model) 


The “reheater” is a 2-1. Pyrex flask in an adjacent asbestos box heated elec¬ 
trically to about 300°C. A double-walled Pyrex glass chimney 20 in. long is 
connected to the reheater by a large standard-taper joint. The boiler and 
reheater are connected by a Pyrex tube having a standard-taper joint at each 
end. The outlet of this tube into the reheater consists of a jet having two holes 
of 2 mm. diameter. 

A fog is produced by bubbling air through the hot liquid in the boiler, through 
the glass tube shown in the diagram. At the same time, air is blown in through 
the ionizer. The total rate of flow is usually from 1 to 4 1. per minute. The 
mixture of nuclei, spray, and vapor-laden air then passes through the two jet 
holes into the reheater. Here the spray is vaporized and the nuclei well mixed 
with the vapor. 

The mixture then rises through the chimney, the vapor condensing uniformly 
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upon the condensation nuclei. The aerosol which issues from the chimney is 
found to be of very uniform particle size. When the column of aerosol is exam¬ 
ined in front of a white light it is seen to be brilliantly colored, the colors varying 
markedly with the angle of observation. 

The aerosol has mass concentration of about 1-10 mg. per liter, depending 
upon the particle size. In order to avoid destroying the uniformity of particle 
size by coagulation, the aerosol should be diluted immediately 10- or 100-fold with 
dry, filtered air. Small tubes or jets should not be used for this purpose, since 
turbulent flow destroys the uniformity of size. 

The particle size is increased by increasing the temperature of the boiler, or 
by increasing the flow of air through the liquid relative to that through the 
ionizer, or by decreasing the rate of production of ions. A little practice with 
any given piece of apparatus will show what conditions will yield the most uniform 
aerosol of a given particle size. 

The temperature can be maintained automatically by a thermal regulator 
inserted directly into the liquid or into the heater box. The air must be dried 
and well filtered. If it is not, the moisture, dust, and oil fog droplets in the air 
from a compressor or even from gas stored in a tank will provide so many conden¬ 
sation nuclei that the control of particle size by the ionizer will be lost. 

To produce the larger particle sizes, above 1 or 2 microns radius, it is necessary 
to increase the proportion of vapor by bubbling the air through a porous disc. 
In later work (1944-45) for the production of DDT-oil aerosols of 10 microns 
radius for insecticidal purposes, it became necessary to invert the cooling chimney 
to allow the larger particles to fall out. Care must be taken to avoid decomposi¬ 
tion of the material by excessive heating. When the walls become contaminated 
with decomposition products, a thorough cleaning of the apparatus improves the 
homogeneity of particle size. 

A substance having a range of boiling points or an impurity, particularly of 
higher vapor pressure, is not suitable for producing a homogeneous aerosol by 
this method. The different components condense at different rates in the chim¬ 
ney, causing non-uniformity in the particle size. A volatile impurity sometimes 
condenses so readily that it forms sufficient nuclei to destroy the control of size 
by the ionizer. Fractional distillation under vacuum to avoid decomposition is 
often necessary for the production of sufficiently pure materials. Uniform 
aerosols have been produced from oleic and stearic acids, triphenyl and tricresyl 
phosphates, rosin, menthol, ammonium chloride, lubricating oil, and Arochlor. 
The convenient range of particle radius is from 0.05 to 10.0 microns. Smaller 
sizes may be produced, but it is difficult to measure the size or uniformity. 

In general, the larger particle aerosols are relatively more uniform in size. 
The result arises from the law of growth, which is of the form r = Vfo + kt 
(24, 25). Here k is a constant depending upon degree of supersaturation and 
diffusion rate, n is the radius of the nucleus, and r is the radius produced after a 
time t. For example, with kt = 0.16 micron, an initial nucleus of re = 0.01 mi¬ 
cron yields an r value of 0.40 micron, whereas with a nucleus of n = 0.1 /t, r = 
V0.17 = 0.41 n. With large values of kt relative to r\ any initial variations in r 0 
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are obliterated. Running the generator with and without condensation nuclei 
has a veiy pronounced effect on the uniformity of particle size. The nuclei may 
be ionized air molecules or molecules of such substances as nitrogen dioxide, 
hydrogen, oxygen, or ammonia. When a too intense, flaming spark is used, 
nitrogen dioxide is readily detectable by its odor and color. 
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APPENDIX A 
Absorbing media 

Absorption may arise from two causes: (1 ) in conducting media for which the 
conductivity, <r, is finite, and (£) in dielectrics when the incident wave length is 
not far from that of an emission line. The first type of absorption is the only one 
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considered in the derivation of the Mie theory. The second type of absorption 
results from the interaction of bound electrons and the incident electromagnetic 
wave. The details of the derivation are outside the scope of this paper. As 
indicated below, this type of absorption may be measured and used in the calcula¬ 
tion of light scattering by spherical particles in the same manner as the absorp¬ 
tion arising from conduction. 

The notion of a complex refractive index is useful whenever absorption occurs. 
This can be seen by comparing the solutions of the electromagnetic wave equation 
for transparent and absorbing (conducting) media for which the magnetic per¬ 
meability is unity. For example, the solution of a plane polarized wave propa¬ 
gated in the +z direction is: 

E 0 r‘e~ if ‘ 


where E 0 is the amplitude of the electric vector, w is the angular frequency, p is 
the propagation constant, and i = y/ — 1. In transparent media p has the value 
2 rm/\ where X is the wave length in free space and m is the real refractive index. 
In conducting media, owing to the conduction of free electrons, p has the value: 


. /4ir 2 m 2 

V ~ "cjr 


where c is the velocity of light in free space. 

By analogy with transparent media the complex quantity, p, when multiplied 
by X/2a-, yields the complex refractive index: 



where m is the real part of the refractive index and v is the frequency. If now 
we write: 

rric = ra( 1 — ik) 

the solution of the wave equation may be expressed in terms which are readily 
measurable experimentally. Thus: 

p = ^ m( 1 — ik) 

A 


so that the solution becomes: 


fjt —2*mfc/X * J[toi— (Sxraz/X ) j 

ze 


an exponentially damped wave. Since the intensity is proportional to the square 
of the amplitude, the absorption coefficient, p, will be given by: 

4xk 

i.e., the intensity of a plane wave decreases to the fraction r* ,kin ' erf its original 
value when the light passes through a distance l of the substance. The quantity, 
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k, is called the absorption index. It is commonly determined by measurement of 
the absorption coefficient, n, in the bulk material at a given wave length. Simi¬ 
larly, the real part of the refractive index, m, must be determined for each wave 
length, particularly for highly absorbing media, in which m varies rapidly with 
wave length. 

In the case of absorption of wave lengths near an emission line of a dielectric 
the absorption index, k, and the real refractive index, m, may be measured in the 
same manner. In either case the complex refractive index m(l — ik) when sub¬ 
stituted in equation 1 or 2 gives the light scattered, i.e., exclusive of that absorbed, 
by absorbing particles. When m( 1 — ik) is used in equation 3, one obtains 
both the scattered and the absorbed light. Any of the equations 1 to 7 can be 
used with either a real or a complex refractive index, depending on the nature of 
the aerosol and the quantity desired. 

appendix B 

At the request of the referee we give definitions and meanings of On and p„. 
In the solution of the Maxwell equations, as given by Mie (1908), Debye (1909), 
and Rayleigh (1911), both the incident wave and the scattered wave are de¬ 
veloped into electric and magnetic multipole components. Since the scattered 
components are coherent, they will interfere. Interference of the scattered wave 
with the incident wave produces extinction. Mutual interference among the 
components of the scattered wave determines the intensity of the scattered light. 
Each electric or magnetic multipole component is characterized by a coefficient. 
Thus for the 2“ electric component: 

a _ - PtniaWniP) 

a^»(/3)fn(a) — Kn(a)^pn(fi) 
and for the 2* magnetic component: 

aikn(0)tn(od ~ 0?„(a)t'„(/3) 

Here a = 2«r/X and 0 = ma. 

The cylindrical functions appearing above are defined as 

( \ 1/2 / \ 1/2 
~) J « + »(«); Xn(«) = (-1 ) n (fJ j-n- »(«) 

and 

f»(«) = &,(<*) + fxn(a) 

Primes denote derivatives and J represents a Bessel function of half order. In 
studying the theory the reader will encounter spherical harmonics defined as: 

T »(») = sine P "^ and Tn ^ = id 

both derived from P»(i/), the first associated Legendre function with v = cos 6, 
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with the additional useful relation 

Tn(v) = VT n (v) - (1 - »*)*■»(») = COtg 6 P\(») - Pi(v) 

The functions ip n (a) and Xn(«) are real when their arguments are real. Both 
a and j8 are real if the refractive index m is real, as holds for dielectric spheres. 
The case of totally reflecting spheres, having m = infinity, may be included. 

The cylindric functions behave differently for small and large values of the 
argument. Thus: 

Small a: 


n+1 

^ = 1-3 ••• (2» + 1) ’ 


Xn(a) = 


1-3 


• ( 2 n ± 1 ) 

CL n 


represents the first term of a convergent series practicable for a << n. 


Large a: 



Xn(cc) — COS 



shows the first term of a semiconvergent series practicable when a >> n. 
Debye (1909) has derived semiconvergent developments for intermediate values 
of a and n, which connect the above formulas, useful when both a and n are 
large. The computations of the tables by Lowan and associates are based upon 
the above definitions. The reader should refer to the excellent dissertation of 
van de Hulst (23) for more details of the meaning of the equations and for im¬ 
provements in computational schemes, particularly Chapters 2 and 9. In his 
notation our a = x and our/3 = y (see also Stratton (21)). 


appendix C 

Definition of ii and ii in equation 7 

The definitions of ii and ii are obtained from the equations and definitions in 
appendix B by calculating the energy flux by means of the Poynting vector in 
the limit for an observer at an infinite distance from the sphere, i.e., R >> r. 

m = t ^±^5 {O.T.W + l! 

m = J 

In the van de Hulst reference (23, p. 8), compact formulae are also given for 
computing the total amount of scattered light and the total forward component 
by tiie use of the integrals of products of the functions *■„(») and r„(») on the 
sphere as derived originally by Debye. 
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The condition of dissolved non-polar gases in water solution is entirely a matter 
of speculation. There is evidence that bubbles small enough to escape observation 
are very persistent and that the properties of water are affected noticeably by 
their presence. 

The supersaturation of vapors in the absence of nuclei is subject to thermo¬ 
dynamic treatment. The Thomson equation is no longer valid when the single 
drop ceases to determine a liquid phase. The drop ceases to constitute a liquid 
phase when the number of molecules becomes small enough so that the share of 
each molecule in the (colligative) entropy of the drop becomes considerable. The 
drop now becomes a molecular aggregate in a homogeneous equilibrium and a defi¬ 
nite limit to supersaturation is established. Experimental data are in general 
agreement with the conclusions of this theory. 


The nuclei of evaporation and condensation become bubbles or drops. The 
bubble and the drop are the opposite faces of the coin, so to speak, of which the 
liquid-vapor interface is the coin disk itself. The low entropy of surface forma¬ 
tion of water indicates a high degree of structure in the surface, just as in the 
body of the liquid. One can hardly avoid the conclusion that water is a unique 
liquid which always must be discussed as a special case. 

That the density of the liquid is greater than the density of ice is a bizarre 
fact which raises many questions. It seems to be clearly established that ice 
is a four-coordinated structure with hydrogen bonds maintaining a distance of 
2.76 A. between the oxygen atoms. Since the hydrogen bond is a very weak 
bond, these linkages can not be considered as fully established except at the 
lowest temperatures. For the same reason water does not form a glass; the 
shift to a crystalline structure takes place too readily. As a matter of fact, 
Pauling considers that ice is only imperfectly crystalline and is to a small degree 
tautomeric with a glass. If the hydrogen bonds were stronger, one might expect 
water to form a glass of the same density and coordination number as ice. In 
liquid water (4) the average distance between oxygen atoms is increased to about 
3.0 A. The increased density is accounted for by the fact that the coordination 
number is on the average greater than 4.0, perhaps as much as 4.5. Since the 
hydrogen bonds are constantly breaking and re-forming, this is only an average 
figure. The increased density is easily understood, even though the average 
distance between molecules is greater. Likewise the heat of fusion is easily 
accounted for by the fact that both the hydrogen-bond energy and the van dqr 

1 Presented at the Symposium on Aerosols, which was held under the joint auspices of 
the Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, April 22, 
1948. 
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Waals energy will be considerably decreased by an increase in interatomic 
distances. 

Not all of the properties of liquid water are so easily accounted for, however. 
For example, consider the solubility of gases, such as oxygen or methane, which 
are a long way above their critical temperatures. It is easily understood that, 
although ice has an open structure, the small tolerances of the lattice do not 
allow the inclusion of foreign molecules. How then can the liquid phase, which 
is denser, make room for the dissolved gas? 

If one assumes that the gas molecules are simply entrapped in the mesh of 
the liquid water, then the solubility should increase with temperature. It does 
in some cases but usually not. For example, the heat of solution of methane 
is negative. 

Finally there is the strange group of hydrates formed by the gases such as 
chlorine, methane, and argon. These hydrates are believed to contain eight 
molecules of water per molecule of gas. Since the unit of structure in hexagonal 
ice is a group of eight water molecules, it has been suggested by some that the 
hydrates are made up by enclosing one molecule of gas in one of the ice units, 
but this idea is untenable because there is no room for a gas molecule in such 
a cluster. 


FOREIGN NUCLEI 

It might be supposed that the theory of fluctuations would account for the 
initiation of all types of processes in the liquid state in which a new phase ap¬ 
pears, but it is an interesting fact that most of the investigators who have studied 
processes of this type in water solution have been led to postulate the presence 
of foreign substances in some form of dispersion or solution. Among the phe¬ 
nomena which have been studied are the coagulation of sols (3), the tensile 
strength and superheating of water (2; see also 6), and the effect of centrifuging 
on the e.m.f. of a galvanic cell. One may conclude in every case that they are 
due to the presence of impurities and note that treatment of the water by such 
drastic processes as ultrafiltration, ultrasonic radiation, or high pressure often 
causes these effects to disappear. Without generalizing in any way as to how 
these effects are produced, one may assume that in some cases at least the homo¬ 
geneous structure of water vapor is disturbed by the presence of dissolved gases 
in various states of dispersion. 

We shall consider, therefore, what the behavior of a dissolved gas such as 
oxygen might be. If the gas is not moleeularly dispersed, the bubbles to escape 
detection must be less than 10~ 7 cm. in radius. Such a bubble at 1 atm. would 
not contain more than one molecule, but at the high internal pressure existing in 
water the density might well be greater than that of liquid oxygen at the critical 
temperature. If one wonders how a bubble at such a pressure can exist in 
equilibrium with the external atmospheric pressure, it is only necessary to remem¬ 
ber that this pressure is largely an internal pressure due to forces acting through¬ 
out the liquid. The only pressure acting on the bubble tending to cause it to 
disappear is the pressure due to interfacial tension. The interfacial tension 
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between oxygen and water on a flat surface is large. For limited surfaces of hi gh 
convexity it might be small. The very large partial molal volume of these gases 
in water solution lends some support to the hypothesis of a low interfacial tension 
at the surface of small bubbles. If the bubble were under a very high pressure, 
the partial molal volume could scarcely be so great. 

It is not surprising that the solubility of oxygen in water is small, but it is 
paradoxical that the temperature coefficient of solubility is negative. This 
implies that the heat of solution is negative; in other words, that the attraction 
of water molecules for oxygen molecules is greater than the mutual attraction 
between water molecules. But if this is the case, the solubility should be greater 
in the first place. 

We shall have to tiy for another explanation. The small solubility means a 
negative entropy of solution. This negative entropy of solution could be due to 
a very definite orientation of water molecules in the interface. The energy 
liberated by this orientation would account for the negative heat of solution 
without assuming strong attraction between oxygen and water molecules. 

This resembles the “iceberg” theory (1), so-called, but there can be no resem¬ 
blance to an ice structure. The ease with which water supercools argues against 
any structure resembling hexagonal ice forming in the liquid state. The reason 
for this is obvious of course: the high internal pressure makes the ice structure 
unstable because of its low bulk density. A pentagonal dodecahedron would 
form a somewhat larger unit (thirty molecules) than the hexagonal unit of eight 
molecules and there would be room on the inside for a gas molecule. It seems 
probable, however, that the most stable configuration would be a bubble con¬ 
taining a number of gas molecules. The water molecules in the surface of this 
bubble would be oriented in such a way as to form at least three hydrogen bonds 
per molecule. The fourth hydrogen would project on the inner surface of the 
bubble in such a way as to be attracted strongly to gas molecules by polariza¬ 
tion forces. This arrangement would give a low or zero interfacial tension and 
a negative heat and entropy of solution. 

There will be a size of bubble for which the heat of solution and entropy will 
be a maximum (negative) but the distribution will be statistical. It may be 
that equilibrium can be established only at the gas-liquid surface, so that the 
distribution of size may be far from that which would be predicted. There may 
be more bubbles containing only one molecule than of any other size, but these 
may represent only a small percentage of the total gas dissolved. 

CONDENSATION OP WATER VAPOR 

In discussing the condensation of vapor we shall treat only the case in which 
foreign nuclei such as ions and dust particles are assumed to be absent. In the 
vapor of a hydrocarbon oil there may be a few large molecules which serve as 
nuclei for condensation. In water vapor in a pure state the nuclei must be 
aggregates of water molecules which grow by accretion, starting with the associa¬ 
tion of two water molecules to form a bimoleeular complex. We shall refer to 
these aggregates as clusters until they become large enough to form drops. We 
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shall define the terms “cluster” and “drop” somewhat arbitrarily by applying 
a dis tinguishing criterion of thermodynamics. If the aggregate contains enough 
molecules so that its behavior in the presence of vapor at a given temperature 
and pressure is uniquely determined, independently of the number of such aggre¬ 
gates present in a given volume, then it constitutes a liquid phase and we shall 
call it a drop. On the other hand, if the aggregate contains a small number of 
molecules so that its behavior is statistical and depends upon the concentration, 
we shall call it a cluster. There is of course a gradual transition from cluster to 
drop which must occur somewhere between. 100 and 1000 molecules per aggre¬ 
gate, i.e., in the range of radius 10~ 7 to 2 X 10 -7 . As we shall see later, a drop 
will determine an equilibrium saturation pressure and hence can no longer be 
considered as a nucleus. 



Fig. 1 Plot of Thomson equation 


THE THOMSON EQUATION 


The Thomson equation 
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cannot be assumed to hold below a radius of 10 -7 (133 molecules) for two reasons: 
(i) As the number of molecules decreases, the concept of a flat surface under 
uniform tension must fail. (2) It is obviously impossible to speak of a satura¬ 
tion pressure when the equilibrium pressure depends upon the concentration of 
clusters present, as it obviously does in the limit when only bimolecular clusters 
are present. So long as the saturation pressure is fixed by the presence of a 
single drop we are dealing with vapor-liquid equilibrium, but when the aggre¬ 
gates become small enough so that their concentration is significant in deter¬ 
mining equilibrium we have a homogeneous instead of a heterogeneous equilib¬ 
rium. Accordingly we have drawn the curve for In p/pa (figure 1) down to 
r = 10~ 7 (In p/po = 1). The curve is extended beyond the point as a broken 
line. This broken line indicates not only that the Thomson equation cannot 
hold but that no saturation pressure exists for this region (< 10~ 7 ). 


THERMODYNAMIC EQUATIONS 

The equilibrium between vapor and liquid drops or molecular clusters may be 
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conveniently expressed by the equation: 


S v - S L 


c a # v 

T 


Here S v , the entropy per mole of vapor, is given by the equation 

S v = S° - RIrP 

where 8° is the standard entropy at unit pressure. S c , the entropy per mole 
of the liquid drop of molecular cluster, is represented by 

S e = Sl 4— 0S°)coi — — Ip- 
re T 


Here Sl is the entropy per mole of liquid in the mass; (<S°) «i is the contribution 
of translational, rotational, and concentration terms to the entropy of aggre- 



Fig. 2. Plot of entropy curves for liquid and vapor as a function of radius 

gates composed of n molecules each and treated as a gaseous phase. The effect 
of surface tension in reducing the entropy of the liquid comes directly out of 
the Thomson equation, and we shall assume A H v , the heat of vaporization, to be 
constant so long as the Thomson equation holds. The entropy curves for liquid 
and vapor are plotted in figure 2 as a function of radius. 

THE MINIMUM ENTROPY FOR SMALL DROPS 

The entropy curve for the liquid shows a minimum in the neighborhood of 
radius 10~ 7 . This minimum marks the transition from cluster to drop, in 
other words, the limit of the saturation curve corresponding to a liquid-vapor 
equilibrium. The existence and approximate location of this minimum require 
justification, and this justification can be given both from theoretical con¬ 
siderations and from the behavior of supersaturated vapor as reported by in¬ 
vestigations. 

The maximum decrease in entropy due to surface tension is about two units. 
. Beyond this point a new effect becomes important, viz., the colligative entropy. 
Because the aggregates representing the liquid phase are in suspension, they may 
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be treated as large molecules forming a part of the homogeneous vapor phase 
and possessing translational, rotational, and volume concentration entropy. 
The share of this entropy per molecule is only 1/n times the total, where n is 
the number of water molecules per aggregate. When the number of molecules 
per aggregate is less than 100, this contribution will more than offset the de¬ 
crease in entropy due to surface tension and hence a minimum in the entropy 
of the liquid phase must occur at or near this radius (10“ 7 ). 

One can calculate the entropy of the drop and estimate the entropy of the 
bimolecular cluster. (The heat of dissociation of the bimolecular cluster is 
estimated at 5000 cal. and entropy of dissociation at 20 e.s.tj.) The entropy 
of cluster of intermediate size is obtained by an interpolation made on the 
assumption that the decrease in heat of vaporization is offset by an increase in 
vibrational entropy. This last assumption is a variation of the Trouton rule 
and quite reliable. Hence one locates the minimum entropy as occurring at or 
near a radius of 10~ 7 . 

This estimate based on theoretical calculations receives a very satisfaetoiy 
confirmation from the experimentally reported behavior. It is, of course, not 
easy to reconcile all of the facts as reported in the literature. 2 One cannot be 
sure of the absence of foreign nuclei in all cases. Supersaturation in cloud 
chambers is complicated by the presence of air and condensation on the walls. 
The most reliable experiments are those in which superheated steam is expanded 
through a nozzle. 

The following conclusions seem to be established on a fairly reliable basis for 
pure water vapor: (. 1 ) A threefold saturation (In p/p 0 ~ 1) does not result in 
rapid condensation. (2) If the saturation is increased to four- or fivefold 
(In pjpo = 1.5) condensation will take place in 20-40 microsec. with a drop 
concentration of 10 6 -10 8 per cubic centimeter. 

THE SUPERSATURATION REGION 

It does not affect the conclusions of this paper seriously if the above limits 
are not strictly accurate. One can be certain that certain limits of super- 
saturation exist such that at the lower limit conde nsa tion does not occur and 
at the upper limit it occurs very rapidly. These limits are separated by a diff- 
ference in the pressure of the vapor that corresponds to about one entropy unit. 
In figure 3 the equilibrium concentrations of clusters are shown for the lower 
and upper limiting pressures. The ratio of the concentrations between the two 
curves is given by the relation 

RlnC = nAS 

where AS is taken as one entropy unit. 

THE BOTTLENECK FOR GROWTH OF NUCLEI 

The lower curve in figure 3 is for In p/p Q = 1 and shows a minimum in the 
neighborhood of r = 10~ 7 corresponding to the minimum entropy for the con- 

s Ruedy (5) has su mmar ized the experimental data on supersaturation in the literature. 



NUCLEI IN EVAPORATION AND CONDENSATION 


275 


densing phase. At this minimum the probable concentration of aggregates is 
vanishingly small. Since condensation must take place by the growth of clus¬ 
ters with drops, and since this growth cannot take place unless a large concen¬ 
tration of clusters is present at equilibrium, no condensation will occur. If the 
probability of the existence of a cluster is small, the cluster will not grow but 
will diminish in size. 

If, however, the supersaturation is increased to In p/po = 1.5, we have the 
upper curve with a minimum somewhat below r — 10 -7 but at concentrations 
high enough to permit a rapid growth of clusters into drops. There is no point 
in trying to draw the concentration curve beyond the minimum, because it 
represents a concentration that will never be realized since supersaturation of 
the vapor is no longer possible in this region. 



NUMBER OF MOLECULES PER 
CLUSTER 

Fig. 3. Equilibrium concentrations of clusters for the lower and upper limiting pressures 
MECHANISM OP GROWTH OP NUCLEI 

Bimolecular complexes must be formed by triple collisions. There are some 
10 24 triple collisions per second at the threefold saturation; hence a concentra¬ 
tion of 10 16 bimolecular complexes can be formed in a matter of microseconds. 
A cluster grows by individual accretion. The collisions are inelastic but, of 
course, for each molecule condensing another must evaporate, otherwise the 
temperature of the cluster would rise without limit. Actually, the temperature 
of the cluster will rise until the rate of evaporation is equal to the rate of con¬ 
densation from the supersaturated vapor. For a threefold saturation this 
would amount to 15 or 20°. About 150 cal. per mole will be lost on each ex¬ 
change of molecules, so that perhaps one molecule will adhere permanently for 
each hundred exchanged. The rate of growth may be calculated by the kinetic 
theory to be 4.65 X 10 11 X r 2 for threefold saturation at 25°C. A cluster would 
grow to a radius of 10 -7 cm. in a few microseconds. 

GROWTH BY AGGLOMERATION 

If the clusters are small so that the Brownian motion is rapid and the con¬ 
centration high (> HP), then collisions between clusters will be numerous and 
will result in a rapid growth by agglomeration with a corresponding reduction 
in the total number present. This accounts for the fact that in a rapid conden- 
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sation the number of droplets per cubic centimeter will not exceed 10*. How¬ 
ever, if the clusters are small the heat liberated is so great that many molecules 
must be evaporated and little gain in size will result from the collision. The 
reason for this is that the heat of condensation increases rapidly with increasing 
adze of the cluster and levels off when it becomes a drop of 10 -7 radius. For 
example, let us suppose the heat of condensation per mole (including surface 
energy) in a cluster of 50 molecules to be 5000 cal. and in a cluster of 100 mole¬ 
cules to be 7500 cal. The heat of agglomeration would be so great as to require 
the evaporation of nearly one-third of the molecules contained in the two drops. 

In this paper no attempt has been made to calculate the over-all rate of 
growth of clusters of sizes and hence the absolute rate of condensation. Such 
a calculation undoubtedly is possible but laborious. 

It is not immediately obvious that the considerations of this paper apply to 
the condensation of water vapor in the atmosphere because foreign nuclei are 
usually present and hence the supersaturation is small. It is conceivable, 
however, that under extreme conditions a high degree of supersaturation may 
be reached. 
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ABSTRACT 

Measurements have been carried out in a cold box on the nucleation of ice forma¬ 
tion in supercooled clouds by silver iodide smoke particles. The smokes were 
produced by atomizing an acetone solution of silver and ammonium iodides into a 
hydrogen flame. 

The measurements show that ice crystals do not form immediately on the silver 
iodide particles. The silver iodide can be regarded as greatly increasing the 
probability of ice crystal formation. The number of effective nuclei which can be 
produced per gram of silver iodide varies from about 10 13 at — 10°C. to 10 16 at — 20°C. 

INTRODUCTION 

About a year and a half ago, it was found that silver iodide smokes had the 
property of causing snowflakes to form in a supercooled cloud (5). It is be¬ 
lieved that silver iodide particles are good nuclei for ice formation because of the 
close resemblance of their crystal structure to that of ice. Experimentation 
has been under way to learn more about the production and behavior of these 
smokes. The work to be described in this account should be regarded as pre¬ 
liminary. The techniques and apparatus used in the work frequently leave 
much to be desired in the way of precision. The results are tentative and await 
confirmation by better experiments. This work, despite the uncertainties in 
it, nevertheless sheds light on the mechanism of nucleation and suggests new 
experiments and improved techniques for giving a more complete picture of the 
phenomena associated with nucleation by silver iodide. 

APPARATUS AND TECHNIQUES FOR MEASUREMENTS ON SMOKES 

Wind tunnel 

In order to determine the output of a source of silver iodide smoke, it is neces¬ 
sary to secure a sample of smoke for testing that is a known fraction of the 
total output. This was accomplished by diluting the output of the smoke gen¬ 
erator with a large known flow of air, and taki n g a known volume of this dilute 
smoke for testing. The smoke generator was placed in front of a ^-horsepower 
electric fan, 3 ft. in diameter, which sucked the smoke along with a large volume 
of air into a crude wind tunnel 4 ft. square in cross-section and 24 ft, long. The 
stirring action of the fan and the turbulence in the tunnel mixed the smoke with 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of 
the Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, April 
22, 1948. 
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the aar to produce a more dilute smoke, which was discharged at the other end 
of the tunnel where samples were taken. When a heavy white oil smoke was 
introduced into the tunnel, it appeared to be quite uniformly mixed and diluted 
as it left the t unn el. The rate of flow in the tunnel, as determined by measuring 
the velocity with a vane-type anemometer, was 4 X 10 6 cm. 8 per second. 

Of the silver iodide smokes used, all except the ones having the largest par¬ 
ticle size were completely invisible under the conditions of the experiment. 
The smokes having the largest particles were quite transparent and of a pale 
blue or purple appearance in the sunlight. 

Smoke sampling and diluting syringe 

In many of the cases, only a fraction of 1 cc. of the smoke from the tunnel is 
needed for a test. Precipitation on the walls of a container of this size would be 
very rapid. Therefore, a syringe was constructed for taking a sample of the 
smoke and diluting it quantitatively to any desired amount. The syringe 



(figure 1) consists of a metal tube 3 in. in diameter with a piston and leather 
washers which can be moved back and forth a fixed distance. A sample of smnlrp 
was taken with the syringe and then diluted to the desired concentration by 
moving the piston in and out the requisite number of times in smoke-free air, 
upwind from the tunnel. 


Cold chamber 

The early measurements on the number of nuclei contained in silver iodide 
smokes were made using Schaefer’s technique (3). A measured volume of 
smoke was introduced into a supercooled cloud in a home freezer and the number 
of snow crystals produced per cubic centimeter was visually estimated. 

This technique has been slightly modified in the more reqent work and the 
apparatus used is shown in figure 2. The tests were carried out in a brass 
cylinder 15 in. high and 12 in. in diameter having walls J in. thick to provide 
good thermal conductivity. 

This c ham ber, which was closed at the bottom, was maintained at a low 
temperature by placing it in a 4 cu. ft. home freezer. The freezer thermostat 
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was used to regulate the temperatures. A supercooled cloud was maintained 
in the refrigerated cylinder by evaporating water from wet paper toweling wound 
around a 15-watt electric heater placed in the lower part of the cylinder. A 
hinged masonite lid was used to close the top of the cylinder during tests. The 
temperature at the top of the cylinder was found to be about 2°C. warmer than 
at the bottom. The minimum temperature obt aina ble in the chamber was 
—20°C. In future experiments, it is highly desirable that lower temperatures 
be obtainable and that provisions be made for better temperature regulation. 

Smokes were tested by introducing than from the samp ling syringe into the 
supercooled cloud in the cylinder. A stack of cold microscope slides was placed 
in the bottom of the cylinder. The snowflakes produced by the action of the 
smoke settled on the bottom of the cylinder and on the topmost microscope 



slide. At intervals 2 min. apart the slide on which the snow had fallen was 
removed, thus exposing the slide beneath. The slide which was removed was 
then examined under a microscope kept in the freezer. By means of a Whipple 
eyepiece, the number of flakes collected per square millimeter in a 2-min. period 
was counted. When the rate of snowfall had dropped to a low value, the 
total number of flakes which had fallen per square millimeter was determined 
by adding the numbers which had fallen in each 2-min. sample. The total 
number of snow crystals which would have been produced by the entire output 
of the generator could then be calculated from the area of the bottom of the 
cylinder, the volume and dilution of the smoke introduced, and the volume 
rate of production of the smoke. 

Electron microscope examination of smoke 

Smokes being tested were examined with the electron microscope to deter¬ 
mine their appearance and particle size. Samples of smoke were precipitated 
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on a Fonnvar film supported on a fine wire screen, by moving it for about a 
minute in and out of the smoke stream about 3 ft. from the generator. The 
smoke stream at this point is still quite warm. The sample screen, because it 
is in the smoke only a moment at a time, remains cool so that thermal pre¬ 
cipitation may play a part in the collection of the smoke. 

Under these conditions of precipitation, it is quite likely that particles of a 
certain size may be selectively precipitated, so that the sample obtained is not 
entirely representative of the smoke. A more reliable method would be desir¬ 
able so that more trustworthy data could be obtained. 

The smoke samples were photographed using the electron microscope. Deter¬ 
minations of the particle size and the number of particles per cubic centimeter 
of material were made from these photographs. 


HYDROGEN GAS AT 20 RS.I. 



SILVER IODIDE SOLUTION 
Pig. 3. Silver iodide smoke generator 


Smoke generator 

The smokes used in these tests were produced by a smoke generator con¬ 
structed from a c om mercial compressed-air atomizing nozzle of the sort used 
for paint spraying and humidifying (Binks No. 174). The generator is shown 
in figure 3. Compressed hydrogen gas at 20 lb. per square inch was applied 
instead of air to the air inlet of the nozzle and a solution of silver iodide was used 
as the liquid to be sprayed. The hydrogen stream as it left the nozzle was 
ignited. The heat of the flame vaporized the silver iodide in the spray into a 
gas which, upon mixing with the atmosphere, condensed into a smoke of small 
silver iodide particles. In order to prevent the hydrogen flame from being 
blown out by the wind, a flame holder consisting of a piece of f-in. pipe 2J in. 
long was placed | in. from the spray nozzle. At a pressure of 20 lb. per square 
inch, the spray nozzle used about 3 cu. ft. of hydrogen per minute (measured 
at atmospheric pressure). 

Silver iodide solutions 

Although silver iodide is veiy insoluble in water and organic liquids, it is 
quite soluble in acetone or water solutions containing a soluble iodide such as 
sodium or ammonium iodide. The solutions used in this work were made by 
dissolving 200 g. of silver iodide and 100 g. of ammonium iodide in a mixture of 
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750 cc. of acetone and 250 cc. of water. A dilute solution was also used which 
was made by diluting the above solution to ten times its volume with acetone. 
Solutions can be diluted any desired amount with acetone; however, dilution 
with water causes precipitation of the silver iodide. Ammonium iodide was 
used in the solutions for these experiments because it probably is completely 
decomposed in the hydrogen flame, thus leaving a smoke of uncontaminated 
silver iodide. 

The rate at which silver iodide was fed into the smoke generator was varied 
by controlling the rate of flow of solution by adjusting the valve on the nozzle 
and by using solutions of different concentrations. 



Fig. 4. Comparison of seeding with silver iodide smoke and seeding with popgun 
EXPERIMENTAL RESULTS 

Decrease in rate of snow formation after seeding 

There was found to be a large difference in the behavior of the supercooled 
cloud when it was seeded with the low-temperature air produced by a popgun 
and when it was seeded with silver iodide smoke. From figure 4 it can be seen 
that although many snow crystals were produced by the low temperature from 
the popgun, all of these ciystals had precipitated to the bottom of the container 
at the end of 10 min. When the cloud was seeded with silver iodide smoke, 
however, a measurable number of ice crystals were still precipitating at the end 
of almost an hour. The rate of snowfall decreases to one-half each 2 or 3 min. 
This rate of decrease was not found to vary significantly with temperature or 
with the particle size of the smoke although, as will be seen, the total number 
of snow ciystals varied over several factors of ten, depending on the tempera¬ 
ture of the supercooled cloud. 

Precipitation of smoke in syringe 

One possible source of error in these experiments is that which might be caused 
by coagulation and precipitation of the smoke in the sampling syringe. In 
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order to evaluate this rate of disappearance, tests were made in which small 
smoke samples were withdrawn from the syringe after it had been in the syringe 
for varying periods of time. The number of effective nuclei in a sample of smoke 
was found to decrease by one-half every 20 min. The time required to take, 
dilute, and discharge a sample into the cold chamber was never more than a 
minute or two, so that the changes in the smoke occurring during this time were 
not laige. 


SIZE RANGE OF SMOKE PARTICLES 



Fig. 5. Number of ice crystals formed per gram of silver iodide related to temperatuer 
of supercooled cloud and rate of silver iodide consumption. 

Number of ice crystals per gram of silver iodide 

The results of experiments carried out with different settings of the smoke 
generator and in supercooled clouds at different temperatures are shown in 
figure 5. In this graph, the results are also given for the electron microscope 
examination. 

Electron photomicrographs were made of four different samples of smokes. 
A hundred or more particles in a representative section of each photograph 
were measured, and a graph was made of the number of particles as a function 
of their diameter. All of the smokes examined showed a large number of par¬ 
ticles having a diameter of about 30 A., which is the anallest particle observable 
with the microscope. It, therefore, seems probable that in these smokes there 
are many more particles which were too small to be resolved. By neglecting 
these invisible particles, it was possible to estimate the minimum number of 
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particles formed per gram of silver iodide by dividing the number of particles 
in a representative section of a photograph by the sum of their masses computed 
on the assumption that they were spheres having the same density as silver 
iodide crystals. Figure 6 shows electron photomicrographs of two typical 



Fig. 6. Smoke from silver iodide-ammonium iodide solution, (a) 0.25 mg./sec.; 
(b) 28 mg./sec. 


DISCUSSION OP RESULTS 

The work thus far is not of sufficient scope to give straightforward answers 
to many questions which arise concerning the mechanism of silver iodide nuclea- 
tion. It is the purpose of this discussion to venture some possible explanations 
for the experimental observations. 

Formation of ice crystals 

Figure 4, which shows the number of snow crystals precipitating per minute 
after seeding, illustrates a significant difference between the behavior of a cloud 
seeded with silver iodide and one seeded by a popgun. Seeding with a popgun 
or dry ice produces very large numbers of small ice crystals by coding a small 
region of the cloud to a temperature at which spontaneous nucleation takes 







284 


BERNARD VONNEGUT 


place. These ice crystals then mix with the cloud and grow at the expense of 
the supercooled water drops. From figure 4 it can be seen that although a large 
number of ice crystals is produced by the popgun, all of these crystals have 
precipitated out at the end of 10 min. Now if all of the silver iodide particles 
put into the cloud formed ice crystals at the time they were introduced, they, too, 
should have precipitated out at the end of 10 min. However, at the end of 
almost an hour, ice crystals are still precipitating. This leads one to the con¬ 
clusion that all of the silver iodide particles do not form ice crystals immediately 
and that even at the end of half an hour or more, appreciable numbers of silver 
iodide particles have not yet formed snow crystals and are still present in the 
cloud. 

There are various possible explanations for the time required for silver iodide 
particles to initiate the formation of ice crystals in a supercooled cloud. One 
possibility is that in order for an ice crystal to form on a crystal of silver iodide, 
a certain critical number of water molecules must by chance arrange themselves 
on its surface in the structure of ice. According to this explanation, a silver 
iodide particle would not act as a nucleus until this event took place. The 
presence of a silver iodide surface might be regarded as merely greatly increasing 
the probability of the formation of ice. 

If we take a simplified view of the theory of nucleation as advanced by Gibbs, 
in supercooled water or in a region supersaturated with respect to ice, the 
water molecules by chance, from time to time, arrange themselves in the lattice 
of ciystalline ice. If these minute aggregations are smaller than a certain size, 
their vapor pressure is greater than that of the supersaturated region and they 
are unstable and break up. If, on the other hand, they are larger than a certain 
size, their vapor pressure is such that they are stable and continue to grow. The 
lower the temperature, the smaller will be the critical size necessary for stability. 
Schaefer (4) found, using clean air free of dust, that the rate at which nuclei 
form is very low at temperatures above — 38.9°C. However, in the presence 
of a silver iodide surface, it is possible, because of the close similarity between 
ice and silver iodide, that the probability of the chance formation of a nucleus 
is greatly increased and is large even at temperatures as high as — 10°C. 

Another way of looking at the phenomenon is to consider the growth of an 
ice crystal as the formation of a crystal of ice on ice. We know that this takes 
place with the greatest ease. The formation of ice on a large surface of ice 
requires the formation of very little new ice surface; hence there is little change 
in surface energy. For every new ice surface formed, an almost equal ice surface 
is covered up. However, when a new ice surface is formed in the absence of 
any other surface, large amounts of surface energy are required relative to the 
free energy decrease in the formation of the interior of the new phase. Because 
of the close similarity of ice and silver iodide, the formation of ice on a silver 
iodide surface probably involves only a small amount of surface energy, and 
therefore the chances of this taking place are good. 

The lower the temperature, the smaller will be the critical size of a stable 
nucleus. Because the critical size is small at low temperatures, the chances of 



NUCLEATION OP SUPERCOOLED WATER CLOUDS 


285 


a nucleus forming are, in general, better. Hence, the rate of nucleus formation 
is generally greater at low temperatures. 

Another possible explanation for the time required for silver iodide particles 
to form ice crystals can be based on the assumption that the silver iodide par¬ 
ticles produced by the generator are not all in the hexagonal form which is 
similar to ice. Possibly they might exist in a metastable conditioD as a super¬ 
cooled liquid or as some other modification. In this case, the rate at which they 
react to form ice crystals would be determined by the rate at which they trans¬ 
form into the stable hexagonal form. However, it appears for several reasons 
that this factor is probably not large in these experiments. It has been found that 
the silver iodide smokes used in these tests will nucleate silver iodide solutions 
supersaturated with respect to the hexagonal form and that the crystals which 
result are of the hexagonal variety. The number of such nuclei in a given 
volume of smoke is of the same order of magnitude as the number of particles 
determined by the electron microscope. It, therefore, seems probable that at 
room temperature most of the smoke particles are of the hexagonal structure. 
In addition one would expect, if the rate-determining factor involved the trans¬ 
formation of the silver iodide particles themselves, that smokes aged for a period 
of time at low temperature would show a different rate of falling off of ice crystal 
formation when they are put in a supercooled cloud. This has not been observed. 

Another possibility is that the formation of an ice crystal under the influence 
of a silver iodide particle can take place only in the liquid phase. In this case, 
the rate of ice crystal formation might be limited by the rate at which silver 
iodide particles entered into supercooled water drops. This could occur either 
by diffusion of the particle to the drop or by condensation of a drop on a par¬ 
ticle. It has been found that when a suspension of silver iodide particles in 
water is sprayed into a supercooled cloud, ice crystals are formed. It is there¬ 
fore probable that silver iodide particles can act as nucleating agents in a drop 
of liquid water. However, it has not been definitely established that this is a 
necessary condition for silver iodide to act. If we assume this to be the rate- 
governing factor in these experiments, we are faced with the problem of explaining 
the large effect of temperature on the total number of ice crystals produced. 
As will be discussed later, the variation of the number of ice crystals produced 
with temperature can be explained on the basis that the rate of nucleation 
increases greatly with decreasing temperatures. There is no reason to expect 
that the rate at which particles enter water drops is particularly temperature- 
sensitive. It is quite possible that the time required for a particle to alter a 
water drop is of considerable importance in these experiments, but it is probably 
not the most important rate-governing factor. 

The interpretation of results is further complicated by the possibility that 
small particles of silver iodide smoke may dissolve in water drops before they 
have a chance to start the formation of an ice ciystal. At 25°0. the solubility 
of silver iodide in water is about 1 X 10 -8 moles per liter (I). A water drop 10 
microns in diameter on this basis should be capable of dissolving a silver iodide 
particle about 100 k. in diameter. The sdoyiityMjdaid be somewhat greater 
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for particles of this small size. However, the effect of particle size should be 
counteracted to some extent by a decreased solubility at the lower temperatures. 
If these factors are of importance, the kinetics of the nucleation may be dependent 
to a large extent on the rate of solution of the silver iodide particles in the water 
drops. 

The author is inclined to favor the explanation that the rate of ice crystal 
formation is governed primarily by the rate of spontaneous ice nucleus formation 
on the silver iodide particles. In some as yet unreported experiments on the 
nucleation of supercooled water and supercooled tin, the author measured at 
constant temperature the rate of solidification of systems composed of a number 
of independent supercooled drops. It was observed that the drops did not all 
freeze at once but froze at a rate which steadily decreased with time. This rate 
of freezing increased greatly as the temperature was lowered. In these experi¬ 
ments, foreign particles and surfaces were present which undoubtedly served as 
foreign nuclei. The time required for these drops to freeze could be best ex¬ 
plained on the basis of the chance formation of stable nuclei on the foreign 
surfaces. It seems reasonable to believe that in the case of nucleation by silver 
iodide similar phenomena play a dominant r61e. 

If we proceed on the assumption that silver iodide merely increases the rate 
of the chance formation of spontaneous ice crystals, it is possible to come to some 
conclusions as to the magnitude of the rate and its dependence on temperature. 
Some of the particles of silver iodide introduced into the cold chamber un¬ 
doubtedly become lost as potential nuclei by precipitation on the walls of the 
chamber. The rate of precipitation on the walls is probably large because of 
thermal diffusion resulting from the 15-watt heater in the vaporizer. One 
would expect the rate at which particles disappear by precipitation on the walls 
to be proportional to the concentration of the particles. On the basis of this 
assumption, the concentration of particles would decrease exponentially with 
time. If the rate of snow formation is proportional to the concentration, this 
too should decrease exponentially with time. This is experimentally observed 
to be the case. 

On the basis of the foregoing assumptions, one can analyze the situation mathe¬ 
matically. 

If c is the number of silver iodide particles per unit volume at a time t then: 

| =-(#! + K 2 )c ( 1 ) 

where Ki is the rate at which the silver iodide particles form ice crystals and Kz 
is the rate at which they are being removed from the cloud by precipitation 
or other causes. By integrating equation 1 we obtain an expression for the 
concentration c at any time: 

c = CftE~ (Zl+&)i (2) 

where c® is the concentration at time t — 0. If N is the number of ice crystals 
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formed per unit volume, then 

^ = Kvc = Kic l) E~ < - Kl+Ki)t (3) 


which when integrated gives for the number of crystals formed at time t: 


AT - ^ lC ° .1 

Ki + K-i 

(4) 

Or when precipitation is complete 


AT & 

N Kx -(- Ki ' 00 

(5) 

or 


N Ki 

Co Ki + K% 

(6) 


The fact that the rate at which the rate of snowfall decreases with time is not 
greatly influenced by temperature, while the total number of crystals produced 
increases by a large factor with a small temperature decrease, indicates that at 
higher temperatures K 2 is far greater than K\. This is another way of saying 
that at higher temperatures the rate at which the silver iodide particles form 
snowflakes is so small that a large majority of them precipitate on the container 
walls before they have a chance to form snow crystals. At — 20°C. the number 
of snow crystals obtained approaches the number of particles determined from 
the electron microscope, so that it is reasonable to assume that at this tempera¬ 
ture most of the smoke particles form snowflakes. 

If we assume that the rate at which precipitation decreases with time at the 
higher temperature is determined solely by iT 2 , then K% computed from the 
curve in figure 4 is approximately 6 X 10 -3 per second. From the data in figure 
5, Ni and c a can be estimated and from them and the above value for K s , values 
for Ki for different smokes at different temperatures can be computed. 

These values expressed as half-life in hours are as follows: 


SHVER IODIDE 

RANGE OF PARTICLE DIAMETER 

HALF-LIFE 

—13°C. -10°C. 

mg.}second 

I. 

hows 

hours 

1.5 

30-700 

5.5 

173 

7.5 

50-1070 

1.9 

75 

37.5 

130-1400 

1.4 

67 


If these data are extrapolated on the assumption that the log of the nucleation 
changes linearly with the reciprocal of the absolute temperature, we find that 
at — 5°C. the half-life is several years, while at — 20°C. it is a few seconds, and 
at — 25°C. a few milliseconds. 

This large effect of temperature on the nucleation rate is of the same order of 
magnitude as that observed in the measurements on supercooled water drops 
and on supercooled tin drops. 
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The curves in figure 5 show a maximum for the number of nuclei produced 
per gram of silver iodide at a certain rate of silver iodide consumption. This is 
probably because at a low rate of consumption, the particles produced are so 
small that their reaction rate is small and many of them precipitate out before 
they have a chance to serve as nuclei. At high rates of consumption, the 
particles formed are larger and react more rapidly, but because they are larger, 
fewer are formed per gram of silver iodide. 

Diffusion coefficients of smoke 

An average diffusion coefficient for the silver iodide smoke can be calculated 
from measurements made on the rate at which the smoke precipitates on the 
walls of a container. In the experiments which were made to find the rate at 
which the number of nuclei falls off as a function of the time the smoke is held 
in the sampling syringe, it was found that the half-life of the smoke was about 
20 min. This was for a smoke produced when the generator was consuming 
20 mg. of silver iodide per second. 

Langmuir (2) has derived the following expression for the rate of precipitation 
of a smoke of diffusion coefficient D on the walls of a container having a volume 
V and an internal area A with slight convection caused by a slightly higher tem¬ 
perature at the bottom than the top: 

d In c _ 0.6 iAD w ^ 

at v w 


where c is the concentration of the smoke at any time t. 

Using this equation the diffusion coefficient is calculated to be approximately 
6 X 10- 5 . 

Langmuir (2) has also given the following expression for the diffusion coef¬ 
ficient as a function of particle radius: 


_ 2.04 X 1CT 16 1.18 X 10 -u 

a 2 a 


where a is the particle radius. 

According to this expression, the diffusion coefficient 6 X 10 -5 corresponds 
to a particle diameter of 400 A. This is in reasonable agreement with the 
measurements from the electron microscope, which show this smoke to have a 
particle diameter ranging from 30 A. to 1400 A. with a median diameter of 
about 300 A. 

As has been shown, K 2 , or the rate of disappearance in the cold chamber of 
silver iodide particles from causes other than nucleation, is about 5.7 X 10 -3 
per second. 

Using the diffusion coefficient of 6 X 10 -6 and equation 7, it can be calculated 
that the smoke concentration should fall at a rate of 1.3 X 10 -1 per second. 
This is far less than the observed rate of decrease, K 2 , which was found to be 
5.7 X 10 - *. This calculation, of course, does not take into account the the rmal 
diffusion caused by the vaporizer heater in the cold chamber, which would be 
expected to increase greatly the rate of precipitation on the walls. 

Using the diffusion coefficient it is possible to estimate the rate at which the 
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concentration of the smoke decreases because of precipitation on the water 
drops of the supercooled cloud. It can be shown that the rate of change of 
concentration due to this cause is given by the relation 

^- C = — 4xZ)r 0 Q (9) 

where r 0 is the radius of the water drops and Q is the number of drops per cubic 
centimeter. 

If we assume the liquid water contents to be 1 g. per cubic meter and the drop 
radius to be 5 microns, the rate of change of concentration from this cause is 
3.6 X 10- 4 . 

SUMMARY 

Measurements have been carried out on the nucleation of supercooled water 
clouds by silver iodide smokes. The smokes were produced by spraying a solu¬ 
tion of silver iodide into a hydrogen flame. The particles of the smokes were 
found by electron microscope examination to range in diameter from 30 A. to 
1400 A. The number of ice crystals produced per gram of silver iodide was deter¬ 
mined as a function of the temperature of the supercooled cloud and the rate of 
introduction of silver iodide into the flame. Yields of ice nuclei of as high as 
10 16 per gram of silver iodide were obtained when the supercooled cloud was at 
—20°C. At — 10°C. the same smoke produced only HP* 7 ice crystals per gram. 

It has been found that silver iodide particles do not react immediately to 
form ice crystals when they are put into a supercooled cloud. Ice crystals were 
found to be still forming at a measurable rate 50 min, after a silver iodide smoke 
was introduced into a supercooled cloud. It is believed that fewer ice ciystals 
are produced at higher temperatures than at lower temperatures, because the 
silver iodide particles react more slowly to form ice crystals and most of them 
precipitate on the walls of the cold chamber before they have time to react. 

According to this interpretation of the results, the rate of reaction at — 13°C. 
is thirty or forty times that at — 10°C. 

The author wishes to thank Dr. Irving Langmuir and Dr. Vincent J. Schaefer 
for their very helpful counsel and suggestions in this work. He is grateful to 
Mr. E. Fullam for making the electron microscope examinations and photo¬ 
graphs and to Mr. Kiah Maynard and Mr. Duncan Blanchard for invaluable 
help in testing the smokes. 
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THE FORMATION OF ICE CRYSTALS IN THE LABORATORY AND 

THE ATMOSPHERE 1 

VINCENT J. SCHAEFER 

General Electric Research Laboratory, Schenectady , New York 
Received October 18, 1948 

This paper summarizes some of the author’s laboratory and field activities in the 
realm of experimental meteorology. 

Some properties of natural snow particles in the free atmosphere and their 
electrical characteristics observed in snowstorms are given. A method for classify¬ 
ing snow particles is listed and the typical varieties illustrated by photomicro¬ 
graphs. 

Methods of preparing plastic replicas of snow crystals and of snow on the ground 
are described. Techniques for detecting sublimation nuclei in the free atmosphere 
are given, involving the use of a cold chamber and supercooled films supported on 
rings or on thin plastic films. 

A description is given of the technique used in simulating natural clouds in the 
laboratory, and the basic procedures which should be followed are listed. 

A brief description of the r61e that certain types of dust particles play in serving 
as sublimation nuclei is mentioned and the results observed with a considerable 
number of typical samples and their effectiveness at various temperatures. 

The effect on the crystal habit of ice produced by the blocking action of adsorbed 
surface-active polar molecules is shown. 

The latter part of the paper describes briefly some of the aspects of the cloud 
modification studies initiated by the author in 1946 and subsequently carried out as 
Project CIRRUS, a joint Army-Navy-Air Force-General Electrical research proj¬ 
ect concerned with the physical nature of precipitation as snow and rain. A few of 
the observed results are mentioned, as well as the relationships which are believed 
to exist in unstable clouds. 

During the past seven years, various phases of snow studies have been carried 
out by the writer and several of his associates of the General Electric Research 
Laboratory at Schenectady, New York. The earlier work was conducted in 
a snow laboratory on a slope of the Mohawk Valley in eastern New York. Sub¬ 
sequent studies starting in 1943 and continuing at the present time were also 
conducted at the Research Laboratory at Schenectady, New York, and the 
Mt. Washington Observatory in the state of New Hampshire. 

The work has included such studies as the electrical properties of snow, the 
physical effects causing precipitation static on aircraft radio, various techniques 
for making snow crystal replicas, studies of the changes in snow on the ground, 
the physical processes related to the deposition of ice on aircraft surfaces, a 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of 
the Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, April 
22,1948. 

Also presented at the meeting of the International Commission of Snow andGlaciers 
as part of the Eighth General Assembly of the International Union of Geodesy&nd Geo¬ 
physics, which was held at Oslo, Norway, August 27 and 28^ 19^8. ( ^ ; v <; 
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study of supercooled water droplets, both in bulk phase and as an aerosol, 
methods for detecting sublimation nuclei in the free atmosphere, and finally, 
various phases of cloud physics, particularly “seeding” techniques which may 
be used to “trigger off” unstable cloud systems. 

Neither space nor time permits more than brief descriptions of the various 
subjects which have been or are being studied at the present time. References 
are made, however, to papers which are available in the literature or as reports 
issued by our laboratory which may be used to obtain more detailed information 
on the various subjects discussed. 



Fig. 1. Satisfactory exposure for point collector to record atmospheric electricity 
THE ELECTRICAL PROPERTIES OF SNOW 

Early in 1943 several of us in the Research Laboratory were asked to make 
%study of some of the causes of precipitation static. This is a trouble experi¬ 
enced when aircraft fly through various types of precipitation. Under such 
conditions, and particularly when the precipitation is in the form of snow, much 
static noise develops on the aircraft radio. Under severe conditions, the radio 
becomes useless because of the high noise level, and at times St. Elmo’s fire 
becomes prevalent on the wing and propeller tips and other parts of the airplane. 

To understand certain phases of the phenomenon better, the writer made a 
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study of the electrical characteristics of snow particles and snowstorms. The 
general results of this research have been published (13). 

In brief, the studies indicated that one of the main causes of static noise is 
the charging effect produced when snow particles hit a plane and are shattered, 
the fragments rubbing and bouncing across the metal surface thus serving as 
units of a frictional electrical generating system. The studies showed that a 
single snow crystal may be broken into thousands of fragments. As the plane 
becomes charged, it finally reaches an unstable condition at which time an elec- 

TABLE 1 

Comparison of general properties of positive current and cross current storms 


GENERAL PROPERTIES 

** *** 

9iujui 


Positive current 

Cross current 

Air temperature 

Q-25°F. 

25-35°F. 

Precipitation forms 

3, 4, 5, 7, 8 

1, 2, 6, 8, 9 

General nature of snowfall .... 

Dry 

Wettish 

Clumping tendency . . . 

Rare 

Common 

Frozen water content . 

0.05-0.2 g./m. 3 

0.05-1 g./m. 3 

Rate of snow-fall . 

0.1-1 cm /hr. 

0.1-3 cm ./hr. 

Density on ground 

0.05-0.15 

0.05-0.75 

Weight of crystals . 

4-100 micrograms 

4-1000 micrograms 

Falling velocity . . . 

50 cm. sec. -1 

20-250 cm. seer 1 

Range of falling velocity . ... 

Small 

Large 

Rime deposition . , % ,. 

Rare 

Common 

Cloud structure 

Non-con vective 

Convective 

Air-to-ground current .... . 

Positive 

Positive and nega¬ 
tive 

Observed atmospheric electricity, C p collector.. 

Less than 0.25 a. 

—7.3 to +9.7 jua. 

Frequency of electrical activity. 

Relationship of electrical activity to specific 

Sporadic and short 

Nearly continuous 

clouds .... 

Not obvious 

Often quite def¬ 
inite 

Rain forms . 

Light 

Thunderstorms 


trical discharge occurs which may assume the form of St. Elmo’s fire, as pre¬ 
viously mentioned. These electrical discharges account for the radio noise. 

Among the interesting effects observed during the study of the electrical 
properties of snowstorms was that two types of snowstorms could be identified 
in terms of their electrical properties. These were termed cross current and 
positive current storms, the evidence indicating that the former were storms 
having clouds with a considerable amount of convective activity, while the latter 
storms apparently consist of relatively stable clouds. 

The electrical activity during storms is easily measured by mounting a well- 
insulated collector such as a needle in a well-exposed position, as shown in 
figure 1. If the needle is connected by shielded cable to a recording mteroam- 
meter and then to the ground, records such as shown to figure 2 am obtained in 
practically all snowstorms. After studying many storms, Table 1 Was developed 
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to show the general characteristics of the storms producing these two interesting 
types of atmospheric electricity. 

THE FORMATION OF ICE ON AIRCRAFT 

One of the interesting developments following our study of precipitation static 
at the Mt. Washington Observatory was a shift of our interest from tha t subject 
to one of even more importance—the icing of aircraft. 

Since Mt. Washington is noted for having “the worst weather in the world,” 
it was found that the summit was an ideal spot to study some of the basic prob¬ 
lems related to the icing of surfaces from supercooled clouds. Studies at the 
Observatory have been carried out each season since 1943 in an effort to under- 



Fig. 3. View of Mt. Washington Observatory and supercooled clouds 


stand better some of the fundamental phenomena. Much of the results of this 
work has been published in reports (11), most of which are available from either 
the U. S. Air Forces or our Laboratory. 

It was the writer's visits to Mt. Washington and many observations made on 
the arduous climbs and descents of the mountain during icing storms and snow¬ 
storms that eventually led to the studies resulting in cloud modification tech¬ 
niques. A view of the Observatory after a mild icing storm is shown in figure 3, 
The clouds above and below the summit are all in a supercooled condition. Un¬ 
der somewhat similar cloud conditions but later in the season, figure 4 shows a 
relatively thin orographic cloud system whieh shed snow continuously for 
several days. A consideration of these observations aad mmy others laid the 
groundwork for subsequent discoveries. ■,' * * T 
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THE CLASSIFICATION OF SNOW PARTICLES 

Any fundamental work with snowstorms and snow crystals immediately 
points out the necessity of having a simple classification chart to record the 
crystal forms occurring at a specific time from a storm. 

Other investigator* in this field (1, 2, 5, 8) have suggested classification 
methods, but a survey indicated that they were either moie complicated than 
necessary or else failed to include one or more important types. The classifica¬ 
tion chart shown in figure 5 was prepared by the writer in 1943 for a group of co- 



Fig. 4. View of snow clouds from summit of Mt. Washington, New Hampshire 


operative observers who assisted him in making a study of the distribution of 
crystal forms which occur during widespread snowstorms in the northeastern 
part of the United States. This has been revised several times as the result of 
experience in the field, but in its present form has now been successfully used 
for more than three years. 

In order to describe the crystal forms observed at a particular time in a snow¬ 
fall, the code number related to the crystal type is preceded by the letter P. 
If the crystal is coated with cloud particles so that it has a frosted appearance, 
the letter R following the code number denotes that condition. Thus the 
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designation P 1 R, 6, 7 indicates that at the observation time stellar crystals 
coated with rime, ice needles, and asymmetncal crystals were t ailin g from 
the skv. 


TYPES OF FROZEN PRECIPITATION 

CODE FORM TYPE 


1 

2 





Stellar crystals 



r 1 

{ t 


Graupel 


\ 





Hexagonal plates 


4 9 dfe Hexagonal columns 

5 jHf HN Capped hex. columns 

6 * CE NEEDLES 

7 >#* f*Sr Asym. crystals 

8 '* Powder snow 

V 

9 ^ * * Sleet 


Fig 5 Classification chart of various forms of frozen precipitation 

Greater detail may be included by affixing a subscript number indicating by 
tenths the relative quantities of each type at the observation time. The photo¬ 
micrographs used to illustrate the chart show some of the variations which occur 
with each general type of snow particle. Table 2 indicates the general features 
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and relative sizes of the nine different forms of precipitation. Figure 6 shows 
the range in size which is commonly observed with a typical crystal form—the 
hexagonal plate. The larger one comes from relatively low level clouds con- 


TABLE 2 

General features and relative sizes of frozen 'precipitation 


1. Stellar crystals. 


2. Graupel. 


3. Hexagonal plates 


4. Hexagonal column? 


5. Capped hexagonal columns 


6. Ice needles 


7. Asymmetrical crystals 


8. Powder snow. 

9. Sleet . 


Six-rayed starlike forms occurring as single crystals 
or in clumps; crystals vary in a wide range of form 
and size, often comprising cottony flakes sometimes 
2 in. in diameter; size in.; clumps common 
Snow crystals which are covered with frozen cloud 
particles forming a rime deposit; this results in 
pellets of soft snow, which range from hexagonal 
to rounded kneaded forms; size in.; rarely 
clumped 

Thin, hexagonal, solid, or semisolid plates often con¬ 
taining internal structure due to air inclusions; the 
smallest form of this crystal and the stellar form is 
known as “diamond dust”; size tuW-A in.; rarely 
clumped 

Generally flat-ended, sometimes with one end pointed, 
- hexagonal prisms mostly of transparent ice, many 
with air inclusions; often a group of columns grow 
from a common source radiating in several direc¬ 
tions; the former type produces 22° and 46° halos 
around the sun; size in.; sometimes clumped 
Similar to hexagonal columns with the exception that 
both ends terminate as expanded hexagonal plates; 
a hexagonal plate sometimes is positioned midway 
between the two plates; many queer forms occur; 
size - jV in.; sometimes clumped 

Long slender shafts with hexagonal cross-section often 
terminating with sharp irregular points on periph¬ 
ery; needles occasionally grow in masses in random 
directions; size -fa-i in-; often clumped 
Angular crystals without a symmetrical outline occur¬ 
ring as simple or compound crystals; sometimes 
crystalline rays originate from a common center but 
grow in many directions; size in.; often clumped 

Dry bits of snow without angular form, often of ir¬ 
regular shape; size in.; rarely clumped 
Pellets of translucent to transparent ice often bearing 
bumps or other protuberances; they are frozen rain 
drops but are not always round; size ^-1 in.; very 
rarely clumped 


taining moderate quantities of moisture. Such clouds are generally below the 
10,000 ft. level. The crystal shown in the middle of the figure is common to 
cirrus type clouds and may fall from an altitude as great as 40,000 ft. The 
smaller crystal is the type known as diamond dust, which commonly forms when 
the air is supersaturated with respect to ice. Such conditions generally happen 
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with strong temperature inversions accompanied by cloudless skies, the crystals 
coming from a region less than 1000 ft. above the ground. 

COLD CHAMBER STUDIES 

The basic experiment (12, 16) in which a supercooled cloud of liquid water 
droplets may be converted to a mass of snow crystals is a spectacular one which 
may be easily reproduced with very simple apparatus. 

The essential articles for the experiment are an open-topped, well-insulated 
chamber having a volume of about 1/20 cu.m., e.g., 48 cm. long, 24 cm. wide, 
48 cm. deep, which may be cooled to a temperature of —10° to — 20°C. The 



Fig. 6. Relative sizes of hexagonal plate type of snow crystals 


walls and floor of the chamber should be painted dull black or lined with black 
velvet, cloth, or cardboard. 

Illumination is simple but important. For best results, the light should pro¬ 
duce a brilliant beam and is most satisfactory when mounted above the chamber 
and directed into it at an angle of 45° from the horizontal. 

A supercooled cloud is produced by placing a moist cloth in the odd air of 
the chamber. The moisture condenses into small water droplets, generally in 
the size range of 10-20 microns diameter. Another simple method fopr fo^aing 
the cloud is merely to breathe into the cold air. Several breaths Will prince 
a cloud having a liquid water content equivalent to 1 g./cum. A chamber with 
a cloud in it is shown in figure 7. 

Under ordinary conditions, few crystals wifl be mm fa the chamber, A single 
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Fig. 7. View of cold chamber containing supercooled cloud 



Fig. 8. Trail of ice crystals produced in cold chamber by seeding with needle cooled 
below —39 C. 
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crystal may easily be seen among the water droplets, since it grows rapidly, 
scintillating in the light. They are most easily seen when viewed at right angles 
to the axis of the beam, since much of the light from them is specular reflection. 
This is particularly true of hexagonal plates, since they become oriented with 
their flat surfaces horizontal. 

It can easily be shown that most of the condensed clpud formed in the cham¬ 
ber is supercooled. If a fine wire is rotated at 180 r.p.m. in the chamber, it 
becomes coated with ice. If left alone, the cloud slowly disappears by condens¬ 
ing onto the cold walls of the chamber in the form of frost. 


u 


Fio.9. Twinkling crystals 

Wit’' in a minute after the supercooled cloud has been formed, the crystals 
which develop from sublimation nuclei present in the air grow and fall to the floor 
of the chamber. The supercooled cloud may be suddenly converted to snow 
crystals by briefly introducing an object colder than —39°C. This may be a 
needle cooled in liquid air or a tiny particle of dry ice. A single passage of such 
a cold object produces an effect (figure 8) which quickly changes to a mass of 
twinkling crystals like those in figure 9. These crystals range in size from 10 
to 200 microns. By the time they reach this latter size, the falling velocity is of 
the order of 1 cm. sec. -1 , so that it is difficult to keep the particles from "snowing 
out.” Typical crystals produced in this manner are shown in figure 10. 

One of the most convenient ways to convert supercooled clouds to ice crystals 
is by the use of dry ice. Dry ice is easily produced by permitting liquid oarbon 
dioxide to expand into the air. A very convenient, source of dry ioe for etperi- 
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mental studies is the small 10-g. shells, such as used in soda fountains and in 
various home appliances. A simple valve for controlling the opening of such 
containers is available as part of a small model-airplane carbon dioxide engine. 
By valving the container held in an inverted position above the cold chamber, 
tiny bits of dry ice will be seen to fall through the cloud, leaving behind tiny 



Pig, 10. Typical photomicrograph of snow crystals produced in cold chamber 

white “contrails.” These rapidly grow until the cloud is completely replaced 
by a mass of twinkling ice crystals. 

Several very interesting phenomena may be seen in this experiment. The 
cold chamber, when operated with the lid removed, has a temperature gradient 
with the air warmest at top, colder below. This temperature inversion produces 
a very stable air condition in the chamber, which resists convection and turbulence. 
Thus when seeded with dry ice or a cold needle, the heat released by the crystal¬ 
lization process is not sufficient to overcome the inversion stability. If the re¬ 
gion of ice crystals is observed carefully, a dark area quickly develops at the inter¬ 
face between them and the supercooled cloud. This is caused by the fact that the 
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ice crystals grow at the expense of the water droplets which evaporate, the ice 
crystals growing from the condensation of gaseous water vapor, since the vapor 
pressure of ice is below that of water at all temperatures below 0°C. The dark 
area often grows to a width of 1.5-2 cm. in a few seconds, showing in a striking 
manner the phenomenon of diffusion. Another interesting and unusual effect 
is observed whenever the concentration of ice crystals in the chamber exceeds 
about 500 per cubic centimeter. In addition to the glint from the crystals 
as they tumble about in the chamber, a background twinkling is observa¬ 
ble. This is due to Brownian motion and is an elegant way to see this interesting 
phenomenon. 

Many other experiments could be described which may be carried out in the 
cold chamber. These must be deferred at this time, but it should be emphasized 
that the cold chamber as described is so simple to use that it should become a 
familiar research tool and demonstration unit for those working in meteorology 
and other related physical studies. 

THE PREPARATION OF SNOW CRYSTAL REPLICAS 

Excellent replicas of snow crystals may be prepared by a very simple method 
which has been described elsewhere (9, 10). 

Briefly, it consists in using a dilute solution of a resin in a solvent which does 
not dissolve ice. An excellent solution consists of 1 per cent polyvinylformal 
dissolved in ethylene dichloride. When cooled below 0°C., it may be used to 
produce exact replicas of snow crystals by letting natural crystals fall on a col¬ 
lecting sheet of black velvet cloth or paper and then placing them in a small drop 
of solution previously placed on a piece of cold glass or slightly absorbent black 
cardboard. A variation of the technique is to coat a cold glass plate or black 
cardboard sheet with a thin film of the replica solution, which is then exposed to 
the falling snow crystals for a specific time period ranging from 5 to 60 sec., 
depending on the density of the snowfall. This produces a permanent record of 
the snowfall at that particular time in terms of snow crystal type, concentration 
of crystals, and other factors of importance to obtaining a better understanding 
of the physical features of such storms. 

The technique is so easy that relatively untrained observers can obtain 
excellent results by observing a few basic rules. The method also lends itself 
admirably to sampling from planes, at remote stations, and by automatic ex¬ 
posure instruments. The samples thus obtained may then be studied at leisure 
in a warm laboratory. A photomicrograph of a replica is shown in figure 11. 

THE PREPARATION OF REPLICAS OF SNOW ON THE 0ROUNB 

In addition to the various replica techniques previously described, there is 
another which may be used to advantage in preparing replicas of snow on the 
ground. For this purpose, a more concentrated solution of polyvinylformal 
should be used, having a concentration of between 3 and 5 per cent. 

To illustrate one of the possibilities, replicas were prepared of a cross section 
of snow on the ground, as shown in figure 12. To papp&fe these recoil, a 5~em. 
strip of 3 per cent solution was spread lengthwise on a piece of window glass 24 
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in. long. A vertical face was cut into a fresh blanket of snow and the coated 
glass pressed firmly against it, withdrawn, and then placed in a well-ventilated 
but sheltered location to permit the solvent to evaporate. Until all traces of 
the solvent have evaporated, the replica must be kept at a temperature colder 
than 0°C. The best replicas are obtained when the snow particles are permitted 
to sublime. If it is desirable to hasten the process, however, the sample may be 
warmed as soon as the solvent is gone, which may take from 20 to 60 min. 



Fig. 11. Photomicrographs made by transmitted light of snow crystal replicas 

depending on the ventilation and the temperature of the replica sample. After 
obtaining a cross-section replica as described, subsequent samples may be ob¬ 
tained by successive applications of the solution side by side until the surface 
area of the backing is exhausted. 

The sample shown in the photograph illustrates a vertical shrinkage of the 
snow layer during a period of 5 successive days during which time the air tem¬ 
perature remained continuously below 0°C. Although the shrinkage amounted 
to more than 50 per cent in snow thickness, the density increased from less than 
0.10 to more than 0.20, so that the content of liquid water remained nearly the 
same. Examination of the structure of the snow particles on the fifth day 
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showed that, although most of the original snow consisted of perfect crystals of 
stellar, hexagonal plate, and column types, a major change occurred during the 
5-day period, producing granular snow approaching the rounded firn forms. 

Subsequently, as shown by the photograph, several additional light snowfalls 
occurred which were also recorded by the replica technique. 

It is hoped that eventually a snow replica solution may be developed employ¬ 
ing the solventless type of plastic in which several monomers are catalyzed by 
an oxidizing agent to form a true three-dimensional structure. Until such a 
material becomes available which employs materials which do not modify ice, 
satisfactory replicas may be prepared as described, particularly when good ven¬ 
tilation is provided. 



THE DETECTION OF ICE NUCLEI IN THE FREE AIR 

The ran dom occurrence of supercooled clouds in the free atmosphere is a well- 
known fact. The reason for this seemingly haphazard phenomenon is probably 
closely delated to the concentration of sublimation nuclei in the particular air 
mass when clouds occur. 

Aj better knowledge of sublimation nuclei is needed, particularly of particles 
other than ice which lead to the formation of ice crystals in air supersaturated 
with respect to ice. Unfortunately, such particles are generally of microscopic 
or submicroscopic size and, in addition, include only a small fraction of the dust 
in a given sample of air. 

It is important to differentiate between condensation and sublimation nuclei. 
The former are always much more common than the latter. As will be shown 
in a subsequent section, a third type of particle, the freezing nucleus, is also of 
importance in this connection. 
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Three methods have been devised by the writer for detecting sublimation 
nuclei in the clear air of the atmosphere (17). 

The most satisfactory of these methods is to use the cold chamber of the type 
previously described. A sample of the surrounding air is introduced into the 
chamber by simply removing the air within it by employing a suction fan. 
Unless the air which is introduced has a very low humidity or was nearly as cold 
as that in the chamber, condensation will occur. By illuminating this newly 
formed cloud with a strong beam of light, every active sublimation nucleus 
which was present will appear as a twinkling snow crystal, easily discernible 
among the surro undin g supercooled cloud droplets. The temperature of the 
air in the cold chamber will have a direct relationship to the number of particles 
likely to be observed. 

Observations made during 1947 and 1948 on the su mm it of Mt. Washington 
(6288 ft.), New Hampshire, and in the Mohawk Valley show the concentration 
of sublimation nuclei at a cold chamber temperature of — 20°C. to vary from 
none observable to values up to 10 per cubic centimeter. The type of crystal 
which forms under such conditions probably bears a definite relationship to the 
substance serving as the active nucleus. These crystals may be examined by 
direct examination under a microscope kept in the chamber, by preparing plastic 
replicas, or by permitting the crystals to seed a thin supercooled water film. 

Certain “soap” bubble solutions serve admirably for this latter purpose. 
Most solutions work except those containing large amounts of glycerol or similar 
freezing-point depressants. A film is formed on a ring 5-10 cm. in diameter 
and then held in the cold air of the chamber. The film supercools in about a 
second. If visible crystals are in the air, the number of separate crystals which 
develop and grow in the film appears to be in direct proportion to that concentra¬ 
tion. At least four types of crystals grow in the film. A six-membered stellar 
form appears when the crystals are hexagonal plates. A symmetrical cross or 
x-shaped crystal appears when hexagonal columns occur. An irregular-shaped 
crystal predominates when asymmetric crystals are present. It should be 
remembered that there may also be crystals developing from freezing nuclei 
within the solution. Whenever this occurs, the crystals tend to have frostlike 
forms with a tendency to be curved. There is a time lag also before such crystals 
appear, as compared to the effects seen when sublimation nuclei or ice crystals 
are present. 

A vajiation of this method is to blow bubbles in the free air when its tempera¬ 
ture felblow freezing. When this is done, crystals will sometimes develop in 
the bubble. Occasionally a single crystal will grow completely around a bubble 
10 in. in diameter. Figure 13 illustrates an effect commonly seen. Tables 3, 
4, and 5 show typical data indicating the variations which have been observed 
during the past winter. * 

Permanent replicas of such effects may be prepared in the following manner: 
On a frame of convenient size, such as 9 x 12 cm., a thin film of cellulose acetate 
is stretched and cemented. This film is then coated with a thin layer of 3-5 
per cent of polyvinyl alcohol dissolved in water. This solution readily super¬ 
cools and when seeded with sublimation nuclei or ice crystals will produce effects 



Fig. 13. Supercooled bubble in which ice crystals are growing 


TABLE 3 


Extremes in number of sublimation nuclei as a function of air temperature 


DATE 

TIME 

TEMPER¬ 

ATURE 

NUMBER 

OF 

NUCLEI 

TYPE 

COMMENTS 

February 11, 1948 

0800 

°C. 

-18 

>50 

Hexagonal 

Alto stratus clouds 

February 24, 1948 

0700 

-18 

20-30 

X 

Supercooled fog in lowlands 

December 25, 1948 

0730 

-14 

30-40 

Hexagonal 

Clear 

January 23, 1948 

0800 

-14 

10-15 

Hexagonal 

Stratus overcast 

January 22, 1948 

0815 

-10 

10-20 

Hexagonal, x 

n| 1 

Stratus overcast \ | j| 

Cirrus haze 

February 13, 1948 

0745 

-10 

3-5 

Hexagonal, x 

January 25, 1948 

1200 

-7.8 

20-30 

Hexagonal, x 

“Frosty” air 

February 19, 1948 

0730 

-7.8 

1-5 

X 

Cirrus haze 

February 15, 1948 

0800 

-6.6 

5-10 

Hexagonal, x 

0.8 strato cumulus 

March 1, 1948 

2200 

-6.6 

None 


Cirrus haze 

February 24, 1948 

2300 

-6.1 

None 


Clear, 22° halo 

March 15, 1948 

0645 

-6.1 

None 


Cirrus haze 
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identical with those already described for the soap film. Figure 14 shows two 
samples of the growth of ice crystals in such films. If, after the crystallization is 

TABLE 4 


Variation in number of ice nuclei under nearly isothermal conditions 



i 

TEMPER¬ 

ATURE 

NUMBER 



DATE 

TIME 

OP 

NUCLEI 

TYPE 

COMMENTS 

February 11,1948 

1300* 

°c. 

-9.5 

20-30 

Hexagonal, x 

Alto cumulus 

January 22, 1948 

0815 

-10 

10-20 

Hexagonal, x 

Thin cumulus humilus 

January 23, 1948 

0745 

-9 

10-20 

Hexagonal 

Cumulus humilus 

February 23,1948 

0800 

-9.5 

5-10 

Hexagonal, x 

Scattered fracto cumulus, 





hazy 

February 13, 1948 

0745 

-10 

3-5 

Hexagonal, x 

Cirrus haze 

March 11, 1948 

0645 

! -9.5 

2-5 

Hexagonal 

0.8 strato cumulus sun 






pillar 

February 22, 1948 

2200 

-9.5 

1-3 

Hexagonal, x 

Clear 

March 6, 1948 

2130 

-9 

1-2 

Hexagonal, 

Cirrus haze 





asymmet¬ 

rical 


March 13, 1948 

2200 

-9 

1-2 

x 

Thin haze 

February 20, 1948 

0745 

-9.5 

0.1-1.0 

Hexagonal 

Clear 


TABLE 5 

The relationship of concentration of sublimation nuclei to the temperature of the free 

atmosphere 

Cold chamber method—Mt. Washington Observatory 


NUMBER OF OBSERVATIONS SHOWING VARIOUS CONCENTRATIONS 


TEMPERATURE 

ca. 1 X lO^/m.* 

ca. 1 X lOVm. 3 

< 1 X 102/m.* 

None 

°c. 

-30 

4 

5 

1 

1 

-26 

3 

3 

1 

4 

-22 

5 

4 

0 

1 

-18 

6 

4 

0 

1 

-14 

3 

5 

0 

3 

-10 

5 

4 

0 

3 

—6 

1 

2 

5 

4 

-2 

0 

1 

3 

7 

+2 

0 

3 

3 

6 

+6 

2 

0 

6 

3 

+10 

0 

2 

3 

6 

+14 

0 

1 

9 

1 


completed, the film is kept below freezing until the ice disappears by sublima¬ 
tion, a permanent replica remains. This was formed by the polyvinyl alcohol 
being precipitated at the interfaces between the ice crystals. 
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THE EFFECTIVENESS OF CERTAIN DUSTS AS SUBLIMATION NUCLEI 

It is obvious that there are physical processes in the natural atmosphere which 
lead to the formation of snow at temperatures only a few degrees below 0°C. 
In the past, it has been suggested (3) that graphite and quartz dust carried into 



10 SEC, 20 SEC. 30 SEC. 

EFFECT PRODUCED BY 10 NUCLEI 
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It was found (19) by Dr. Vonnegut of our laboratory that small particles of 
silver iodide were quite effective as ice nuclei. This material has a rather high 
temperature coefficient, the warmest temperature at which any particles are 
active being about — 5°C. with a much greater activity at — 10°C. 

During the past year, I have found a number of naturally occurring dusts 
which serve as effective sublimation nuclei. Among these are volcanic dusts, 
silicates, and clays. In most instances, these materials have been selected from 
extensive natural deposits in arid or semiarid regions noted for their duststorm 
activities. Each material has its own temperature range of activity for pro¬ 
ducing effective nuclei. For example, a sample of loess from an ancient lake 
bed near Richland, Washington, when formed as an airborne dust shows the 



Fig. IS. The temperature-activity relationships of various kinds of foreign particle 
ice nuclei. 


presence of a small percentage of particles that form snow ciystals in saturated 
air at a temperature of -12°C. At -24°C., all of the particles are “active” 
nuclei. Another dustlike soil from a desert in Nevada does not show any 
activity until the temperature reaches — 24°C. and does not reach 100 per cent 
activity until the temperature is — 33°C. The temperature-activity relation¬ 
ships of a number of such natural dusts are shown in figure 15 and several typical 
snow crystals grown on such foreign nuclei are shown in figure 16. 

It is believed that the mechanism responsible for the activity of such par¬ 
ticles is the fact that the surface of the particle is conducive to the formation of 
frost. As soon as a frost deposit occurs on the surface of the particle, growth 
continues as though the particle were made up only of ice. Dust particles larger 
than 1 micron generally produce asymmetrical crystals with irregular plate¬ 
like growths, although smaller particles often lead to the development of very 
symmetrical ice crystals. 





Pig. 16 . Typical snow crystals formed on foreign particle nuclei 

particle sublimation nuclei in the early stage of development of the storm. These 
particles grow big enough and have a sufficient concentration so that for a short 
time they collide with one another. The resulting fracture from collision and 
abrasion and the electrical effects which result would then produce large numbers 
of tiny ice fragments, each of which would serve as an effective nucleus up to the 
freezing temperature. This mechanism is thus a chain reaction of a type some¬ 
what comparable to that described by Langmuir (6) for the development of 
precipitation in warm clouds. 

THE MODIFICATION OF SNOW CRYSTAL FORMS BY VAPOBS 

The variations in snow crystal forms shown in figure 5 are generally believed 
to be due to variations in temperature and moisture -Supply. It has been shown 
by Nakaya (7) that most of these variations in crystal form may be duplicated 
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in a laboratory cold chamber by carefully controlling the temperature and 
moisture supply as a crystal grows on a supporting fiber. 

Work in our laboratory (20) shows that modifications to the crystal form may 
also be produced by introducing certain organic vapors into the chamber in 
which the crystals grow. Unlike Nakaya’s experimental method in which 
single crystals are grown, our experiments generally produce a minimum of 10 7 
crystals. 

A typical experiment employs air having a mean temperature of — 15°C. 
Moisture is added to the air by the evaporation of water from a porous porcelain 



a b e 


Fig. 17. The effect of acetone vapor on the crystal habit of ice. (a) Effect of 1 molecule 
of acetone with 10 molecules of water; (b) effect of 1 molecule of acetone with 100 molecules 
of water; (c) effect of 1 molecule of acetone with 1000 molecules of water. 

container or by use of a nebulizer (a small aspirator constructed within an outer 
glass container which directs an atomized water stream against the surface of 
the outer wall, the finer particles and accompanying saturated air emerging as 
a stream of water condensate from a tube on the top of the nebulizer). 

Under normal conditions when the supercooled cloud is ‘‘seeded” with dry ice 
or when adiabatic expansion cools a small sample of the air below — 39°C., the 
ice crystals which form in ordinary laboratory air are simple hexagonal plates. 
When, however, a small amount of certain organic chemicals is introduced into 
the air, either by vaporization or by use of the nebulizer, the crystals which form 
are modified. For example, as shown in figure 17, acetone in concentrations 
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as low as one molecule of acetone to 100 molecules of water causes all of the 
crystals to become either hexagonal columns or a peculiar combination of 
plate and column. On the other hand, the introduction of the vapor of nitric 
acid or nitrous oxide (figure 18) tends to emphasize the trigonal symmetry of the. 
water molecule so that the majority of the crystals are triangular with some of 
them being almost perfect isosceles triangles with sharp corners bearing no sug¬ 
gestion of the hexagonal pattern so common to crystals formed in “normal” air. 

The use of acetic acid (figure 19) encourages the development of large stellar- 
like crystals containing intricate structural designs. Larger molecules of the 

o ft 


** ** D 



a | b | c 


Fig. 18. The effect of nitrous oxide and nitric acid vapor on the crystal habit of ice. 
(a) Crystals formed in ordinary air; (b) effect of trace of nitric acid vapor in air; (c) effect 
of nitrous oxide smoke in air. 

fatty acid series having an appreciable vapor pressure, such as valeric and capry- 
lic acids, produce the columnar form of prism similar to that observed with 
acetone. 

The aldehydes also modify the ice crystal structure, formaldehyde causing 
rather short columns while heptaldehyde produces a peculiar crystal somewhat 
akin to the capped hexagonal column. 

Other chemical types which produce definite modifications are dioctyl sodium 
sulfosuccinate (OT 100), heptyl and octyl alcohols (methyl and ethyl are hot 
effective), certain of the silicones, notably dimethyldichlorosSane, penfcamethyl- 
aminomethyldisiloxane, and the ketones. ^ s , , , u t 
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A preliminary consideration of the results shows that the most effective chemi¬ 
cals for producing modification are those which have strong polar properties. 
These are generally surface-active substances and presumably produce the 
modification by becoming preferentially adsorbed on certain faces of the crystals. 
This restricts growth in some directions, allowing more growth on others. 

The study up to the present time indicates that the modification of the crystal 
is a continuing phenomenon and not one which is directly controlled by the 
crystal habit of the nucleus. By producing a batch of crystals by the adiabatic 
expansion of air containing acetone vapor and then permitting them to grow 
in saturated air under normal conditions, a typical crop of hexagonal plates was 
produced. 



Fig. 19. The effect of acetic acid vapor on the crystal habit of ice 


This experiment was made by placing a tiny wad of filter paper soaked in 
acetone into a ‘‘pop” chamber having a capacity of 0.025 cc. Saturated air 
at 25°C. was introduced into this chamber under a pressure of 30 lb. per square 
inch. By the sudden opening of the chamber, using a high-speed release system, 
the air expanded and cooled below the critical temperature of — 39°C., causing 
the spontaneous formation of ice crystals in great numbers. These grew at the 
expense of a supercooled cloud in the cold chamber. Instead of forming hex¬ 
agonal columns, as would be the case if the original crystal habit were dominant, 
the crystals which formed were of the “normal” variety of hexagonal platelets. 

Work in this field is continuing, since many fundamental phenomena in the 
field of crystallography may be studied with great ease with the techniques which 
have been developed. 
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NOMENCLATURE IN EXPERIMENTAL METEOROLOGY 

As the new science of experimental meteorology develops, especially as applied 
to cloud seeding and modification, certain experimental procedures are neces¬ 
sarily so often described that it becomes worthwhile to introduce new terms to 
simplify description and reduce the chance of ambiguity. 

Since clouds occur in air which may be warmer or colder than 0°C., it was 
decided by our group to follow a suggestion of Langmuir’s and adopt the fol¬ 
lowing terminology. 

The term a cold cloud shall be used to describe a cloud of water droplets which 
is supercooled and all of the cloud is in air which is colder than 0°C. 

A warm cloud consists of a cloud of water droplets existing in air of which all 
parts are warmer than 0°C. 

A cool cloud shall be the term used to describe a cloud which combines the 
properties of both warm and cold clouds; that is, the cloud exists in both above 
and below freezing air, with the freezing level extending through some part of it. 

Other terms are being devised to describe some of the observable features 
peculiar to cloud modification studies. These will be described in greater detail 
in a later paper. 

THE PRODUCTION OF SNOW IN SUPERCOOLED CLOUDS 

As a result of the experimental studies made in the cold chamber during the 
summer of 1946 (12, 16), which has already been mentioned, the first experi¬ 
ment in the free atmosphere carried out by the writer took place on November 
13,1946. On that day a 4-mile supercooled alto stratus cloud having a tempera¬ 
ture of — 18.5°C. and containing no trace of ice crystals was “seeded” with 6 lb. 
of dry ice by flying through it in a small Fairchild monoplane at an altitude of 
14,000 ft. Half of the fragments were put out from a mechanical dispenser 
operating on the floor of the plane; the rest were scattered by merely letting the 
slip stream suck the fragments from cardboard containers held out of the open 
window. Figure 20 shows the cloud before and after seeding. 

Since that time many experiments have been carried out by the writer, by 
members of Project Cirrus—a joint Army-Navy-Air Forces-General Electric 
weather research program—, and by many other investigators. Some of these 
results may be studied by referring to detailed reports and papers (4, 14,15,18). 
Positive results are always observed when supercooled stratiform clouds are 
seeded with dry ice at the rate of about 1 lb. per mile. The magnitude of the 
effect is dependent on the stability of the air, the thickness of the cloud, and 
whether or not the air flow into the region is of a convergent nature. If con¬ 
vergence is present, it is quite possible that the “triggering effect” produced by 
seeding with dry ice would result in a self-perpetuating storm spreading out from 
the area originally modified. Similarly, cumulus clouds may be profoundly 
modified with dry ice whenever the cloud contains supercooled water droplets. 

Laboratory experiments indicate that at least 10 16 ice nuclei may be produced 
from 1 g. of dry ice when it is introduced into a supercooled cloud. If all of 
these particles could be supplied with moisture and to jpqw to a smaail 




a 



b 

Fig* 20. View of first experiment in natural clouds above Mt. Greylock, Massachusetts 
(a) before seeding; (b) 5 min. after seeding with dry ice. 
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snow crystal, some 300,000 tons of snow would result. It is, of course, im¬ 
possible to achieve such results under natural conditions, since there is not enough 
moisture available in the area that can be affected. The important fact to 
recognize in this respect is that by using dry ice it is quite feasible to produce 
nuclei on the tremendous scale that is characteristic of natural weather phe¬ 
nomena. For example, the number of snow crystals required to produce 1 ft. 
of snow over an area of 10,000 square miles is approximately 1 X 10 18 . That 
number of ice nuclei could easily be produced with 2 lb. of dry ice. Since it 
would not be feasible to spread 2 lb. of dry ice over such a large area, it would, 
however, be practical to use 200 lb. at the rate of § lb. per mile and exert a large 
influence over an area of 10,000 square miles. 

Under actual seeding operations, it has been found that about 1 lb. of granu¬ 
lated dry ice will convert 5 cubic miles of supercooled stratus clouds to snow in 
about 30 min. when the dry ice is introduced from a 2-in. pipe in a plane flying at 
the top of a cloud having a vertical thickness of a mile. Dry ice pellets in the 
size range 1-10 mm. in diameter are used so that the crystals are produced 
within a minute or so along a plane extending from top to bottom of the cloud. 
The heat generated in the crystallization process ranges from 0.5 to 1°C. in 
such a cloud, causing turbulence which spreads the crystals upward and out¬ 
ward. Thus it is a common observation to see the affected area expand as 
shown in figure 21 at a rate of nearly 5 miles an hour. Figure 22 is a photograph 
of such an area. 

So many crystals are produced when dry ice is dispensed at the rate of 1 lb. 
per mile that the affected region often shows a persistent, stable snow crystal 
cloud remaining in the modified region after all of the adjoining clouds have 
disappeared by precipitation. Such an effect is recognized as “overseeding” 
but is only experienced with very stable clouds, thin clouds, or under condi¬ 
tions free of convergence. 

Such effects would not be expected with cumulus clouds unless they were 
dissipating or when large quantities of dry ice are used. 

Some evidence has been seen that extensive cumulus activity may be gener¬ 
ated in thick and unstable stratiform cloud systems by certain seeding techniques. 
Studies are now under way by our group to explore these possibilities. 

SOME POSSIBILITIES AND LIMITATIONS IN MODIFYING CLOUDS 

There are, of course, definite limitations to the effects which may be expected 
when supercooled cloud systems are artificially modified with a material such 
as dry ice. 

If any appreciable amounts of precipitation are to result from such activities, 
the atmospheric conditions must be such that it is likely that snow or rain would 
occur from natural processes. The method does, however, present the definite 
possibility of “triggering off” a storm sooner than it would develop if the natural 
sequence prevailed. 

It must be remembered that there is actually only a relatively srq&ll arqount 
of condensed water in a cloud. Thus, if all of the inoistt^e m moMmixj stratum 
cloud having a vertical thickness of a mile were to Se predpitated, about 2 
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mm of water would result. Towering cumulus of the congestus type may con¬ 
tain from 1 to 3 cm. of precipitable water, depending on vertical height and 
liquid water content. 

While it is not possible to produce ice crystals in clouds using the dry ice 
method unless they are cold clouds, with temperatures colder than 0°C., it is 
obvious that if a cool cloud were modified in the supercooled region, the resulting 


360° CAMERA POSITION 

TIME-5:25 PM. 
ALT 15,200 FT 



CAMERA POSITION IN 45-MIN. PERIOD 

TIME-5:00'15 
ALT. -10,500 FT. 

I 

ieo° 

Fig. 21. Rate of growth of area in stratus cloud seeded by Project Cirrus 

snow crystals would melt and become rain at a short distance below the freezing 
level, thus providing water droplets which would lead to the formation of rain. 
If Langmuir’s chain reaction theory is correct, this effect would quickly lead to 
a rapid development of heavy rain in large cumulus clouds. 

The tremendous quantities of ice crystals which may be produced with dry ice 
in cold clouds raises the distinct probability that, if correctly introduced, it 
should be possible to eliminate dangerous hailstorms. With a large concentra¬ 
tion of sublimation nuclei present in the region where hail might form, the com¬ 
petition between particles for the available moisture would be so keen that no 
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particles could grow large. It would, indeed, be foolish to think that such re¬ 
sults could be obtained immediately. Much careful quantitative research 
experiments must be conducted to hope for eventual success in this field. In a 
similar manner, violent thunderstorms may eventually be subdued by preventing 
the development of any appreciable thickness of supercooled cloud in the cold 
portion of the cool cumulus congestus cloud. 

In fact, any type of storm system which contains appreciable amounts of 
supercooled clouds may be profoundly modified by intelligent seeding with 
dry ice. 



Fig. 22. Photograph of modified stratus cloud seeded at rate of 1 lb. per mile. The 
modified area which appears dark is 15 miles long and 2 miles wide. 

Supercooled ground fogs may also be modified by following a proper seeding 
procedure. There is a likelihood of “overseeding” with ground fog which not 
only reduces visibility but also makes the fog much more persistent. Proper 
amounts used will, however, clear the fog quite rapidly. 

There is also a real possibility that the aircraft icing problem may be affected 
to a considerable degree by modifying supercooled clouds in the vicinity of 
airports and along heavily travelled air lanes. There is also a distinct possibility 
that the local area ahead of a flying aircraft may be modified with, projectiles 
carrying and dispensing seeding media, such as dry ice from liquid carbon dioxide. 
In this way, it may be possible that the icing hazard could be reduced elimi¬ 
nated as the plane reached the treated area. , | i j j ; ■} 4 J < »’ 4j; j 1 * *' 
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One of the immediate results which is proving to be of much value in the 
physical studies of clouds is the fact that the dry ice seeding process permits the 
marking of clouds in a unique way. By photographing the subsequent appear¬ 
ance of the modified cloud, many interesting features may be measured in a quan¬ 
titative manner by special photographic techniques and procedures under 
development by our Project Cirrus operation. 

The science of experimental meteorology is just beginning. The next few 
years will show rapid advances in this fascinating field. The results will surely 
aid meteorologists and others in reaching a better understanding and appreciation 
of weather phenomena. 
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Measurements of relative humidity in fog and stratus cloud frequently give 
values far below 100 per cent, particularly in industrial areas. Drop radii measure¬ 
ments in the cloud show most frequent values around 7 ju. The occurrence of 
drops in equilibrium at a relative humidity of 90 per cent would require solutions 
of concentrations of 17 per cent for sodium chloride and 23 per cent for sulfuric 
acicl. Particularly in the latter case, i.e., for combustion nuclei, this high concen¬ 
tration seems unlikely. The hygroscopic nuclei would be about one-half the size 
of the drop. 

Visibility measurements, in conjunction with the humidity, give a means of 
estimating the relative contribution of hygroscopic and non-hygroscopic particles 
in obstructing vision, on the assumption that the number of hygroscopic particles 
is constant. The observations indicate that the latter assumption is not valid. 
Using a relationship between liquid water content and visibility shown by Radford 
to fit observed data, a method is derived for determining the number and size of the 
hygroscopic particles, the value of the extinction coefficient due to non-hygroscopic 
particles, and the mass of the nucleus. Using the observations of humidity and 
visibility at Los Angeles Airport, and assuming that the nuclei are sodium chloride, 
these quantities are determined. The drop radii vary from 8 microns at 98 per 
cent humidity to 3 microns at 67.5 per cent, and the number decreases from 24 to 
7 per cubic centimeter. 


I. INTRODUCTION 

In the California Stratus Investigation of 1944 (11) it was noted that the 
maximum relative humidity recorded in the cloud at different stations in the 
vicinity of Los Angeles was frequently less than 100 per cent. While at Santa 
Maria, a rural station, the recorded humidity reached 100 per cent in most 
of the soundings through stratus, there were a number of soundings in which it 
did not. At U.C.L.A., in the western part of Los Angeles, and in Pasadena, 
to the east of it, the highest humidity recorded in the cloud was most frequently 
about 90 per cent. It w T as suggested, without careful consideration, that “a 
plausible explanation of this difference lies in the fact that there is little industrial 
activity in the vicinity of Santa Maria, but in the Los Angeles Basin there are a 
great number of factories injecting combustion products and other forms of 
hygroscopic nuclei into the air.” When this explanation is examined, however, 
serious doubts are raised as to its validity, as we shall show below. 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of 
the Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, 
April 22, 1948. 

2 U. C. L. A. Department of Meteorology, Papers in Meteorology No. 8. This study 
was carried out as part of a project supported by the Office 1 of Naval Research. 
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The idea that combustion nuclei may lower considerably the humidity at 
which condensation occurs is presented quite generally in the literature. Thus 
Shaw (17) says, “It is hardly safe to assert that there is any limit of humidity 
below which clouds of water particles could not be formed in the air of industrial 
cities.” On the other hand Wright (22) attempted to evaluate the contribution 
of sea-salt nuclei, combustion nuclei, and non-hygroscopic particles from average 
visibilities at coastal and inland stations in Britain in summer and winter, and 
concluded that “Water fogs are due to sea-salt nuclei and if supersaturation is 
attained the fogs may thicken considerably owing to the deposition of water 
on the sea-salt nuclei which consequently become very much larger. Such 
deposition does not occur on the combustion nuclei if sea-salt nuclei are present.” 


II. ON THE NATURE AND SIZE OF NUCLEI 

The three factors altering the equilibrium vapor pressure over drops from 
that over a plane pure water surface at the same temperature are curvature of 
surface, electric charge, and dissolved substances. Of these factors the first 
tends to raise the equilibrium vapor pressure, and the other two to reduce it. 

The curvature effect is given by the formula 


. e r _ 2y 
E pRTr 


( 1 ) 


where e r and E are, respectively, the equilibrium vapor pressures over a drop of 
radius r and a plane liquid surface at absolute temperature T, p is the density, 
7 is the surface tension of the liquid, and R is the gas constant. For pure water 
at 15°C. this formula becomes 

, e r 1.11 X 10~ 3 

ln s"—;— 


where r is expressed in microns. A 1-micron drop would thus have an equi¬ 
librium vapor pressure 1.001 times that for a plane water surface, i.e., would 
require a “supersaturation” of 100.1 per cent relative humidity in order to be in 
equilibrium. For larger drops the amount of supersaturation required is still less. 

Figure 1 shows the frequency distribution of drop sizes measured by the 
sooted-slide method at several levels in a stratus cloud (12). The most frequent 
radius at all levels except near the cloud base is about 7 microns, and smaller 
drops were much less frequent. The preponderance of drops of one size is to be 
expected for drops formed by condensation, since larger drops will grow at the 
expense of smaller ones, other conditions being the same. The example shown 
in the figure is typical of the several cases in which measurements were made in 
California stratus. Thus for this cloud the drops are so large that the effect of 
curvature may be neglected. 

That the effect of electric charge is also negligible may be seen by computing 
Hie charge required to offset the effect of curvature. If the drop has a charge of 
q electrostatic units, equation 1 becomes 


pRT In | 


2y 

r 
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To offset the curvature effect in a 1-micron drop would require 1.3 X 10 6 t.impg 
the charge of one electron. For a 7-micron drop it would require 2.36 X 10®, 
electronic charges. It is unlikely that such large charges ever occur. The 
effect of solutes (Raoult’s law) is the only one remaining which might explain the 
occurrence of drops at less than 100 per cent relative humidity. 

For solutions the reduction in vapor pressure is given by 

- = 1 - CM (2) 

where e, is the equilibrium vapor pressure for pure water, M is the molar con¬ 
centration of the solution, and C is a factor which depends on the concentration, 





MOP DIAMETER IM MICRONS 


*C 


Fig. 1. Drop-size distribution in one case of California stratus, as measured by the 
sooted-slide method. 


temperature, and nature of the solute. E/e, = H is the relative humidity with 
respect to a plane pure water surface. If c is the mass concentration, c = mM, 
where m is the molecular weight. Then 

H = 1 - cC/m (2') 

The two types of solute which, have been most frequently suggested as con¬ 
densation nuclei under atmospheric conditions are sea salt, of which sodium 
chloride is the principal constituent, and combustion products, of which sulfuric 
acid is regarded as the most hygroscopic. For M of the order of 0.002 at 20°C., 
C = 34 for sodium chloride and (7 = 43 for sulfuric acid (6). 

The concentration of solution in equilibrium at 90 per cent relative humidity 
is found by substituting 0.9 for E/e, in equation 2. We get 

c = 0.1 m/C 
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which for sodium chloride and sulfuric acid gives the concentration of 17 per 
cent and 23 per cent, respectively. These high concentrations seem surprising. 
If the fog drops consist of acid of this concentration, the corrosive effects ■would 
have been noticed. Since they have not, it is reasonable to reject the existence 
of such high concentration of acid. 

If we characterize the size of the nucleus by the radius r, of a sphere of equal 
mass, we can compute the ratio of nucleus to drop size which will result in this 
concentration. The mass of the solute in one drop is given by the two expressions 

m» = frrr 3 pc = irr 3 ,p. 

Thus 

r 7. < 3 > 

The following table gives the values of this ratio for sodium chloride and sulfuric 
acid for the concentrations foimd above, and the corresponding nuclear size and 
mass for 7-micron drops. 


SOLUTE 

Pa 

C 

p 

r 9 /r 

r»(p) 

m 3 

NaCl. 

H 5 SO 4 . 

2.17 

1.83 

0.171 

0.228 

1.12 ! 

1.17 

0.44 

0.53 

1 

3.1 
| 3.7 

grams 

2.75 X 1CT 10 
3.83 X 10->» 


Since John Aitken’s invention of the dust counter there have been hundreds of 
studies of the properties of “nuclei” (for summaries see Landsberg (9) and 
Simpson (18)). Most of these, however, have been concerned with those whose 
size can be determined from their ionic mobility, i.e., of radius of the order 
10“ 6 cm. or less (see, for example, Israel and Schulz (7) or Nolan and Guerrini 
(13)). The properties of larger nuclei are, paradoxically, more difficult to 
determine and require more circuitous methods. Kohler (8), by measurements 
of corona and chemical analysis of frost deposits obtained when supercooled fog 
passed over objects, concluded that the nuclei were particles of sea salt with 
“radius” of the order 1CT 5 cm. Similar results were obtained by Wright (21, 
22,23) by an analysis of observations of humidity and visibility. Simpson (19) 
raised objections to Wright’s results. With respect to Kohler’s measurements, 
there is considerable question of the applicability of the formula he used relating 
corona di ame ter and drop size to the range of sizes involved. In table 1 are 
presented the ranges of values reported by these and other observers, and now 
tentatively accepted. 

The measurements of nuclei thus have values considerably smaller than 
those necessary to maintain equilibrium of drops of solution at 90 per cent relative 
humidity. In particular, the combustion nuclei have been found to be at largest 
less than the size required. Nuclei of sea salt have been found to be quite a 
bit larger than combustion nuclei. We must conclude that combustion nuclei 
cannot be responsible for the difference in humidity measured in the stratus at 
Los Angeles and Santa Maria. 
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The possibility that the low humidity measurements in the Los kngeles area 
are due to instrumental errors was considered. It was pointed out in the 1944 
report that this is rendered doubtful by the fact that the same types of instru- 


TABLE 1 

Ranges of sizes of nuclei (various sources ) 


NUCLEUS 

MASS 

RADIUS 


grams 

cm. 

Combustion. 

2 X 10" 16 to 5 X lO' 15 

10-« to 10-« 

Sea salt. 

3.5 X 10~ 16 to2.8 X 10“ 13 

| 3 X 10-Uo 4 X 10-' 


TABLE 2 


Frequency of relative humidities at time of lowest visibility 


reported relative 

HUMIDITY* 

i NUMBER OP OBSERVA- 
1 TIONS AT INLAND 

STATIONS 

PER CENT OF 
TOTAL 

NUMBER OP OBSERVA¬ 
TIONS AT MARINE 
STATIONS 

PER CENT OP 

TOTAL 

per cent 







100 

12 

20.7 


23 

29.9] 


99 

0 

0 


2 

2.6 


98 

0 

0 

>41.4 

2 

2.6 

>80.5 

97 

1 12 

20.7 

26 

33.7 

96 

0 

0 


4 

5.2 


95 

0 

0 


5 

6.5 


94 

14 

24.2' 


4 

5.2] 


93 

0 

0 


2 

2.6 


92 

91 

0 

2 

0 

3.4 

>51.7 

1 

2 

1.3 

2.6i 

>19.5 

90 

12 

20.7 


6 

7.8j 


89 

2 

3.4 


0 

0 


88 

0 

o' 


0 

ol 


87 

0 

0 


0 

o] 


86 

85 

3 

0 

5.2 

0 

>6.9 

0 

0 

0 

0 

>0 

84 

0 

0 


0 

0 


83 

1 

1.7 


0 

0 


Total. 

58 

100.0 

77 

100.0 


Average rela¬ 







tive humidity 

! 94 per cent 


97 per cent 



* The curious concentration at the humidities 97 per cent and 94 per cent in columns 
two and four may be due to the fact that they may be read from the psyehrometrie tables 
without interpolation. 


ments and methods of evaluation were used at all stations. Besides this, 
surface observations show the existence of fog at humidities considerably below 
100 per cent, even at rural stations, with more frequent low humidities in fog in 
industrial areas. Thus Pick (15, 16) showed that 20 per cent of all thick fogs 
observed at 0700 at Cardigan, England, in 1929-30 were accompanied by 
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relative humidities of 90 per cent to 93 per cent, and that the majority of all 
fogs occurred in unsaturated air. He also quoted observations of thick and 
dense fop at sea with humidities in the 80’s. 

That the difference between purely coastal and industrial areas exists with 
respect to surface observations of fog and humidity in the Los Angeles region is 
shown by comparison of stations relatively free from industrial influence with 
those so affected. The two groups of stations considered were CIT, Ontario, 
and S an Bernardino as inland locations and Los Angeles Municipal Airport, 
Oceanside, and Santa Barbara on the coast. Table 2 lists the frequency of 
observed (wet-and-dry-bulb psychrometer) relative humidities at the time of 
lowest visibility on each mor nin g during a period of several months, provided 
this visibility was 1 mile or less. 


TABLE 3 


Frequency of minimum visibilities reported for data in table 2 


REPOSTED VISIBILITY 

NUMBER OF OBSERVA¬ 
TIONS AT INLAND 
STATIONS 

PER CENT OF 

TOTAL 

NUMBER OF OBSERVA¬ 
TIONS AT MARINE 
STATIONS 

PER CENT OF 

TOTAL 

miles 







0 

5 

8.6] 


16 

20.8] 


1/8 

1/5 

8 

2 

13.8 

3.4 

>34.4 

7 

2 

9.1 

2.6 

>41.6 

1/4 

5 

8.6 


7 

9.1 


1/2 

12 

20.7 


12 

15.6 


3/4 

10 

17.3 

[■65.6 

14 

18.2 

1*58.4 

1 

16 

27.6, 


19 

24.6J 


Total. 

58 

100.0 

77 

100.0 

Average visi¬ 
bility ....... 

9/16 miles 

7/16 miles 


This distribution must be compared with a similar one for the visibilities, 
with intervals determined by standard airway observation practice, shown in 
table 3. 

"While the visibilities at marine stations were somewhat lower than at inland 
stations for the eases considered, the difference is not nearly so marked as that 
in the humidities. We see that while only 19.5 per cent of the cases of low 
visibility had humidities below 95 per cent at marine stations, the corresponding 
value was 58.6 per cent at inland stations. 

With the hygroscopic action of combustion nuclei rejected as a factor in 
explaining the more frequent existence of cloud drops at low humidities, and 
further evidence that the phenomenon is real, we are led to seek other explana¬ 
tions. One hypothesis which might be the explanation is that the drops are 
not in equilibrium, but have not had time to evaporate completely at the time of 
observation. Findeisen (1, 2) derived an equation for the time of evaporation 
of drops. For relative humidity 90 per cent, temperature 5°C., and pressure 
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900 mb., his formula is 

t = 0.053r 2 

where r is in microns and t in seconds. Seven-micron drops would thus take 
2.5 sec. to evaporate under these conditions, and from this Findeisen concludes 
that “the probability of small drops being present in air only slightly below 
saturation is practically zero.” 


III. VISIBILITY AND PARTICLE SIZE 


The preceding material points up the desirability of direct measurement of 
the nature and size of condensation nuclei. As was pointed out above, such 
direct measurement is extremely difficult. However, Wright’s approach may be 
applied to the determination of the drop and nucleus size, if assumptions are 
made as to the nature and number of active hygroscopic particles. In this way 
hypotheses regarding their nature and number can be tested, using only the 
regular Weather Bureau observations of visibility and humidity. 

The relationship between the visibility (visual range) and the suspended 
particles which limit it is given by Koschmieder’s formula (10) 


V = 



^91 

<T 


(4) 


where V is the visibility in centimeters, a is the extinction coefficient due to 
suspended matter, and e, the threshold of perceptible contrast between the 
apparent brightness of an object and the brightness of the background, is taken 
to be 0.02. The extinction coefficient a- is contributed to by (I) scattering by 
molecules, (2) scattering and absorption by hygroscopic particles and their 
associated water drops, and (S) scattering and absorption by non-hygroscopic 
particles of dust, smoke, etc. We may write 


a = cm + + ftp 


where cry, oy, and o> are the separate extinction coefficients for processes (I), 
(2), and (S), respectively. 

For average wave length of light and normal temperature and pressure Hulburt 
(5) computed a M = 1.6 X 10 -7 cm. -1 For water drops <r N is given by Stratton 
and Houghton (20) to be (see appendix) 

= 2vNkr 2 (5) 

where N is the number of drops per cubic centimeter and rr 2 the area of each, 
and k is a factor depending on the ratio of r to the wave length of the light. For 
r several times the wave length, k departs only slightly from 1. A similar 
expression would hold for drops consisting of solutions, but with a different 
value of k, and presumably also for o>, with a still different factor. We shall 
assume that in both these cases k is also near unity for the wave lengths in which 
we are interested. 
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Equation 4 may now be written 

o> + 2 tt Nr 2 = y-1.6X 10~ 7 (6) 

For values of visibility up to 25 km. the second term on the right is negligible. 
For convenience we shall absorb it in o>. The visibility is observed, and the 
unknowns in this equation are o>, N, and r. If successive measurements are 
made in the same air at different humidities, but away from sources of pollution, 
r and N may change, but o should remain constant. The change in drop radius 
will be in accord with equation 2'. Since the concentration in the drop is given 
by 

c = 3m,/4irr 3 p 

we obtain from equation 2' 

r = K[m,/(l - H)) m (7) 

where K = (ZC/Arpm) 113 is a parameter of the nuclear substance which has a 
variation of the order of 1 per cent with temperature and concentration. For 
sodium chloride and sulfuric acid it has the values 0.50 and 0.45, respectively. 
Substituting for r from equation 7 in equation 6 we obtain 

v* + 2irNK 2 [m,/ (1 - H)f* = 3.91/F (8) 

If m, and N are constants with changing humidity, as well as o>, the equation 
gives the relationship between humidity and visibility in the form 

(1 - HT Vi = AV 1 + B 

where A is a parameter depending on N, K, and m„ and B depends on o>. If a 
value of o> is assumed, the curve representing this equation is determined by one 
observation; other observations may be used to check it. The value o> = 0 
leads to the familiar curves of Wright (figure 2). 

For the purpose of testing this relationship hourly observations of visibility 
and humidity at the Los Angeles Municipal Airport were tabulated. Only 
days on which there were periods with visibilities 2 miles or less were used, and 
precautions were taken to eliminate effects which would alter o>. For instance, 
if a sea breeze brought about a change of air mass over the station, or if advection 
of smoke was evident, the observations were not used. Thus o> might change 
from day to day, but not during the series of hours in which the variation of 
visibility with humidity on a single day was tabulated, insofar as it was possible 
to select data so as to avoid it. The visibilities were grouped and averaged by 
5 per cent intervals of humidity. The results are shown by the broken line in 
figure 3. 

Using the point on the curve for 85 per cent relative humidity to determine A, 
the theoretical curves representing equation 8 were computed and drawn for 
two values of o>. It is seen that while these curves, particularly the one for 
o> = 2 X 10 -7 , agree fairly well with the observations for high humidities, they 
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diverge widely from them for lower humidity values. To get a closer fit it would 
be necessary to assume o> negative, a physically unacceptable assumption. 

Thus the hypotheses of cr P and N constant must be reconsidered. Since the 
data were selected with an attempt to keep o> constant, and since the constant N 
requires o> to be negative, it is logical to abandon the second hypothesis first. 
No alternative suggestion has been made regarding the variation of N, nor does 
one arise from physical reasoning. However, W. H. Radford’s compilation of 
measurements of the content of liquid water in fogs (4) gives a clue to the behavior 
of drops under varying humidities. He plotted observations of visibility against 
observations of liquid content, both on a logarithmic scale, and found the 



OPACITY (NE8/KMJ AND VISIBILITY (MILES) 


Fig. 2. Relation between relative humidity and visibility, assuming N constant and 
<rp = 0 (after Wright). 


curve of best fit to be a straight line (figure 4). Thus if w is the liquid content 
in grams per cubic centimeter of air, there is empirical evidence that In V = In 
a + b In ip or, more conveniently, 


V = aw b (9) 

Radford does not give the constants a and b, but from his graph it is found that 
a = 0.032 and b — 1.43. 

This empirical relationship may be incorporated into our system of equations 
in place of the assumption N = constant. The liquid content is 


w = %Tpr 3 N 


( 10 ) 
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and if N is eliminated between this equation and equation 6 we have 


or, from equation 9 


. Zw 3.91 

** + V ~ T 



3.91 

V 


(ID 



Fig. 3. Observed and computed relations between relative humidity and visibility 
Using equation 7 ? we may write 



where fi is the radius at humidity Hi, and r that at H. Thus our equation 
becomes 



©*(h*t 


3.91 

V 


(13) 


This gives the relation between humidity and visibility on the basis of our 
new assumption, giving an implicit relationship between V and H t with o>, 
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ri, and Hi as parameters. By choosing two points on the observed curve, 
Hi and Hi, and using the observed visibilities Vi and Vi, the remaining quantities 
ff P and n can be determined. By choosing 85 per cent and 67.5 per cent, it was 
found that o> = 0.14 X 10 -5 cm. -1 , or 0.14 km. -1 , and n = 4.08 X 10 -4 cm. = 
4.08 ju. The curve representing the equation with these values of the parameters 



Fig. 4. Relation between liquid water content and visibility, according to summary of 
observations by Radford. 

is shown in figure 3 also. It comes very close to the observed values, not only 
at the two points for which it was fitted but in its entire range. 

Using ti as determined from equation 13 the values of r may be evaluated 
from equation 12. The mass of solute m 3 is determined from equation 7. The 
value of K for sodium chloride was used in this connection, and whenever else the 
solute parameters enter. To evaluate 2NT, we use equations 9 and 10, inserting the 
values of r computed for the observed values F* The values of these quantities 
at the different humidities are presented in table 4, along with the computed and 
observed visibilities. 

It is interesting to note that the drop radius determined in this way for fog at 
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98 per cent relative humidity, 8 n, is almost exactly the modal radius found for 
drops in stratus by direct sampling. Even at relatively low humidities the drops 
remain as large as 3 microns, and in fact the “radius” of the solid nucleus is 
computed to be 2 microns. 

The decrease of the number of drops from 23.5 per cubic centimeter at 98 per 
cent to 7 per cubic centimeter at 67.5 per cent is not readily explained physically. 
This, too, corresponds to a phenomenon in the stratus observations. In those 
observations it was found that while the drop size was constant with height, 
the liquid content increased linearly from base to top. This means that the 
number of drops must be greater at the top of the cloud than the bottom. The 

TABLE 4 


Mean values of various quantities pertaining to suspensoids in the atmosphere (Los Angeles 

Municipal Airport) 


3 

10 6 CM-’" 1 

V 

V (observed) 

N cm r* 

10* r 



miles 

miles 


cm. 

0.98 

9.4 

0.26 

0.2 

23.5 

7.98 

0.965 

5.9 

0.41 , 

0.4 

21.5 

6.62 

0.95 | 

4.4 

0.56 

0.6 

20.1 

5.90 

0.90 

2.4 

1.02 

1.1 

17.0 

4.66 

0.85 i 

1.6 

1.53 

1.5 

14.6 

4.08 

0.80 

1.2 

2.04 

1.8 

12.7 

3.71 

0.75 

0.93 

2.63 

2.6 

10.9 

3.44 

0.70 

0.71 

3.45 

3.8 

8.9 

3.24 

0.675 

0.53 

4.65 

4.6 

6.9 

3.15 

orp = 0.14 X 10~ 5 cm." 1 

m. = 8.16 X 10-» g. 

r. = 2.07 X 10-< cm. 


E = relative humidity. N = number of hygroscopic particles per 

c — generalised extinction coefficient. cubic centimeter. 

<r P = extinction coefficient due to non-hy- r — radius of hygroscopic particles, 
groscopic particles. m, ~ mass of solute. 

temperature is lower and humidity presumably higher at the top than the 
bottom. 

The value of <r P} 0.14 km. -1 , is a reasonable one, corresponding to a visibility 
of 16 miles in the absence of the larger hygroscopic particles. When the marine 
air containing these large particles is entirely absent in Los Angeles, the visibility 
is upward of 30 miles in the absence of concentration of industrial pollutants 
as well. It is seen that in cases of sea haze and fog, if this evaluation is correct, 
non-hygroscopic particles contribute at most one-fourth to the opacity of the air, 
and at higher humidities, an insignificant amount. Nothing can be said as to 
size and number of these particles; if there are 100 per cubic centimeter, the r 
would have to be about 0.4 micron, while 1000 per cubic centimeter would 
require, for this value of about 0.1 micron radius. It is planned to conduct 
direct counts to provide additional information regarding these quantities. 

In figure 3 it will be seen that the visibility increases rapidly as the humidity 
decreases to 67.5 per emit, and there becomes approximately constant. This 
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might be considered the value at which the drop becomes crystalline, and thus 
would give (within 5 per cent, because of the grouping of data) the humidity in 
equilibrium with a saturated solution of the solute. If the solute were pure 
sodium chloride, this humidity should be 76 per cent. The experimental 
determination of the humidity over a saturated solution of sea salt has been 
carried out by J. S. Owens (14). The experiment was carried out several times 
at varying temperatures, with the results listed in table 5. Owens’ values are 
thus in complete agreement with the data of figure 3. 

IV. CONCLUSION 

The methods employed have indicated that it is not combustion nuclei acting 
alone which produce the difference between humidities in fog and stratus in 

TABLE 5 


Relative humidities over saturated solutions of sea salt (after J. S. Owens) 


RANGE OF TEMPERATURES 

RANGE OF HUMIDITIES 

MEAN HUMIDITY 

'*■ | 

per cent 

per cent 

53-66 1 

60-71 

67 

TABLE 6 


Calculation of percentage error 


RANGE OF PERCENTAGE ERRORS 


OBSERVER 

RANGE OF f 

s (n - f)* 

nr s 

fSr 2 

1-5 

Sr* 

t 


microns 

per cent 

per cent 

Hagemann (3). 

6-10 | 

5-17 

10-30 

Neiburger (figure 1) . 

7-25 ! 

16-32 

19-28 


industrial and rural districts. Large nuclei of sea salt would explain the observed 
variation of visibility with humidity but cannot explain the difference between 
rural and industrial areas. The hypothesis that the same number of hygroscopic 
nuclei are active at all reasonably high humidities must be rejected in favor of 
one which states that the number increases rather rapidly with humidity. In 
this connection it should be noted that the methods used did not take account 
of the contribution of the hygroscopic particles which become inactive to the 
opacity. 

If the methods are valid, the data indicate that the drops in fog at the Los 
Angeles Municipal Airport are of the same size as those found in stratus over 
the ocean in this region, and in measurements in fog and stratus elsewhere. 
This would suggest that there is a preferred size for drops in stable air clouds, 
and an increase in condensation due to further cooling results in more nuclei 
becoming active, rather than the further growth of existing drops. 
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Finally it should be emphasized that the numerical results are significant 
only in order of magnitude, as is shown in the appendix. If greater accuracy 
is to be attained by the methods employed in this paper, it would seem that 
further study of drop-size distributions is required. Such a study would 
necessarily involve consideration of the phenomena discussed in the two preceding 
paragraphs. 
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APPENDIX 

The assumption made at this point, usually tacit in the literature, is that the 
proper value of the total surface area of n drops, 

*(r\ + r\ + • • • r») = v 2 (14) 

i 

can be adequately approximated by where f is the arithmetic mean of the 
n radii. The algebraic identity relating these quantities is 

nf - L r • = - X Oi ~ ff 

1 1 

so that if there is any dispersion at all there will be an error, which will always 
have the same sign (negative), with a magnitude equal to n times the variance 
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of the distribution. Calculations of this magnitude from empirical distributions 
of direct measurements recorded by two observers are presented in column 3 of 
table 6. It turns out to be rather large, in one instance amounting to 32 per cent. 

However, the expression 14 does not enter explicitly into equation 11; rather 
the substitution from equation 10 results in a different approximation: 


Thus 




w 


“ £ 


<tn 22 


This quantity has been approximated by w/f . The percentage error is therefore 


1 



Empirically determined values for this error have been tabulated in column 4 of 
table 6. Again it is large, but does not invalidate the order of magnitude of the 
results of the paper. 
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Received October 18, 1948 

An analysis of particle number and mass concentration data for the aging of 
ammonium chloride smoke in both still and moving air permits certain deductions 
concerning the average growth of particles under the experimental conditions used. 
With still air the average mass per particle increased for at least 5.5 hr., although 
the rate was smaller in the later stages; with rapidly moving air it increased for a 
comparatively short initial period and then decreased. The results are quan¬ 
titatively described by equations involving two loss constants and the coagulation 
constant, whose values were determined experimentally (1). 

In the attempt to obtain detailed information about the changes that occur 
with time in systems of solids dispersed in air, and about the influence of air 
motion on them, experiments have been performed on the aging of ammonium 
chloride smokes. This substance was chosen partly because of ease in handling 
certain experimental features, but also because it is expected to form a system in 
which the growth of particles is due primarily to coagulation on collision. The 
studies were concerned, not with the initial stages of formation of the aerosol, 
but with the period beginning at 3 min. after complete generation of the smoke 
(5 min, after the start of generation). Determinations of particle number (n, 
cc." 1 ) and mass concentration (m, mg./m. 3 ) were made at 30-min. intervals for 
a period of 5.5 hr. For studies with moving air, a large pierced vane within the 
chamber was oscillated at a constant rate throughout the experiment. The 
reading of a non-direetional thermocouple anemometer averaged over various 
positions in the 1.4 m. 3 chamber was taken as an index of air motion (V, m./min.). 
A description of apparatus and techniques, and detailed data for n and m have 
been given previously (1). 

It has been shown (1) that the variations of mass concentration and of par¬ 
ticle number with time (t, min.) are described adequately by the relations 

m = 

and 

(; + !) = (s + 0 e “ 

under the conditions of these experiments, and that an expression of the form of 
equation 2 may be expected on general grounds when loss of particles to adjacent 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of the 
Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, April 22, 
1948. 

2 Present address: Experimental Station, Suffield, Alberta, Canada. 
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surfaces is appreciable and the particle size is not too small. In these equations 
a and are “loss constants” and h denotes the coagulation constant; mo and no 
denote, respectively, the values of m and n at the start of the observation period 
(t = 0). For “still” air a, 0, and k were found to be 3.4 X 10” 3 min.” 1 , 3.2 X 
lO-s min.” 1 , and 2.2 X 10” s cc./min., respectively. All three constants were 
increased by air motion, reaching respective values of 13.4 X 10” 3 min.” 1 , 9.8 X 
10” 3 min.” 1 , and 5.4 X 10” 8 cc./min. at an equivalent air flow of V = 50 m./min. 
The value of k for still air was not significantly higher than that expected from 
the Smoluchowski theory. 



MiMi rrr<; 


Fig. 1. Typical plots of average particle mass (ordinates, mg. X 10 10 ) against time 
(abscissae, minutes) for air motion of 0, 5.4, 11, and 50 m. per minute. The points were 
calculated directly from observed n values and interpolation of determined m values. 
The curves were calculated from equation 7, using the following experimentally determined 
(1) constants: 


V 

i 

k 

a. 

; 

P 

m./min. 

mg. X 10™ 

cc./min. X 10 s 

minr' X 10* 

minr' X 10 * 

0 

2.16 

2.1 

3.2 

3.0 

0 

1.24 

2.3 

3.6 

3.3 

5.4 

1.08 

2.8 

6.2 

5.5 

11. 

1.25 

2.3 

6.8 

5.8 

50. 

1.88 

! 5.8 

14. 

9.7 


This note is concerned with a further consideration of the earlier data (1) in 
connection with the changes in average particle mass during the aging process. 


THE GROWTH OF PARTICLES WITH TIME IN AMMONIUM CHLORIDE SMOKES 

As has been shown previously (1) the rates of loss of mass, of particle number 
by collision with adjacent surfaces, and of particle number by coagulation, are 
described by the equations: 
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'd n\ 

{dt/c 


= —kn 2 


(5) 
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Fig. 2 . Curves calculated from equation 7 for “average” smokes (m 0 = 50 mg./m. 3 , 
n 0 = 2.5 X 10 5 cc r 1 ) with air motion of 0 and 50 m. per minute. The average values of 
previously determined (1) constants were used: 


V 

A 

a 

P 

m./min. 

cc./min. X 10 8 

minri X 10* 

minr 1 X 10 * 

0 

2.2 

3.4 

3.2 

50 

5.4 

13.4 

* 9.8 


Beyond 330 min. the curves are extrapolations. 



Fig. 3. The dependence on the degree of air motion of T m and n m /^ as calculated from 
equations 8 and 9. Mean values of the constants for various V values were taken from 
reference 1. The numbers attached to the curves indicate the n 0 values (ccr 1 X10” 5 ). 


Hence the average mass per particle in a hypothetical aerosol for which no 
surface loss occurs should increase linearly with time according to 

ju = mo + wioM (6) 

and should double in a time T 2 = l/njc* Increase in the initial number of 
particles or in the degree of air motion (i.e., in k) would result in a corresponding 
decrease in TV On the other hand, in a hypothetical non-coagulating aerosol 
subject to surface loss the average mass per particle should decrease exponen- 
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tiafly with time according to 

fi = ( 6 ) 

In the ammonium chloride smokes studied both coagulation and loss occurred, 
the two mec ha nisms tending to affect the average particle mass in opposite 
directions. It follows from equations 1 and 2 that 

y. = - n = + ~ (1 “ «**)) (7) 

The closeness of fit of this expression with individual experimental data is indi¬ 
cated in figure 1 for various degrees of air motion. (In calculating the experi¬ 
mental points it was necessary to interpolate mass concentration data, since 
samples were not taken simultaneously with those for particle number deter¬ 
minations.) It is noteworthy that according to equation 7 the average mass per 
particle should reach a maximum value in a time T m given respectively by 


Hok ft — aT m 

= * \-p' e 

(8) 

T - 1 u( 1ki/P - ■ a -) 

(3 \l + nok/P a — fi) 

(9) 


The trend toward this maximum is seen in the curves of figure 1, particularly 
in those for rapidly moving air. 

The effect of air motion on the average particle mass during aging is illus¬ 
trated by figure 2. The curves were calculated from equation 7, using average 
values for a, p, and k as previously determined (1). It is indicated that in 
rapidly moving air the average particle mass was considerably less than that in 
still air, except in the early stages of aging. This finding receives support from 
a comparison of the frequency distribution curves for apparent particle radius 
as previously obtained (1). 

The dependence on air motion of the maximum value attained by the average 
particle mass and the time taken to attain it is illustrated in figure 3. The curves 
were calculated from equations 8 and 9, using average values of a, /?, and k 
(I). The calculations represent some extrapolation of the original experimental 
data which covered a somewhat smaller range of initial particle number. Strik¬ 
ing features are (a) the drastic reduction of T m and ju*. by relatively slight 
air motion, and (b) the comparatively low value of fim attained. 

REFERENCE 

(1) Langstkoth, G. 0., AND Gillespie, T.: Can. J. Research B25, 455 (1947). 



THE LAWS OF DEPOSITION AND THE EFFECTIVENESS OF 
INSECTICIDAL AEROSOLS 1 

V. K. LA MER 

Department of Chemistry, Columbia University, New York, New York 

AND 

SEYMORE HOCHBERG 

E. I. du Pont de Nemours and Company, Wilmington, Delaware 
Received October 18, 1948 

This paper represents a review of studies made during 1943, 1944, and 1945 
by the Central Aerosol Laboratories at Columbia University under NDRC 
contract and several cooperating agencies, including the U. S. Department of 
Agriculture, the Army, the Navy, the British Colonial office, and others. 

The studies include several steps from fundamental research to field applica¬ 
tion and illustrate the spectacular results that can be obtained by the applica¬ 
tion of fundamental principles in this field, which had relied so much on em¬ 
pirical information. 

The precision of the work here reported and the reliability of the results were 
made possible largely by the development by Sinclair and La Mer (13) of a 
laboratory generator which produced aerosols very uniform in particle size. 
For these experiments modifications were made in that generator to replace the 
spark source of nuclei, which produced toxic oxides of nitrogen, to make the 
output constant with time, and to extend the range of particle diameter up to 
40 microns. 

Figure 1 show's the homogeneous aerosol generator as used in these laboratory 
experiments. The nuclei were provided by heating a nichrome wire coil in 
which there was a plug of sodium chloride to a temperature just below red heat. 
A constant-voltage transformer was required to maintain constancy in the supply 
of nuclei for condensation. 

The primary adjustment of particle size is obtained by adjustment of the 
heater temperature, higher temperatures resulting in larger particles. Neces¬ 
sarily, therefore, with increased particle size there was also an increased mass 
concentration. A bimetallic thermostat controlled the temperature of the box 
surrounding the first heater to ±0.5°C. and the flask to a much smaller tolerance. 

The temperature of the second heater is not critical but it must be higher 
than that of the first to prevent undue condensation and must not be high 
enough to result in excessive decomposition. In the case of DDT in lubricating 
oil, this must not exceed 230°C. The output of the generator is assessed by 
passing its efflux through a glass wool filter in a drying tube and either weighing 
the filter or determining the DDT on the filter by chemical means. 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of 
the Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, April 22, 
1948. 
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MORTALITY OF MOSQUITOES IN CONFINED ATMOSPHERES 

In the first experiments (January, 1944) with mosquitoes (10) it was desired 
to test the effect of particle size on the toxicity of DDT aerosols to Aedes aegypti 
mosquitoes un der conditions where there would be no relative motion of aerosol 
and insects. A homogeneous aerosol was confined in a wooden box of 85-1. 
capacity having glass windows. The aerosol was stirred first with a small fan 
at slow speed and then the cage of mosquitoes was introduced. A beam of light 
passing through the c hamb er onto a photronic cell indicated the decrease in 
aerosol concentration that might occur during the course of an exposure. 

For each particle size several exposures were made at different values of time 
t and also of concentration C. The logarithm of the product Ct to kill 50 per 
cent of the female insects, log Ct 5Q , is related over a considerable particle size 



OUT/.£T 

Fig. 1. Homogeneous aerosol generator 


range to the particle diameter by the expression: 

logCiso = — 21ogd + Constant (1) 

Log Ct is plotted against log r [log r = log d + log 2] in figure 2. The curve has 
a slope of —2, supporting the hypothesis that deposition on the insect by settling 
of the particles according to Stokes' law was in operation. The leveling off of 
the curve was believed due to the statistical effect, which would become evident 
at such a particle radius that a very small number of particles would be sufficient 
to kill an insect. A median lethal dose can be calculated then, based solely on 
gravity fall, assuming a cross-sectional area of 0.03 cm. 2 for a mosquito as 
3.6 X lOy 6 mg. of 8 per cent DDT, or 2.9 X 10" 7 mg. of DDT. This is rfo 
the quantity believed on the basis of subsequent experiments to be more reliable. 

The conclusions drawn from the data were that particle size should be about 10 
microns diameter for optimum results. A large-scale aerosol generator was 
designed and built in accordance with this recommendation. The conclusion 
that the toxicity was proportional to the quantity depositing upon the insect 
was justified in spite of the fact that, as was learned soon thereafter, much of 
the aerosol probably reached the insects by way of convection currents and by 
way of their own motion rather than by gravity settling alone. 
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Fig. 2. Plot of log Ct against log r (La Mer et ah: J. Colloid Sci. 2, 539 (1947)) 

THE MORTALITY OF MOSQUITOES AS A FUNCTION OF WIND VELOCITY 

AND PARTICLE SIZE 

In order to test the effect of wind velocity and to obtain further data on the 
effect of particle size on the toxicity of DDT, more extensive experiments were 
performed in which mosquitoes in cages were exposed to aerosols within a wind 
tunnel 1 ft. square in cross-section (11). 

Wind velocities of 2, 4, 8, and 16 miles per hour and particle sizes from 1 to 
20 microns in diameter were used. For each particle size and wind velocity, 
enough exposures were made to determine the quantity of aerosol, M mg. per 
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square foot of tunnel cross-section, required to kill 50 per cent of the female 
mosquitoes. This quantity was found to be determined by the product of the 
square of the diameter D and the wind velocity v (see figure 3). 

The data obey the following law: 

log M = K log D 2 v + Constant (2) 

In the range D 2 v — 2 to 200 microns 8 miles per hour, the data obey this rela¬ 
tion with K = — 1, M ranging between 300 mg. and 1 mg. per square foot. 
Between values of Dh> of 200 to 800 the value of K decreases to zero, and be- 



Fig. 3 

tween values of 800 and 7000, K is zero, the value of M being 0.8 mg. of DDT 
per square foot. 

That the spread of points about the curve of central tendency is due to the 
limited number of test insects is indicated by figure 4, where the mortality for 
males is plotted against that for females, each point representing a percentage 
mortality for a single cage containing roughly 50-100 insects. It is to be 
assumed that, had a sufficiently large number of insects been used, the data 
would have approached closer to the curve of figure 4 and also the curve of 
figure 3. Nevertheless, practically all the points lie within a factor of £ to 
2 times the dose given by the curve drawn in figure 3. Use of mortality figures 
for males does not yield any better curve of the type of figure 3 than does the 
mortality curve for females, except that the former are more sensitive toDDT. 

The results of these experiments were interpreted as follows: The motion of 
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particles in an aerosol is governed principally by the motion of the air which 
supports them. This air, when a stationary object is in its path, tends to stream 
around the object and to carry the aerosol particle with it. The particle, 
on the other hand, being heavier than air and therefore having more inertia, 
tends to continue in a straight line. As a result, the path of the aerosol par¬ 
ticle has a smaller curvature than the path of the air in which it is suspended. 
Therefore, when an aerosol is blown against an object a fraction of the aerosol 
strikes an object in its direct path, this fraction becoming larger as the velocity 



Fig. 4. Plot of mortality for males against that for females 


of the aerosol is increased, as the particle diameter is increased, or as the size of 
the object is reduced. When this fraction approaches unity, further increase 
in particle size or wind velocity ceases to have effect. 

A mathematical analysis which predicts this type of dependence of deposition 
upon LPv has been given by Sell (12; see also 4 and 15) for simple geometrical 
objects. 

The data on insects in the confined atmospheres must be interpreted as being 
complicated by a small velocity which resulted on account of (o) a small amount 
of flying, (6) putting the cages into the aerosol and taking them out, and (e) 
a certain amount of convection. 
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The following conclusions were drawn from the wind tunnel experiments: 

1. The data indicate that the toxicity is determined by the quantity deposited 
on the insects which, according to Sell, would be expected in the limits of low 
and high values of D 2 v to yield the slopes obtained in figure 3. 

2. The data for larger particle size and wind speed were taken to indicate 
saturation, i.e., that the insects were taking up a quantity of aerosol equal to 
that which otherwise would have passed through their cross-section. The median 
lethal dose of DDT as yielded by this interpretation is 3.0 X 10 -8 g. of DDT. 

3. A wind tunnel could be used as a chamber for testing relative toxicity of 
inse cticides in conjunction with an atomizer which would make particles within 
a certain range such that D 2 v will be above 800 and yet the loss of particles by 
settling in the t unn el before the insect cages are reached would be negligible. 

Experiments were performed in the wind tunnel using a specially made 
atomizer to test the toxicity of DDT in a variety of solvents (8). 

It was found that DDT was most effective when it was present with a rela¬ 
tively non-volatile solvent, but that it lost effectiveness if used with solvents 
that would volatilize to relative completion before the aerosol contracted the 
insects. This type of toxicity determination is so convenient in operation and 
is so rapid that we have suggested that it be studied further as a substitute for 
the standard Peet-Grady chamber method. 

4. In using aerosols for the kill of mosquitoes by contact with the aerosol, it 
is futile to use values of particle diameter such that D 2 v would be greater than 
700 microns 2 miles per hour. Larger values of D 2 v would kill mosquitoes no 
better and would not have the ability to be carried into crevices and around 
objects as well. Under practical conditions this indicated a particle size of 
approximately 10 microns diameter. 

GENERATION OP AEROSOLS FOR FIELD CONTROL 

The laboratory data showed that it would be feasible to control insects over 
large areas by emission of a DDT aerosol from a generator moving crosswise to 
the wind and allowing the wind to carry it over long distances to the insects. 
However, particle size would have to be controlled carefully. A generator was 
developed (U. S. patent 2,416,256) that would produce particles in the most 
desirable particle-size range in outputs up to about 135 lb. of DDT per hour, 
or 50 gallons per hour of 35 per cent DDT. This machine pumped DDT dissolved 
in oil and water either separately or as an emulsion under pressure through heat¬ 
ing coils where all of the water was converted into superheated steam and the 
mixture was ejected through a nozzle. The nozzle consisted of a tube about 2 in. 
long and f in. in diameter. By adjustment of temperature and pressure, the 
average particle diameter could be adjusted from about 2 microns up to 60 
microns. 

The carrying power of the aerosol produced was measured by dissolving a 
dye in the oil, generating an aerosol containing the dye, and measuring the 
deposit of aerosol collected on suitable surfaces such as glass slides or plates 
at convenient distances downwind through various types of terrain and vegeta- 
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tion by colorimetric methods. Original data and plots similar to figure 5 are 
given in reference 1. Figure 5 gives the results of two of the typical experi¬ 
ments. It was found that in general the weight m per square foot deposited on a 
plate is an inverse exponential function of the distance x from the generator, so 
that 

m = moe -2 ' 3 *® (3) 

where k is the slope of log m vs. x and mo is the deposit per unit area at very 
short distances (a; = 0). 



Fig. 5. Deposition as a function of distance. O, test I (light forest); 0, test B (light- 
dense forest). Log M = —Kd -)- Constant. 


It is instructive to consider the simplified case where the ground surface is 
made up of surfaces similar to the plates used for the measurement and that 
loss occurs entirely on these surfaces. 

Suppose that R is the output rate of a generator in pounds per foot of travel 
measured perpendicular to the direction of the wind, and m is the deposit rate 
in pounds per square foot. 

The amount A lb. deposited in an area 1 ft. wide bounded by the generator 
travel line and a distance x is calculated by integrating mcfo between the limits 
zero and x giving: 


A = 3L 

A 2.3k 


mp -2.SJ3 

2.3 k 


(4) 


If the distance x is taken as extremely large, then A becomes identical with 
R, the output rate per foot of travel, and 


R = 


mo 

2.3 k 


(5) 
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Suppose it is desired to apply a dose of m, at a distance x from the generator. 
Then from equation 3 


_2.3fca?t 

m i = m Q e 


and from equation 5 


mi = 2.3kRe~ 2 ' Zxi 


( 6 ) 

(7) 


or 


R _ i' zkxi 
mi 2.3 ft 

Table 1 gives values for R/mi as a function of x\ and ft. 


( 8 ) 


TABLE 1 

Values of R/mi as a function of x\ and k 


Xi 

R/mi 

£=0.0001 

£=0.005 

0 

434 

87 

100 

546 

276 

200 

687 

870 

500 

1370 

27,600 

1000 

4340 

8,700,000 


TABLE 2 

Most economical value of k to produce a given deposition rate at a distance xi together with 

required dosage 


Xi 

£ 

RJm 

0 


0 

100 

0.00434 

272 

200 

0.00217 

545 

500 

0.00087 

1360 

1000 

0.000434 

2720 


Differentiation of equation 8 with respect to k yields an equation for the most 
advantageous value of ft, ft©eon, to yield lowest values of R for a given value of 
m at a distance xi. 

ftecoa = l/(2.3a?i); (JJ/ikfJecou = €/2.3ftecon (9) 

Table 2 reveals that the output becomes proportional to the distance desired 
provided ft is always optimum. 

Comparison of output rates R between tables 1 and 2 shows that the value 
of ft has a tremendous effect upon the amount of material required to kill insects 
at a long distance. Only through proper particle-size control can output values 
be kept sufficiently low if long-distance kill (over a few hundred feet) is desired. 
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FIELD TESTS 

Field tests were performed under various conditions of terrain from open 
country to jungle and forested areas under various weather conditions to test 
these hypotheses (1, 2, 3, 5, 6, 7, 9, 14). 

Selected tests as described below will indicate the power of controlled par¬ 
ticle size. 

I. The generator was transported for 500 ft. along the edge of a fringe of dense 
vegetation bordering a light forested area crosswise to the wind. Wind speed 
in the forest was 0.3 mile per hour or less. The dosage was estimated as 15 
gallons of emulsion of 5 per cent DDT (total 5 lb.) for the 500-ft. front. Adult 
mosquitoes were trapped in cages and in barrels and were placed at seven posi¬ 
tions from 100 to 1100 ft. at ground level and also at 6 ft. above ground level. 

Pans of larvae were also placed at these positions. Table 3 gives the mortality 
figures obtained. A peculiar topographical condition was blamed for the rela- 


TABLE 3 
Forested area 


DISTANCE 

DDT 

FES. CENT KILL 

PER CENT KILL ADULTS 

LARVAE 

Barrels 

Cages 

feet 

100 

lb./acre 

100 

100 

100 

200 

0.038 

100 

100 

100 

400 

0.017 

100 

100 

100 

600 

0.0069 

100 

100 

100 

800 

0.0011 

100 

190 

60 

1100 

0.0013 

95 

100 

85 

1200 




100 


tively low deposition and poor kill at 800 ft. The dosages given in the table 
are those collected on a horizontal glass plate. The actual consumption of 
DDT can be assumed to be much greater, being absorbed on all types of surfaces 
(tree leaves, etc.), of which there can be many square feet per square foot of 
ground area, k in this case was 0.019 (see figure 5, test I). 

II. Another test was made in rather open marshy country covered with a low 
weed growth. The wind speed was 2 miles per hour, the generator path was 500 
ft. long, and it emitted 0.5 lb. of DDT per 1000 ft. of front as an aerosol of 3-4 
microns diameter. Counts were made of landing rates on a man’s back over 
several previous mornings of 200-300 mosquitoes per minute. Stations were 
laid out at 1400, 1700, and 2400 ft. downwind from the generator. Complete 
elimination of free mosquitoes was indicated at the end of the run and all caged 
mosquitoes were dead or suffering visibly from poisoning 3 hr. after the test 
(see table 4)'. In addition, landing rates were recorded up to 5300 ft. Com¬ 
parison of the figures with checks made upwind from the generator indicates that 
100 per cent mortality was obtained for half a mile and at least 96 per cent mortality 
was obtained for an additional half mile. 
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III. A set of two tests at Mantoloking, New Jersey, a resort town on the Atlan¬ 
tic shore, illustrates again the importance of particle size. Mantoloking is 
part of a sand spit extending north and south on the New Jersey coast and is 
separated from the mainland by Bamegat Bay. At Mantoloking the spit is 800 
to 2000 ft. wide. In the first test, an aerosol of 10 microns diameter was used, 
emitted from the generator mounted on a truck. With an output rate of 34 lb. 
of DDT per mile, there was a complete elimination of adult mosquitoes in the 
area, but larvae in jars were hardly affected even at a distance of only 50 ft. 
In the second test, the generator was mounted on a skiff operating in the bay. 


TABLE 4 
Marshy country 


DISTANCE 

LANDING COUNTS 

CAGED MOSQUITOES, 

PER CENT MORTALITY 

Before test 

3 hr. after test 

AFTER 3 HR.* 

feet 




1400 

35 

0 

90 

1700 

50 

0 

95 

2400 

112 

0 

90 


' All living mosquitoes affected by DDT. 


TABLE 5 

Test B: Mantoloking 


STATION NO. 

34 LB. DDT PER MILE 

POSITION 

PER CENT 2 

Adults 

KORTAXITY 

Large larvae 

1. 

Bay 

70 

100 

2. 

Middle 

100 

100 

3. 

Ocean 

80 

100 

4....... 

Bay 

100 

100 

5... 

Middle 

100 

100 

6. 

Ocean 

100 

100 

7 . 

Bay 

100 

96 

8 . 

Ocean 

64 

76 


A steady wind blowing from the bay served to spread the aerosol over the land. 
Caged adults and larvae in jars were placed at eight positions, three on the ocean 
beach, on the far side of the spit, three at the shore of the bay nearest the path 
of the generator, and two others part of the way across the spit. Wind velocity 
was 3-5 miles per hour. Particle size for this test was 10-25 microns diameter. 
Table 5 shows the mortality figures. ‘ 

Output was 34 lb. of DDT per mile, or the same as in the previous test. Larvae 
were killed this time even at the extreme distance, approximately 2000 ft. It is 
felt that doubling the quantity emitted without change of particle size would 
have provided 100 per cent control. 

IV. Another experiment was conducted (3, 14) jointly with C. B. Symes and 
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L. D. Hadaway, the entomologists of the British Colonial Office in Georgetown, 
British Guiana. The aerosol generator was operated for a path of 1000 ft. on 
each of three streets which composed Lodge Village, a malaria-infested com¬ 
munity on the outskirts of Georgetown. The area south of the village consisted 
first of 2000 ft. of cemetery, then 2000 ft. of rice fields, and then 4000 ft. of cane 
fields. Vegetation grew thickly to a height of 20 ft. around the houses. Rice 
fields were covered with vegetation about a foot high. The sugar cane was 6-8 
ft. high. Sixty stations were laid out in this area up to 8000 ft. downwind from 
the generator. Extensive daily counts of 500 to 1400 mosquitoes per room were 
made in the native houses of the village. Complete kill of caged adults and 
almost complete kill of free adults up to 2300 ft. beyond the village was evident 
after the application of a total of 36.6 lb. of DDT. Up to 4000 ft. the kill 
diminished to 50 per cent and up to 8000 ft. went to zero. Larvae were killed 
at all stations up to 8000 ft. except in one most easterly station. 

SUMMARY AND CONCLUSIONS 

1. Data on the effect of particle diameter and wind velocity show that the 
toxicity of DDT aerosols to mosquitoes follows the law of deposition of aerosols 
on geometrical objects, as calculated by Sell. 

2. A method of determination of toxicity is proposed making use of a wind 
tunnel instead of a Peet-Grady chamber. Problems of contamination can be 
largely avoided and rational results in terms of absolute toxicity obtained. 

3. The deposition from an aerosol is an inverse exponential function of the 
distance from the source. The constant involved depends upon a number of 
factors, such as turbulence, particle size, density of vegetation, wind velocity, etc. 

4. This exponential relationship makes necessary careful control of particle 
size as well as selection of favorable meteorological conditions if good results 
are to be achieved. 

5. A generator was developed by which large-scale control of mosquitoes by 
ground dispersal is possible over difficult and inaccessible terrain. This was 
achieved through selection of particle size and by operation under favorable 
meteorological conditions. 
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The dispersion and deposition of aerosols is considered on the basis of Sutton’s 
theory for the diffusion of gases in the lower atmosphere and Sell’s work on the 
efficiency of deppsition of particles by impaction. An estimate is made of the rate 
of deposition of particles dispersed from a line source under various meteorological 
conditions. Application of the impaction curves has been made to the penetration 
and deposition of insecticidal aerosols through a forest canopy. Under conditions 
of low wind and in the absence of a downdraft, the theory predicts that the larger 
particles will penetrate the canopy better than the small. The opposite is true, 
however, when the dissemination depends on the downdraft from a plane. Sell’s 
curves may also be used to predict the effect of the drop size of aerosols on the mor¬ 
tality rate of moving and stationary insects. The calculated^results agree closely 
with the experimental observations of La Mer and coworkers. 

The dissemination of particles suspended in the atmosphere is a problem of 
great practical importance. The dispersal of smokes and fumes from industrial 
plants is of concern to public health authorities and has received much attention 
(2, 8). The mathematical theory of atmospheric diffusion and its application to 
militaiy problems in chemical warfare have been discussed in a recent paper by 
Sutton (8). Insecticides are often dispersed in the form of aerosols of small 
solid or liquid particles. For maximum, efficiency these must be deposited 
uniformly on the ground or water surfaces, or on vegetation inhabited by the 
insects to be destroyed. Occasionally it is desirable to combat insects while 
they themselves are flying. Direct contact with aerosol particles by impaction 
on the wing or body then becomes important. Optimum results are obtained by 
dispersing the aerosol in particles containing approximately the lethal amount 
of the insecticide. An examination of some of the fundamental concepts of 
aerosols has proven valuable when interpreting results obtained in the laboratory 
and field, and in predicting the effects to be obtained under various meteorological 
and topographical conditions. 

DEPOSITION IN OPEN AREAS 

When an aerosol is dispersed from a generator the particles are carried by the 
wind with little tendency to settle. It can be shown readily that the rate of fall 
of particles, even as large as 50 microns diameter, is small compared to the 
normal turbulent diffusion processes of the atmosphere. Deposition on the 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of the 
Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry at the 
113th National Meeting of the American Chemical Society, Chicago, Illinois, April 22,1948. 

This paper is based in part oh work done for the Office of Scientific Research and Develop¬ 
ment under Contract OEMsr-102 with the University of Illinois. 

2 Present address: Brookhaven National Laboratory, Upton, Long Island, New York. 
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ground takes place therefore, not by settling through the height of the cloud, as 
has frequently been supposed, but by the particles actually being brought to the 
ground, just as the molecules of a gas cloud are mixed and brought to the ground 
by eddy diffusion. Adjacent to the ground is a more or less stagnant layer 
through which aerosol particles must then pass by true settling, or by Brownian 
diffusion. The latter may be neglected for particles of diameter larger than 
0.5 micron. Thus not all of the particles that come close to the ground are 
deposited. Some are carried aloft again by ■wind currents. The rate of deposi¬ 
tion of the aerosol particles per unit area is obviously the product of the con¬ 
centration at ground level and the settling velocity. 

The problem of diffusion of gases in the lower atmosphere has been treated 
extensively in the recent papers by Sutton (7, 8). While the theoretical expres¬ 
sions cannot be claimed to give highly accurate values for concentrations of 
gases released into the air because of the widely varying conditions in the winds, 
they are reasonable guides when observations on the wind gradient are made 
above the layer in which the effects of surface roughness predominate. In 
order to use Sutton’s equations for aerosols which settle out, a correction must 
be made for the amount of material which is deposited. For particles larger than 
1 micron this correction becomes important. The following derivation applies 
to a cross wind line source but analogous considerations may be applied to a 
continuous point source. 

The equation for the downwind concentration of a gas at a distance x from a 
line source of strength W is 3 


We~ lS ' c * xm 
y/i Ci ux m!2 


( 1 ) 


3 Nomenclature: consistent units are used except as indicated in the text. 
c z — vertical diffusion coefficient depending on meteorological conditions 
C = concentration of cloud 

Ct = concentration-time product; subscript g refers to gas cloud, a to aerosol cloud 

D = dimension of impacting object, diameter of sphere 

d = diameter of particle 

/ = fraction of particles remaining airborne 

g = acceleration of gravity 

h = height of source above ground 

k - proportionality factor relating drag resistance to velocity of particle 
M — lethal amount of insecticide 
m = a meteorological constant 

n ~ number of units of distance; also number of particles of insecticide containing 
lethal dose 

Q = number of particles crossing vertical plane of unit area 
t = time 

u = mean wind velocity 
v = velocity of downdraft 
Vz = rate of settling of particle 

W » line source strength, mass of agent emitted per unit time per unit distance 
W n + — probability that n or more particles will strike a given area in time t 
w = mass of particle 
x - horizontal distance 
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The quantity c, is a generalized diffusion coefficient which depends on mete¬ 
orological conditions, the gustiness of the atmosphere, and only slightly on u, the 
mean wind speed. Gustiness is obviously a variable quantity and depends upon 
many things, including the net radiation received by the ground, the topography, 
and the height of observation. The exponent m is also a meteorological constant 
which may be measured by the wind profile. Its value varies from approxi¬ 
mately 1.85, for conditions of high turbulence due to a large lapse rate, to about 
1.4 for inversion conditions such as frequently occur in the late evenings or at 
dawn. Equation 1 does not take into account the effect of the ground on the gas 
concentration. Allowing for the reflection of the cloud at the plane z — 0, 
when the source is at the height h, the equation becomes 

C ~V^c,ux mlAe +e ] (2) 


Now in an aerosol cloud in which deposition occurs by settling across the 
stagnant layer adjacent to the ground, reflection is not complete. Furthermore, 
if the particles are large there is some tendency for settling to take place even in 
the turbulent region. Introducing these corrections the equation becomes 


C = 


W 


a/tt C 2 


ux 


m/2 


[e~ ( !+ w-'‘)7 c «* m ae~ ( i+ tt + h ) 7 c i im ] 


(3) 


Here a is the average reflection coefficient up to the distance x; that is, it is that 
fraction of the material in the cloud brought to the ground that is not deposited. 
The average value of a may be determined by the material balance: 

Cuds (4) 


Equation 4 states that the fraction deposited is the fraction that does not 
diffuse across an infinite vertical plane at the distance x from the source. If the 
line source is at ground level, and if the effect of settling in the turbulent region 
can be neglected, equation 4 gives 


(1 + a)v, r* da; 
•%/ir C t U Jo X ™' 2 


(1 + Ct) 

\/t c* x "' 2 


r 


—Z*/**C 2 j 


(5) 


z = vertical distance 

a = reflection coefficient fraction of aerosol cloud brought to the ground by turbulent 
diffusion that is not deposited 
, 7 = characterization constants for foliage 
€ — efficiency of deposition of aerosol particles on objects by impaction 
ju = viscosity of air 

ip = average number of particles striking given surface per unit time 
<r = surface area of insect for deposition of aerosol particles; subscript h refers to resting 
insect; / to flying insect; v to frontal impact area of flying insect 
p = density of aerosol particles 
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or 


(1 + oi ) v , X 1_m/2 1 + a , , 

^ ~ 1 ” 2 W 

Either side of equation 6 expresses the fraction deposited as a function of 
distance. Solving for the value of the reflection coefficient, 



TABLE 1 


Fraction of homogeneous aerosol clouds deposited at various distances from a continuous line 

source on the ground 



WIND VELOCITY = 2 MILES PEE HOUR 

WIND VELOCITY = 5 MILES PER HOUR 

DISTANCE 

Particle diameter in microns 

Particle diameter in microns 


1 

5 

10 

20 

50 

1 

5 

10 

20 

50 

yards 











10 

0.005 

0.129 

0.37 

0.70 

0.90 

0.000 

0.06 

0.18 

0.49 

0.85 

50 

0.007 

0.154 

0.42 

0.74 

0.93 

0.002 

0.07 

0.22 

0.54 

0.88 

100 

0.009 

0.163 

0.44 

0.76 

0.95 

0.002 

0.07 

0.24 

0.57 

0.88 

500 

0.010 

0.195 

0,49 

0.79 

0.96 

0.004 

0.09 

0.28 

0.61 

0.90 

1000 

0.012 

0.208 

0.51 

0.81 

0.96 

0.004 

0.10 

0.30 

0.63 

0.91 

5000 

0.014 

0.245 

0.56 

0.84 

0.97 

0.005 

0.11 

0.34 i 

0.68 

0.93 

10000 

0.015 

0.263 

0.58 

0.85 

0.97 

0.006 

0.12 

0.36 

0.70 

0,93 


In order to compare the amount of deposition from aerosol clouds dispersed 
over an open terrain, solution of equation 6 has been made using values of 
c, = 0.12 and m = 1.75 which are given by Sutton (8) for “average” conditions, 
corresponding to a small vertical temperature gradient and a low wind velocity. 
The results of the calculations are shown in table 1. It is interesting to note that, 
under the conditions chosen, most of the deposition takes place near the source. 
This is because the ground concentration in this area is very high. Aerosols 
with particles less than 10 microns in diameter, however, are carried for con¬ 
siderable distances without serious depletion of the concentration by deposition. 
The normal dilution of the cloud by vertical expansion decreases the ground 
concentration so much that little deposition occurs beyond 100 yards from the 
source. It should be noted that, if the source were located slightly above the 
ground and for smaller values of m and c, corresponding to inversion conditions, 
more nearly uniform deposition can be obtained for short distances from the 
generator before the cloud is depleted. 

HORIZONTAL PENETRATION OF AEROSOLS THROUGH FOLIAGE 

It is frequently of interest to estimate how far an aerosol will penetrate 
through foliage, such as a forested area or low vegetation. Of course, the 
problem cannot be solved completely without knowing the factors that char- 
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acterize the size and shape of the obstacles in the path of the aerosol. Certain 
generalities can be reached, however, by characterizing the denseness of the 
foliage in terms of vertical and horizontal lengths. It is necessary to consider 
the efficiency of impaction of small particles on the surfaces, as it is well known 
that aerosol particles tend to follow the streamlines of the gas and thus to be 
carried around the surfaces of obstacles placed in their path. Some interesting 
conclusions concerning the efficiency of various shapes of bodies for collecting 
dust particles from gas streams have been reached by Sell (6), from a simple 
analysis of the motion of dust particles. From experimental measurements on 
the streamlines about bodies he determined the efficiency of deposition of 



Fig. 1. Deposition of aerosols on surfaces (6) 


aerosol particles, «, as a function of the group wu/kD. For small spherical 
particles in the Stokes’ law range 

k = 3t fid (8) 

and 

wu _ 1 <? up /n ^ 

kD 18 ~W W 

The efficiency of deposition of aerosol particles on circular cylinders, discs, and 
spheres is shown in figure 1. 

The density of foliage may be characterized by two lengths, $ and y, where $ 
is the horizontal distance for which the sum of the vertical foliage surfaces in any 
cross section is equal to the cross section, and y is a similar distance hi the 
vertical direction. The ratio S/y will be taken, for the purpose of IIIustratiGn, 
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as equal to 2; tliat is, the foliage will be considered as twice as dense in the 
vertical direction as in a horizontal direction. This seems to be reasonable in 
view of the fact that a larger proportion of the leaf surfaces are horizontal. 
When an aerosol penetrates horizontally through the foliage, the particles will be 
deposited in two ways, by impingement on vertical surfaces and by settling on 
horizontal surfaces. The fraction of the total number of particles lost in travel¬ 
ing the horizontal distance Ax is given by 


A Q _ eAx , Az 
~Q ~ S y 


( 10 ) 


where Az is the distance fallen in a vertical direction, and «is the fraction of the 
area dose deposited on a vertical surface as given by Sell. We shall assume 
that e lies between the value for a flat plate and for a circular cylinder. Of 
course, D will vary with the type of foliage but for purposes of illustration let us 
assume that it is 1 cm. If v a is the settling velocity of the drops, we may write 
the above equation as 

A Q eAx . v s Az 

~-q~t + zt (1I) 


If we let n be the number of units of 8 traveled downwind, that is, the number of 
times that a small shot on the average would penetrate through a surface in 
traveling the distance x,n = x/8, we have 

— ^ = e dn + - - drc (12) 

Q u 7 


The solution of this is Q — /Q 0 , where / is the fraction penetrating to a distance n 
downwind, and 


/- 


6 -<«-Kr,/tO(5/r))n 


(13) 


The quantity / has been evaluated as a function of n for various size drops and 
for wind speeds of 5 and 1 miles per hour. The results are shown in figure 2. 
In using units of n, no particular denseness of the foliage has been assumed. 
Reasonable values of 8 for dense and light foliage are perhaps 5 and 100 ft., 
respectively. 


VERTICAL PENETRATION 

A similar consideration of the vertical penetration of an aerosol through 
foliage leads to some interesting conclusions concerning the dispersion of aerosols 
over a forested area by means of an airplane, especially when the effect of the 
downdraft from the plane is taken into consideration. Using the same notation 
as in the discussion on horizontal penetration, if the aerosol is settling downward 
without any vertical component of the wind, 

— ^ — dn + 2 dn (14) 

Q v s 

f = Q 5 ) 
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The ratio S/y is again assumed to be 2 and n is the number of units of the hori¬ 
zontal distance S measured from the top of the canopy. The fraction / of the 
aerosol penetrating to a depth n is shown in figure 3 for drops of various sizes, 
and for a crosswind through the foliage of 1 mile per hour. If there is no cross- 



Em. 2. Horizontal penetration of an aerosol through a forest 


wind, drops of all sizes will be deposited on the foliage to the same extent. This 
is shown by the broken line in the figure. It thus appears that when there is a 
crosswind and no downdraft, the larger drops mU penetrate downward through a 
forested area more efficiently than the smaller drops. This apparent anomaly 
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can be explained by examining the effect of the diameter of the particle on the 
factors in the exponent of equation 15. The diameter of a particle affects both 
the efficiency of deposition («) and the rate of fall («,). For diameters less than 



Fig. 3. Vertical penetration of an aerosol through foliage; crosswind velocity 1 mile 
per hour; no downdraft. 

80 microns, both numerator and denominator are approximately proportional 
to d . For larger particles, both quantities increase more slowly than d\ the 
efficiency leveling off at a smaller value of d for any value of D than does the 
settling rate v„ which continues to increase with the diameter. This t endsfo o 
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make the value of / larger for the larger drops. Physically, the effect is essentially 
that of the larger drops falling faster and not having as much chance to impinge 
on the foliage in a horizontal wind as do the smaller drops, since they are not 
carried past as many vertical surfaces. 

If the aerosol is dispersed by an airplane which is flying only a short distance 
above the foliage, the downwash of the plane will drive the aerosol downward 
through the layers of foliage. Since the impaction on the foliage is a function 
of the square of the drop size, this downward component will increase the 
relative penetration efficiency of the smaller drops. If there is a downwash 
from the plane it is reasonable to assume that it dies out fairly rapidly in the 
foliage and that the time rate of decrease is proportional to the square of the 
velocity, i.e., 

Jt " * < 16 > 


where v is the downwash velocity and k is a constant of proportionality. This 
leads to 

a = t'oe - * 2 (17) 

where Vo = the downwash velocity at the top of the foliage canopy and v is the 
downwash velocity at a distance z below the top. k has the dimensions of 
reciprocal distance. We shall arbitrarily take k = 1/y, so that we have 

v = voe~ 2n (18) 

where n is again the number of units of S below the top of the canopy. 

The fraction of aerosol lost in penetrating a distance d y is 

- d § = *(u)^ + m*(v),V.}]- (19) 

V o 7 


The quantity in brackets refers to the combined fractions deposited due to 
settling and impingement. This quantity is not known and no attempt is 
made to evaluate it. We shall make the assumption that, when v > F«, deposi¬ 
tion takes place only by impingement, and, when v < V„ deposition takes place 
only by settling. This approximation is admittedly rough, but it will give an 
indication of the true state of affairs. Also, since the form of «(w) is not known 
and v contains y explicitly, we cannot integrate the above equation directly, so 
we define an average velocity v where 


*»2 

I Vo « -!n dre 

7h — Ui 


( 20 ) 


or 


Vo 

2 (th — n i) 


(e~ 2 * 1 - e -2 "*) 


and calculate the penetration step by step, using 

ft = 


( 21 ) 


for v > V, 


( 22 ) 
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Fig. 4. Vertical penetration of an aerosol through foliage in the presence of a downdraft. 
u, wind velocity, 1 mile per hour; v 0i downdraft, 5 miles per hour. 


and 


for v < 7, (23) 


where/* is the value of / at the point where v = V 
The ratio/has been evaluated as a function of n, using increments of n = 0.2 
for calculation. The results for various drop sizes are shown in figure 4. The 
solid lines are for a crosswind of 1 mile per hour and a downdraft of v 0 = 5 
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miles per hour. The dashed line shows the penetration for % = 0 and u — 0. 
The effect of the downwash in increasing the penetration efficiency of the smaller 
drops is quite evident. After a certain depth has been reached, the downdraft 
disappears and the drops deposit only by settling. Here the larger drops become 
more efficient in penetration. 

The optimum position of a spray outlet on an airplane to get maxim um 
penetration into foliage is the point where the downdraft is utilized to best 
advantage and the smallest percentage of the droplets are carried into the 
turbulent wake. This position should be forward of and below the tr ailing edge 
of the wing where the flow lines have maximum divergence. If the spray is too 
close to the trailing edge or to the lower surface of the airfoil, it will enter the 
wake and be dissipated in turbulent motion. If the spray is too far below the 
airfoil, the downward component of velocity may be quite small. 

In the discussion above, no consideration has been given to inhomogeneities, 
or striations, which are always present in any natural foliage. Also, any up¬ 
drafts which may be present due to meteorological turbulence are neglected. 
The vertical components of turbulence occurring in the lower layer of the 
atmosphere will keep some of the smaller drops from reaching ground level. 
This may be an advantage in forested regions by giving a more uniform deposit 
on the foliage, thus leading to better control by the residual effect of the 
insecticide. 

OPTIMUM DROP SIZE FOR CONTACT EFFECT OF INSECTICIDES 

The effect of the particle size of the aerosol on the probability of hitting the 
insects with sufficient material to cause mortality is of interest. It is apparent 
that an optimum particle size must exist for each percentage kill. The applica¬ 
tion of statistical analysis to this problem was first suggested by Rodebush (5). 
The following treatment differs somewhat from the original and leads to some 
more general conclusions. 

Consider the particles of an aerosol cloud falling upon a flat horizontal surface 
through still air. The velocity of fall depends upon the drop diameter. Con¬ 
sequently, different amounts will be deposited on any surface exposed to the 
same concentration-time product Ct p , depending upon the diameter of the 
drops composing the aerosol cloud. Although each small area receives, on the 
average, a certain number of drops, there is a certain probability that it will 
receive more or less than this number. For instance, if the probability is 1/2 
that of the number of drops falling on each insect is equal to or more than the 
number of drops necessary to cause mortality, then 50 per cent of the insects so 
exposed will be killed. 

Three general cases will be considered: 

I. The mosquito 4 is stationary and the aerosol is deposited only by Stokes’ 
law of settling of the drops. 

II. The mosquito is flying horizontally at a speed of 3 miles per hour, and in 

1 The discussion here is confined to mosquitoes but should be applicable to other insects 
as well. 
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addition to the drops that settle on it, some are picked up by impingement. 
Impingement on the wings, which is very likely an important factor due to their 
rapid motion, is neglected. 

III. The mosquito is resting on a screen through which the aerosol is passing 
with the wind at different velocities. 


In the numerical calculations, the lethal amount of the insecticide must be 
known. For DDT, the lethal value for mosquitoes is between 10 -8 and 10 -10 g. 


Case I. Resting mosquito 

The average mass of aerosol deposited in unit time on a horizontal surface of 
area n is given by 


Cun = C d ^ 

18 n 

The average number of drops deposited on <r h per unit time is 


(24) 


(25) 


= Cok g_ 

^ 3 ir nd 

The cloud concentration necessary to give this number is 

C = ^ ' (26) 

gvh 

Then the value of Ct p necessary to have an average of <pt drops strike the area 
eh in time t is 


Ct p - 


3 Tfjd 
g<?h 


•<pl 


(27) 


For any given value of M, the number of drops, n, of a given size to kill a 
mosquito for any concentration of DDT in inert solvents is known. Now the 
problem is: What is the average number of drops, <pt, that must strike an area 
so that there is a certain probability W n ~ that n or more drops strike any one 
area? This probability is the per cent mortality experienced by the mosquitoes 
when n drops contain the lethal amount M . Knowing the average <pt necessary, 
the value of Ctp is found immediately from equation 27. 

Probability considerations: Assuming that the dispersion of the drops is 
random, a solution can be obtained by the method of Bateman (1). The 
probability that one drop strikes in time df is <pdt. Let W n+1 (t + df) equal the 
probability that n + 1 drops strike in time t + df. This can occur in two ways: 
* + 1 ^PS hi time t and none in df, or n drops in time f and 1 in df. This 
gives: 


F„ +1 (f + df) = (1 - dt)W n+1 (t) + (df)W n (f) 
When df approaches zero, we have: 


df 


(W n - W«t) 


(28) 


(29) 
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The general solution of this set of equations is 

W n = e~** (30) 

nl 

This is simply the Poisson distribution equation. W n is the probability that 
exactly n drops will strike in time t if the average number per unit time is <p. 
However, we want to know the probability that n or more drops will strike. 
Calling this probability W„+, we have 

Wn* - e-" z ( 4 

k-n /cl 

or, 

/ ,\h 

W n + - 1 - (31) 

Equation 31 must be solved for a given value of n, which depends on the 
toxicity, the drop size, and the concentration of insecticide in the drops, to find 
the value of <pt required to give each percentage kill. Three cases have been 
considered: W n + = 0.50, 0.90, and 0.99. 

The calculations were carried out for small values of n by plotting W n + vs. <pt 
for any given n and determining the value of <pt necessary to give a chosen W n + 
graphically. For large values of n, i.e., for very small drops, the value of <pt 
approaches the value of n, that is, the drops deposit in an almost uniform film. 

Expressing d in microns and Ci p in mg.min./cu.m., and taking <r A = 4.7 X 10~ 2 
sq. cm., the fundamental equation becomes 

Ct p = 6.16 X 10 -2 dipt mg.min./cu.m. (32) 

The results are shown in figure 5 for M = 10 -9 g. The curves exhibit a definite 
optimum drop diameter for each per cent mortality. The initial steep decrease 
is due to the rapid increase in settling velocity with increasing drop size, leading 
to a slope of —2 for 50 per cent mortality. For larger drops and larger per¬ 
centage kills, the efficiency becomes smaller, resulting in a lower slope. Finally, 
at approximately tile drop size where one drop contains the lethal dose, the 
minimum is reached. For larger drops the number of drops necessary to kill 
can no longer decrease, and the curve increases linearly with d. 

Case II. Flying mosquito 

For flying mosquitoes, in addition to the drops striking from above, there is a 
contribution to ^ by impingement of the frontal area of the insect with the drops 
in the aerosol cloud. The fraction of drops which impact on the insect increases 
with drop size in accordance with Sell’s theory. We then have 


_ gCcf , &€Ccr v u 
^ Zrfid r(Pp 


( 32 ) 
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where u is now the speed of the insect through still air, The cloud concentration 
necessary to give this value of <p is 


C = 


<p 


3 rpd 


6 ecr v u 
ird z p 


(33) 



Pig. 5. Bequired Ct of aerosol for various mortality rates on flying mosquitoes. Lethal 
dose assumed to be 10~ 9 g. 


€ is the fraction of the area dose deposited on the frontal area of the mosquito 
flying with a velocity u. 


Ct p 


Vt 

QVf __ $€<J V U 

3 Tfld 7T d Z p 


(34) 


« is found from Sell’s curves by assuming that we can represent the frontal 
area of the mosquito by a flat plate with an area of 3 X 10 -2 sq. cm. <r/ is assumed 
to be 10 1 sq. cm. 
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If d is expressed in microns and Ct p in mg. min./cu.m., 


Ct v 


1.67 <ptd 3 
56.8^ + 2780e 


(35) 


The value of <pt was calculated as in case I. The results are shown in figure 6. 
The general shape of the curves is the same as in case I. There are two differ¬ 
ences however. First, the Ct p necessary to cause any percentage mortality in 



Fig. 6. Required Ct of aerosol for various mortality rates on resting mosquitoes. Lethal 
dose assumed to be 10 -9 g. 

case II is approximately one-half that required in case I. This is mainly because 
the area ay is about twice the area ov Secondly, the minima, are shifted slightly 
to larger drop sizes in case II because of the fact that the e increases with the 
square of the drop diameter. 

Confirmation of the shape of the curves for 50 per cent mortality and the 
general position of the minimum may be found in the experimental data of La 
Mer and Hochberg, who studied the efficiency of DDT aerosols for frilling 
mosquitoes in static atmospheres in a closed chamber (3). The insects were 
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exposed to aerosols of uniform drop sizes containing 8 per cent insecticide in 
lubricating oil. The results, expressed as a median lethal dose for female 
Aedes aegypti, are shown in figure 7. The parallel lines represent the calculated 



effects for toxicities of 10-», 5 X 10~ 10 , 2.3 X 10~ 10 , and 10~ 10 g. of DDT per 
mosquito. Hie experimental data fall within this range. The calculated 
m in i mum dosage occurs at about 2 mg.min./cu.m. and at a drop diameter of 
about 30 microns for solutions of the given concentration. This is slightly 
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beyond the range of drop size at which the experiments were made. In experi¬ 
ments of this nature it is difficult to prevent residue effects entirely when the 
insects rest on the screen. 

Case III. Mosquitoes at rest on a screen in a moving air stream 

Latta, La Mer, and coworkers have recently reported another series of experi¬ 
ments in which the effect of the drop size and wind velocity on the mortality 



Fig. 8. Effect of particle size and velocity on amount of DDT aerosol required to produce 

50 per cent mortality of mosquitoes.-, calculated curve for toxic dose of 2.4 X 10~*g. 

O, data of Latta et al. (J. Wash. Acad. Sci. 37, 397 (1947)). 

rate was determined when mosquitoes were placed in a screen cage in a wind 
tunnel (4). It is interesting to compare the experimental results with those 
calculated from the probability equation, taking into consideration the fact that 
the efficiency of impaction of the droplets on the mosquito is also a function 
of the drop diameter and wind velocity. The authors noted that even at low 
wind velocities the insects did not fly but clung to the forward screen of the 
cage and remained stationary until the velocity readied about 16 miles per hour. 
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when the force was sufficient to blow them to the opposite screen. Under these 
conditions the deposition takes place mainly by impaction, and the settling of the 
particles on the relatively small horizontal area may be neglected. The amount 
of aerosol deposited in unit time then becomes 


6€CU(Th 

rd*p 


(36) 


The concentration-time product is 


Ct p = 


7T (fp ’ (ft 

(ku<Th 


(37) 


The impaction efficiency e was calculated from the curve in figure 1 for a flat disk 
3 X 10” 2 sq. cm. in area. 

From the values of tpt calculated from equation 31 for F„+ = 0.5 the value of 
the aerosol dose in milligrams of DDT per square foot was calculated for various 
values of d 2 u. A value slightly lower than the median lethal value given by 
Latta and La Mer was used in these calculations: namely, M = 2.4 X 10~ s g. 
The density of the droplets was taken as 1 g. per cubic centimeter and the vis¬ 
cosity of air at 20°C. was used. The results of the calculation are shown by the 
curve in figure 8. The experimental data of Latta and La Mer are shown by the 
points. The agreement between the predicted and experimental data is excellent. 


CONCLUSIONS 

The agreement between Latta and La Mer’s experimental results and those 
predicted from theoretical considerations lends support to the belief that the 
theory of aerosols may be applied to the dispersion of insecticides. Considerable 
discussion has taken place as to the relative merits of dispersing insecticide 
solutions as coarse drops and as aerosols of fine drops. There is theoretical 
and experimental evidence that small droplets are more effective than large drops 
when used under proper conditions. Practical difficulties of controlling the 
movement of aerosol clouds when dispersed from ground generators or from 
airplanes exist; yet, as the toxicity of insecticidal agents is increased, the ad¬ 
vantages of using aerosols will also increase. The effectiveness of insecticidal 
aerosols dispersed from aircraft has been demonstrated in the field as a practical 
method of controlling natural insect populations. The problem remaining is 
that of working out the most effective technique of using the equipment on 
hand in order to secure the greatest economy of effort in use of the insecticide. 
Among the factors that are indicated in this study as important in aerial disper¬ 
sion are such items as the type of aircraft, the position of the discharge on the 
plane, the speed of the plane, the height of the plane above the vegetation, the 
type of solvent used, the concentration of the solution, the quantity of solution 
dispersed, the drop spectrum and quantity of agent reac hin g the insect habitat, 
the type and height of vegetative cover, and the meteorological conditions. 

It should be emphasized that neither theoretical studies nor laboratory 
experiments can be a complete substitute for field tests. Since the only object 
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in the use of insecticides is to control insects, biological measurements must be 
the principal means of assessment of the results of any experiment. The 
importance of this has sometimes been overlooked in the eagerness of finding 
some physical measurement which could foretell the results. Good biological 
studies are admittedly difficult to make, especially when it is necessary to cover 
large areas and there is a natural fluctuation of the insect population due to 
weather conditions and breeding and flight habits. Careful correlation between 
the results on caged insects and natural population might eliminate some of this 
difficulty. The results on caged insects have often been misleading because of 
the deposition of the droplets on the screen and the slow rate at which equi¬ 
librium is obtained between the air in the cage and the conditions outside. 
Nevertheless, it should be possible to use caged insects to establish a definite 
correlation between biological results and the dosage and degree of conta minat ion 
within the cage. 

The helpful suggestions of C. W. Kearns, R. L. Le Toumeau, and Thomas 
Baron are acknowledged. 
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ELECTRONIC METHODS OF COUNTING AEROSOL PARTICLES 1 
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Former methods of determining the particulate concentration in aerosols have 
been slow and laborious; but within the last few years two different rapid electronic 
methods of counting have been developed, the scope and range of which are dis¬ 
cussed in this article. The first method depends upon light scattering, and the 
second upon electrostatic charging of the particles. 

In the first method, developed by the authors and their collaborators, a fine 
stream of the aerosol, protected by a flowing sheath of pure air, passes through a 
spot under intense dark-field illumination and scatters flashes of light forward 
upon a photosensitive cell. Each particle about 0.6 micron or more in diameter 
causes an electrical pulse which is sufficiently large, after suitable amplification, 
to operate a mechanical counter. This apparatus will count particles weighing 
5 X 10 _13r g., at rates up to 1000 per minute. 

A second type of electronic counter, developed by Arthur C. Guyton, depends 
upon the electrostatic charging of aerosol particles forced at high velocity through 
a fine jet to impinge upon a metallic collector. The electrical pulses imparted to 
the collector by particles of 2.5 microns or larger are amplified to operate a me¬ 
chanical counter. Guyton found that the pulse amplitude is proportional to the 
square of the particulate diameter. This empirical fact we have explained in terms 
of the charging mechanism. 

Both counters may be applied to determine the size of the aerosol particles by 
using suitable electrical discriminators. The electrostatic device may be very 
useful for larger particles, while improvements in the photoelectronie counter 
may make it applicable to particles even smaller than those counted at the present 
time. 


INTRODUCTION 

The determination of the particulate concentration of aerosols and other 
colloidal systems frequently is important for the colloidal chemist. Until 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of 
the Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, April 
22, 1948. 

The parts of this paper dealing with the researches of the authors and their collaborators 
are based upon work done for the Office of Scientific Research and Development under 
Contract OEMsr-282 with Northwestern University, and for Camp Detrick, Maryland, 
under Contracts WA-18-064-CWS-137 and -160 with Northwestern University and W-18- 
108-CM-31 with Indiana University. 

For a fuller discussion of the design and operation of these counters than is presented 
here, see Chester T. O’Konski, “New Instrumental Methods in Aerosol Studies,” Ph.D. 
Dissertation, Northwestern University, August, 1948. 

* National Research Council Predoctoral Fellow in Chemistry at Northwestern Uni¬ 
versity (1946-47) and Indiana University (1947-48). Present address: Department of 
Chemistry, University of California, Berkeley, California. 
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recently, the only available techniques were slow and tedious, but two different 
electronic methods have been developed within the last few years to reduce the 
t.imp and increase the convenience of these measurements. 

One of the earliest methods of counting aerosol particles involves the collec¬ 
tion of a sample upon a suitable slide and a tedious visual count under the micro¬ 
scope. Several types of collector are available. One of these is an impactor, 
in which the aerosol passes through a fine jet at high speed and strikes a collecting 
plate to which it adheres. Efficient impactors have been described by May 
(19) and Sonkin (26). Another method of collecting aerosol particles depends 
upon their motion in the direction of a thermal gradient. This method was 
discovered by Aitken (1) and the theory of it has been discussed by Cawood (5). 
Recently the phenomenon has been studied by Rosenblatt and La Mer (24), 
who determined the velocity of thermal repulsion of individual small spherical 
particles of tricresyl phosphate. Comparison with the equations developed 
for radiometer theory indicated that thermal repulsion of aerosol particles is 
a radiometer phenomenon. This motion causes the dust-free space surrounding 
heated objects, investigated by Watson (29) and found to be clearly defined, 
extending to a distance approximately proportional to the square root of the 
thermal difference. Green and Watson (9) have described a dust sampler in 
which a wire is strung halfway between two closely spaced parallel cover glasses. 
The wire is heated so that the dust-free space is slightly greater than the dis¬ 
tance between wire and cover glasses. When air is drawn across the wire, the 
dust precipitates just before it passes the wire. In another form of thermal 
precipitator, the sample of air is passed slowly between two closely spaced 
parallel plates differing in temperature by about 75°C., and the particles are 
deposited on the cooler one. The thermal precipitator is almost 100 per cent 
efficient. 

A second counting method employs an ultramicroscope cell. The Zsigmondy 
slit ultramicroscope, in which the depth of the field is limited by the light beam, 
may give counts which are too high, because light scattered by the aerosol 
illuminates particles outside the desired volume. The effect increases with 
particle size. To eliminate this difficulty, Whytlaw-Gray and his collaborators 
(21, 22) developed a special cell of the cardiod type, in which the depth of field 
is limited by the walls of the cell. The apparatus is shown in figure 1. Light 
from an arc lamp G passes through a water-cooled slit Ex and is focussed by means 
of a lens F upon a second slit Ex, where it passes through a microscope objective 
D. The light passing through the final slit E 2 provides uniform intense illumina¬ 
tion of the space 0.1 mm. in depth between the parallel glass plates comprising 
the counting cell A. The viewing microscope C has a depth of focus greater than 
0.1 mm., so that the depth of the cell limits that of the sample, while the area 
is limited by suitable stops in the eyepiece, chosen to give an average field of 
two or three particles. The inlet tube B is grounded and lined with moistened 
blotting paper to prevent loss of particles by electrification. The outlet tube 
is connected to suction through the stopcock H rotated by a wheel K connected to 
a motor. Thus successive samples of the aerosol are drawn in and stopped 
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momentarily under the microscope. Only about a minute is required to count 
sixty fields, which contain enough particles to give an adequate statistical 
average. Since the field of view is 3 X 10 -4 cc. or less, this counter is limited to 
aerosols containing about ten million particles per liter. 

The walls of the cell are coated with a high-boiling liquid like wi-xylene or 
paraffin oil, which wets glass and also wets any aerosol particles which strike 
the walls, rendering them invisible. Liquids as volatile as m-xylene also have 
another important effect. They condense upon the aerosol particles and 
brighten them appreciably. Whytlaw-Gray estimates that particles originally 
as small as 0.05 n in radius may be loaded sufficiently to be counted, although 
otherwise they would be missed if they were below about 0.1 m- 



Fig. 1 . Ultramicroscope counting apparatus of Whytlaw-Gray and his collaborators 
(from Smoke by R. Whytlaw-Gray and H. S. Patterson, Edward Arnold and Company, 
London 1932). 


An extension of the condensation method of counting has been made by Green 
(8), who adapted the cloud chamber of Wilson (30) to this purpose. A small 
expansion chamber is connected to a standard Zsigmondy slit ultramicroscope 
cell and a cycle of operations is controlled by an electric motor. A sample of 
the aerosol is drawn into the cell, which is lined with damp filter paper. Then 
the valve is closed, the piston in the expansion cylinder suddenly drops, and an 
almost adiabatic expansion deposits moisture on the aerosol particles. The cell 
is photographed through the microscope, and then flushed out for another 
sample. A complete cycle takes only 2 sec., so that the counts are rapid. The 
usual difficulty with the Zsigmondy system is avoided in this case, because con¬ 
densation builds up all the particles to nearly the same size; hence the volume 
under direct illumination is easily distinguished. 

A third counting method employs bacteriological techniques. If an aerosol 
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of single viable microorganisms is set up, they may be collected from a known 
volume of aerosol by means of a suitable cotton plug filter, or an impinger jet 
operating under water, as developed at Camp Detrick, and described by Rose- 
bury (23). If the organisms are washed from the filter or collected in the 
impinger and deposited on agar, a colony count will give the number of particles. 
This process is limited in application and is very slow, ordinarily requiring about 
a day for incubation. It also involves the uncertainty of viability, 

A PHOTOELECTRONIC PARTICLE COUNTER 

During World War II gas-mask filters were improved to such an extent that 
they would remove all but a very small fraction of even the most penetrating 


EXHAUST 



Fig. 2. Schematic diagram of photoelectronic particle counter 


aerosol particles (about 0.3 m in diameter). The penetration of somewhat 
coarser test aerosols might be only a few particles per minute. In the summer 
of 1944 we undertook to develop an automatic instrument to count the individual 
particles in a rapidly moving aerosol stream and thus provide quantitative 
tests for the best available filters. By June, 1945, we had developed a photo- 
electronic apparatus which would count particles of dioctyl phthalate (DOP) 
down to about 0.6 m diameter. 

The general arrangement of the apparatus is shown in figure 2, while further 
details are given elsewhere (11). The lamp A is a 50-cp. automobile headlight, 
powered by a heavy-duty 6-v. storage battery. Inside the black-walled cell 
at D, the aspheric condenser lenses LL form a 4-mm. image of the filament of 
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A. Two circular black disks B cut out the center of the converging cone of light 
outlined by the dashed lines, thus providing dark-field illumination at D. The 
aerosol stream is introduced through the tube Ti, surrounded by a sheath of 
air flowing from T 2 at nearly the same linear rate. Thus each particle passes 
once through the intensely illuminated space at D, and is exhausted through T 3 
without any chance of recirculating through the cell. Each particle scatters a 
flash of light, a part of which is collected by the lens E and focussed upon the 
photosensitive cell C, as indicated by the dotted lines. The electrical pulse 
from C is magnified up to 200,000 times in the amplifier, and then passed to a 
thyratron trigger circuit which actuates a mechanical recorder. 

The optical system is like that developed in 1941-42 by La Mer, Sinclair, 
and Hochberg (16) for their study of aerosols carried out at Columbia University 
under contract with the National Defense Research Committee. It utilizes the 
light scattered in the near-forward direction, from about 5° to 30°. For particles 
with radii comparable to the wave length, a greater fraction of the light is scat¬ 
tered in this direction than through the same solid angle at 90°, as predicted 
by Mie (20) and verified by La Mer and Sinclair (16). 

The blackened baffles F and G were designed to reduce background light in 
the system, and the black disk B inside the cell was found to prevent reflection 
from the glass plate of stray light which otherwise would find its way to the 
photosensitive cell C. The unit was built rigidly, and the lamp was held in a 
heavy clamp to prevent vibrations which vary the background light and may 
cause “optical microphonics” and spurious counts. 

Two photosensitive cells were found useful in the counter. The first was the 
Thalofide cell, containing a special photoconductive surface of thallous sulfide, 
developed by Cashman (4) and his associates, working under a contract with 
the Office of Scientific Research and Development in the Physics Department 
of Northwestern University. High-resistance cells, with values of 5 megohms 
or more under background illumination, proved more sensitive than those of a 
lower resistance, which matched the 2.5-megohm input impedance of the am¬ 
plifier more closely. 

Later we found that a 931-A photomultiplier tube, operated at 30-50 v. per 
stage, could be used satisfactorily, after the background light had been reduced 
as much as possible. In this instrument, the stray light current in the 931-A 
tube was about ten times that due to an 0.8 p DOP particle, while in the Thalo¬ 
fide cell the ratio was about 800 to 1, probably owing to long-wave stray light, 
to which this cell is more sensitive. 

The electronic circuits of the counter required careful design and construction. 
The power supply was used to operate everything except the phototube, which 
was connected to a 22.5-v. dry battery, and the amplifier tube heaters, which 
were supplied by a 6-v. storage battery. The high-voltage supply was fed 
through a full-wave rectifier to two independent two-stage choke-input filters, 
one of which supplied the initial 1603 amplifier tube, chosen for its low micro¬ 
phonics, while the other supplied the two 6SJ7 amplifiers, trigger circuit, and 
recorder. This arrangement adequately reduced the rectifier, ripple and pre¬ 
vented feedback from the second 6SJ7 to the 1603 tube. 
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The amplifier employed resistance-capacitance coupling between tubes, with 
wire-wound 5-megohm resistors in the input circuit from the phototube to 
reduce the noise, and the photocell and 1603-tube circuits enclosed in a desiccated 
brass box to decrease the possibility of excessive leakage currents and act as 
an electrostatic shield. The grid leads of the 6SJ7 tubes were made short, 
and shielded with a woven wire sleeve, soldered to the grounded chassis. 

The b iasing voltages in all three stages were furnished by cathode resistors, 
shunted by large condensers to extend the amplifier range down to about 10 
cycles per second. This passed the low-frequency components of the non- 
sinusoidal photocell pulse and prevented pulse multiplication. The input re¬ 
sistors of the 6SJ7 tubes were shunted with suitable condensers to attenuate 
the high frequencies and improve the stability of the amplifier. This gives a 
response curve which is essentially flat from about 10 to 5000 cycles and falls 
to about one-half at 10,000 cycles. The gain of the amplifier was adjusted by 
means of potentiometers in the cathode circuits of the 6SJ7 tubes, which varied 
the negative feedback. 

The trigger circuit employed a type-885 thyratron tube with a self-quenching 
choke-condenser plate circuit. The grid bias was controlled by means of a 
discriminator potentiometer, calibrated in volts with the zero reading at the 
firing point of the tube. The setting of the discriminator then determined the 
size of the minimum pulse which would fire the tube. 

The time-recorder circuit contained two mechanical counters, which could 
be used in duplicate experiments, and a standard electric timing clock. Press¬ 
ing a single button starts the timer and connects the trigger circuit to one of the 
counters. When the counter hand moves around to 100, it closes a contact in 
an automatic cut-off circuit which simultaneously stops both timer and counter. 
The operator then reads the time for 100 counts, which gives the same statistical 
uncertainty in each experiment. If a larger number of counts is desired, the 
automatic circuit is turned off, and then each revolution of the primary counter 
actuates an auxiliary hundreds-counter. At any time the automatic circuit can 
be turned on again to stop the instrument at the end of the next hundred counts. 

In operation, the cell first is swept out with carefully filtered air, introduced 
through the outer tube at 3 1. per minute, until the dust count has fallen to 
one or less per minute. Two sheets of the best grade service-canister paper, 
or two complete pleated filters fastened into a canister, were found to give dust- 
free air after they have been swept out for several hours or 'preferably overnight. 

In order to avoid using a flowmeter in the aerosol line, its flow is determined 
by difference between the effluent flow and the sheath-air flow, each read on 
calibrated flow meters. The standard rates are 4 and 3 1. per minute, making 
11. per minute for the aerosol flow. 

Careful tests of the counter were made to determine the size of particle and 
rate of counting for which it was applicable. Since the light scattering of an 
aerosol particle decreases rapidly with particle size, being proportional to the 
sixth power of the radius for very small particles, there will be a limit below 
which no particles will be counted. However, for dilute aerosols in which 
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the particles are appreciably above this limit, each should register if the whole 
cross section of the stream at the focus is uniformly ill uminat ed. As the con¬ 
centration of the aerosol is increased some particles may be missed, owing to 
coincidences in the field of view and limitations of the photoelectronic circuits 
and mechanical counters. 

Two methods were used to determine the upper limit of the original form of 
the counter. Both are described in the original publication (11), but only one 
will be treated here. The test aerosol was made up either of homogeneous 
spherical DOP particles of about 0.8 y diameter, from a generator of the type 
developed by La Mer and Sinclair (15) in their OSRD work, or of spores of 
Bacillus globigii (BG), which are ellipsoidal, with a major axis averaging 1.2 y 
and minor axes of about 0.8 y, as shown by electron micrographs. The flow line 
using the BG aerosol is shown in figure 3. An aqueous suspension of 0.1 to 20 
billion (10 9 ) BG spores per milliliter was sprayed through a nebulizer 3 into a 


BLOW OFF 



Fig. 3. Flow line for testing counter (from Journal of the American Chemical Society 69, 
2422 (1947)). 


chamber where it was mixed with enough dry air to form an aerosol of dry spores. 
This apparatus was kindly furnished by the group at Camp Detrick, Frederick, 
Maryland, with which we cooperated. They had found that this arrangement 
gave particles almost all of which were single spores. The number of viable 
spores in the suspension was determined at Camp Detrick. Despite the puri¬ 
fication of the original material, there were always appreciable numbers of 
foreign particles from the nutrient medium. 

The aerosols ware salt to the counter at a pressure somewhat above atmos¬ 
pheric, to avoid cont amin ation with laboratory air, which oftai contains many 
thousands of particles per liter. The flow was adjusted by the variable blow-off 
to 351. per minute. The aerosol concentration was reduced by means of a fixed 
filter to a constant value, which was checked within 5 or 10 per cent by the 
reading of scattered light in the sensitive photoelectric photometer (penetrom- 

3 Made by the Vapo-Nefrin Company, Upper Darby, Pennsylvania. 
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eter) developed by our group under an OSRD contract (10, 12). The dilute 
aerosol then was passed through a variable filter, made of sheets of paper, the 
transmission of each of which had been measured with the penetrometer, using 
a higher concentration of the same aerosol. A sample of the effluent aerosol was 
passed through the counter. From the observed counts per liter, C 2 , and the 
known fractional transmission of the variable filter, P , the influent concentration 
was calculated as: 


Ci = Ci/P 

The value of ci calculated thus was found to increase to a constant value c 0 
at low counting rates. This value, divided by that at any higher rate, gives the 
corresponding count-rate factor, by which the observed count per minute should 
be multiplied to be consistent with the low-rate value. Figure 4 shows typical 
results with one of our early counters, obtained with a BG aerosol at Camp 
Detrick by Cohen and Yoelker, on three successive days. Counts up to 1000 



Fig. 4. Count-rate curve for BG aerosol, showing results obtained by Sgt. A. Cohen and 
Cpl. W. Yoelker (from Journal of the American Chemical Society 69, 2422 (1947)). 

per minute were made with a count-rate factor of 1, but the correction increases 
greatly at higher rates. The practical range of the instrument is 3-1200 counts 
per minute. 

The count-rate experiments did not determine whether all, or only a constant 
fraction, of the particles above a critical size are counted at low rates, and this 
is a difficult question to answer with certainty. Early experiments were carried 
out at Camp Detrick, in which the counts in our apparatus were compared with 
a colony count of viable spores collected on a cotton impinger, washed onto an 
agar plate, and incubated for 24 hr. These experiments showed more counts 
than viable spores, suggesting the presence of non-viable spores and extraneous 
matter from the cultural medium. 

Later a series of experiments was carried out in which the concentration of 
viable spores reaching the counter was estimated from the concentration of 
the original aqueous suspension and quantitative dilution of the aerosol. The 
nebulizer was run with careful control of air pressure and flow rate. The BG 
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suspension was diluted with water in five steps, to a ratio of 1/16, in order to 
vary the concentration of the aerosol considerably without changing the relative 
humidity, which might affect the scattering from the particles. The dilution 
steps were found to be self-consistent within ±8 per cent, as determined by the 
light scattered by the raw aerosols, measured in the penetrometer. The flow 
line was that shown in figure 3, except that the fixed filter was removed, and a 
three-stage diluting system was substituted for the variable filter, to avoid the 
selective removal of larger particles in a filter. The dilution factor of each 
stage was measured individually with the penetrometer, and the over-all trans¬ 
mission factor for the three stages used in these tests was calculated to be 0.030 
per cent of the raw aerosol. Thus, the viable spores per liter in the diluted 
aerosol could be calculated, assuming no loss in the atomizer, and could be 
compared with the observed counts. Two counters were used. One, containing 
a Thalofide cell, was constructed in our Laboratory by Leo E. Farr for the use 
of Dr. Ronald M. Ferry of the Harvard Medical School. The other contained 
a 931-A photomultiplier. In these experiments, the count-rate factor increased 
from unity at about 500 counts per minute to 1.3 at 1000. At low rates, the 
average value of counts per viable spore in the atomized suspension was 0.3 
in the Thalofide counter, and 0.5 in the photomultiplier counter. Later the 
lenses were adjusted to focus more red light on the aerosol stream, and values of 
0.6 count per viable spore were obtained with the Thalofide cell. At first (11) 
we interpreted these results as due to lack of homogeneity in the 4-mm. image of 
the lamp filament, providing the dark-field illumination of the smoke stream, 
so that only a fraction of the particles were illuminated and counted. However, 
Dr. Ferry has pointed out to us recently that this difference may be due to the 
fact that a considerable portion of the original aqueous suspension fails to appear 
as aerosol particles in the output from the nebulizer. 

Dr. Ferry has just completed a series of careful comparisons of the counts 
registered by our instrument and numbers calculated from the counts obtained 
in a two-stage impinger. He used both BG and Serraiia marcescens (SM). 
The latter is slightly smaller, occurring in ellipsoidal or often nearly spherical 
form, 0.5 by 0.5 to 1.0 p (3). In his counter, he found it necessary to use an 
8-v. battery, giving 7 v. across the lamp bulb, in order to increase its intensity. 
He then found excellent agreement between the two methods, the ratio of counts 
to impinged specimens being 1.1 ± 0.1 for BG and slightly less for the smaller 
SM. These results have been given in more detail elsewhere in this Sym¬ 
posium (7). 

SCOPE AND LIMITATIONS OP THE PHOTOELECTRONIC PARTICLE COUNTER 

The photoelectronic counter was designed as a supersensitive penetration 
meter for testing gas-mask filters against aerosol particles about 1 micron in 
diameter. It is sensitive to single oil-smoke particles of 0.6 p diameter, weighing 
less than 10 -12 g. Spurious counts due to electrical noise in the system are kept 
below one per minute; hence when the counter is used at the present sampling 
rate of 1 1. per minute with a test aerosol containing 10 8 particles per liter, it 
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will respond to penetrations of 1 micropercent, providing spurious counts due 
to dust are eliminated by blowing out the filter before the test. The upper range 
of the original counter is 1200 counts per minute; hence with the test aerosol of 
10 s particles per liter, the practical range of this instrument is about 3-1200 
micropercent. 

The lower limit of sensitivity is determined by the concentration of the test 
aerosol, the rate of sampling, i.e., the flow rate through the counter, the statis¬ 
tical errors which become significant when small numbers of particles are counted, 
and the dust particles blown from the filter under test. Since increasing the 
concentration of the test smoke increases clogging or aging effects in filters, this 
is not a satisfactory way to attain greater sensitivity for the very efficient filters. 
Increasing the flow rate through the counter also has its attendant problems. 
This cannot be done by increasing the cross section of the sampling tube greatly, 
unless a larger light source is used, since all particles must pass through the 
image of the light source in order to register. Another alternative, increasing 
the linear rate of flow, shortens the duration of the pulse of light upon the 
photosensitive cell. This is a disadvantage with both types of cell. Tests 
showed that the output signal voltage of the photoconductive Thalofide cell 
decreases approximately in proportion to the decreased length of the pulses of 
several milliseconds duration. Since the pulses at the present rate are only two 
to three times the largest fluctuations due to random electrical noise, the linear 
flow rate cannot be increased appreciably with this cell. The output signal 
voltage of the photoemissive electron-multiplier tube does not decrease with 
decreasing pulse length, but the amplifier soon becomes the limiting factor. 
For shorter pulses, the band width of the amplifier circuits must be increased in 
proportion to the increase in flow rate in order to maintain the same signal 
sensitivity. Since the noise increases as the square root of the band width, the 
signal-to-noise ratio will decrease as the square root of the flow rate. This 
again precludes use of much higher flow rates with the original counter. 

Assuming that larger particles are being counted or that the signal-to-noise 
ratio can be increased in some other way, the above considerations show that a 
large increase in linear flow rate through the § in. sampling tube of the counter 
might be tolerated in a counter using the electron-multiplier phototube. Another 
factor then enters,—namely, the laminar flow of the aerosol stream through the 
tubes in the smoke cell. At a certain limit turbulence might set in to make a 
further increase in flow rate impractical. 

The upper limit on the counting rate of the present instrument is largely set 
by the resolving time of the thyratron counter circuit, which is about 10 millisec. 
This limitation can be overcome by using a scaling circuit with a shorter resolving 
time. However, after about a threefold increase in counting rate is achieved 
in this way, further increase is limited by the larger number of coincidences, 
caused by the presence of two or more particles in the field of view at the same 
time. According to statistical theory, the per cent of coincidences of randomly 
distributed aerosol particles in a given ill umina ted volume of sample goes up 
linearly with the concentration. This volume coincidence effect is independent 
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of the flow rate through the cell when considered as an upper limit on the con¬ 
centration of smokes which can be counted. Decreasing the cross-secti onal area 
of the sampling tube will raise this limit proportionally without introducing 
further difficulties. However, decreasing the length of the flow path over which 
the particle is illuminated and viewed will have the same effect as increasing the 
linear flow rate, in causing a decrease in signal-to-noise ratio, as explained in 
the preceding paragraph. 

The lower limit of particle size is likewise determined by the signal-to-noise 
ratio in the instrument. If this can be improved, smaller particles can be de¬ 
tected. The signal amplitude can be increased by using a more intense light 
source or by improving the optical system to collect and focus sharply a greater 
amount of light on the particle and to collect more of the light scattered by the 
particle. The amount of stray light in the optical system is important for two 
reasons: ( 1 ) it determines the output current and noise level in the electron- 
multiplier phototube, and (2) if it is as large as in the original instrument, rela¬ 
tively small variations in the lamp and vibrations of the system may produce 
spurious pulses. For both reasons, the stray light in the optical system should 
be decreased as much as possible, preferably without decreasing the signal am¬ 
plitude for smaller particles. 

A new optical system, under consideration for some time, has been constructed 
and is now being tested. Preliminary results show that the stray light in the 
system has been reduced so much that the background-light current in the 
photomultiplier tube is about the value of the dark current. In addition, a 
differential pulse amplitude selector circuit has been designed and constructed. 
This will pass only the pulses in a given range of amplitude, and will allow auto¬ 
matic discrimination against the larger pulses from dust particles. Tests are 
being continued and the improvements and extended applicability of the ap¬ 
paratus are being evaluated according to the considerations discussed above. 

APPLICATIONS OF PHOTOELECTRONIC PARTICLE COUNTING 

In addition to its original use as a penetration meter to test the best gas-mask 
filters which can be produced, the photoelectronic counter has many possible 
applications in other fields. 

The counter built for Dr. Ferry is now being studied by his group at Harvard 
University to evaluate its usefulness in counting bacterial aerosols (7). Other 
bacteriological applications may be made. It is very convenient in testing for 
leaks which might bring contamination to a system where sterile conditions are 
desired. A trace of unfiltered room air will instantly register on the counter, 
while the accompanying bacterial contamination would require many hours 
to show up in the usual plate counts. The instrument can be used to count 
various particles suspended in liquids either by adapting the optical system to 
liquids, or by atomizing the liquid suspension and counting the particles as 
aerosols. Particles which differ appreciably in size could be distinguished and 
counted separately by several settings of the discriminator. 

The improved counter now under study contains a pulse-amplitude selector 
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circuit which will permit the counting of pulses within a chosen range of voltage, 
and may be applied to a rapid determination of particle-size distribution, at 
least in spherical liquid aerosol particles, where the light scattering can be 
calculated by means of the Mie theory (16, 20). 

AN ELECTROSTATIC PARTICLE COUNTER 

Shortly after the development of our photoelectronic particle counter, Guyton 
(13) developed at Camp Detrick an electrostatic apparatus which can count 
aerosol particles with a diameter of 3 n or more. His detector unit consisted of 
a tube, presumably of glass, tapering at an angle of 45° to a hole 0.8 mm. in 
diameter, with a collector directly in front of the orifice. This collector was 
either a metal plate or a copper wire, 0.4 mm. in diameter. The latter was found 
to be more sensitive and was used in most of Guyton’s work. By applying a 
vacuum beyond the tapered orifice, aerosol particles are drawn through the tube 
to impinge upon the copper wire, which is connected to a high-frequency am¬ 
plifier with resistance and choke coupling to give a response above 10,000 cycles 
per second and an amplification of about 100,000. Individual particles striking 
the wire produce impulses which are amplified in the first three stages and rec¬ 
tified by the grid of the fourth stage of amplification. This serves to lengthen 
the pulses from about 50 to 500 microsec., determined by the RC value of the 
resistance-capacitance coupled grid circuit. The pulse then fires a thyratron 
tube, whose discharge in turn is amplified through a class C triode which ener¬ 
gizes a mechanical counter. This instrument was used at counting rates up to 
about 1800 per minute, or 300 per liter, since the flow rate through the orifice 
was about 61. per minute. 

Guyton stated that the various solid aerosol particles he tested all produced 
on the wire positive pulses which increased in voltage with the square of the 
particle diameter, or the surface area of the particle. The polarity and size of 
the pulses he found to be independent of the potential at which the detector 
wire was maintained. Water droplets behaved very differently. They gave 
positive pulses with the wire at ground potential, no pulses with the wire at 
plus 22 v., and negative pulses increasing linearly with the wire potential beyond 
this value. He concluded that the “surface voltage on water particles is plus 
22 volts” and that the “natural electrostatic charge” of water particles can be 
reversed by an applied voltage. 

Guyton was doubtful about the mechanism by which the electrostatic charge 
is produced, but concluded from the linear increase of the pulse size with the 
surface area of the particle that the charge may be produced by friction between 
the particle and turbulent air in the nozzle or between the particle and the wire. 
He indicated that the pulse duration of 50 microsec. could be decreased to 10 
microsec. or less by decreasing the RC value in the electrical connections to the 
hookup wire, and that the theoretical upper limit of the counting rate would 
therefore be about 10 5 per second. He also concluded that the lower limit of 
particle size depended upon the particular amplifier he used, which could record 
only pulses of 60 microvolts or more, and that the design of the amplifier could 
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be improved “to detect impulses of a few microvolts which, correspond to par¬ 
ticles of 0.3 to 1 micron in size.” 

The electrostatic charging of dielectrics, or so-called frictional electricity, 
has been observed and studied for a long time. Most of the studies have been 
empirical. Perhaps the first utilization of the electrostatic charging of small 
particles was that by Armstrong (2), who constructed a steam generator and 
jet which he used as an electrostatic generator as early as 1843. Subsequently 
Michael Faraday (6) undertook a study of the mechanism by which the charge 
was produced. His ingenious experimentation with limited equipment led to 
many interesting observations and speculations, including the notion that the 
charging was due to a rubbing or frictional process. Since his time, a great deal 
of work has been done on electrostatic properties and a review of the phenomena 
in general by Loeb (17) shows “a most unsatisfactory array of discordant, often 
non-reproducible and confusing results, whose theoretical interpretation in some 
cases is quite hopeless.” 

Whatever the charging process, there is evidently a theoretical upper limit 
to the amount of charge which can exist on a small particle. If the charge on an 
aerosol particle is increased, a point is reached where the potential gradient at 
the surface becomes sufficient to produce breakdown in the surrounding air, 
which would tend to discharge the particle and prevent further accumulation of 
electricity. Hence for a spherical particle of radius r the maximum possible 
charge q can be calculated by making use of the relation q = CV, where C is 
the capacity of the particle, which in electrostatic units equals the radius in 
centimeters, and V is the potential in volts. Taking the derivative we get for 
the change of potential with drop size the expression: dF/dr = —q/r 2 . This 
may be shown to be identical with the expression for the potential gradient at 
the surface, which can be set equal to the breakdown potential gradient in air, 
about 30,000 v. per centimeter or 100 E.s.u. per centimeter. This gives, for 
the maximum charge, a value of 100 r 2 E.S.U., where r is in centimeters, or 3.3 X 
10~ 8 r 2 coulomb. Hence we observe that the maximum permissible charge on 
the particle is proportional to the square of the radius or the surface area of the 
particle. This relation has been used by Vollrath (28) in a description of his 
high-voltage electrostatic generator, employing finely divided diatomaceous 
earth blown through copper tubes which become highly charged in the process. 
Airplanes may build up a high charge as they fly through dust, clouds, rain, or 
snow, and this causes corona discharges—St. Elmo’s fire—which interfere with 
radio reception. Hall (14) studied the possibility of discharging airplanes by 
blowing diatomaceous earth through brass tubes filled with metal turnings. He 
evidently used the same equation for the maximum charge per particle, to show 
that the maximum amount of charge which could be transferred by 1 g, of finely 
divided material varies inversely with the radius of the particles. For non- 
spherical surfaces the same considerations apply and Silsbee (25) computes a 
limiting charge density of 2.65 X 10 -9 coulomb per square centimeter, which 
is in agreement with the result of our calculations. 
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SUGGESTED MECHANISM OF THE ELECTROSTATIC COUNTER 

Although several mechanisms can produce electrostatic charging effects, as 
has been indicated by Loeb (17), the authors prefer to explain the action of 
Guyton’s electrostatic counter by means of the mechanism suggested by Voll- 
rath (28) in accord with the views of Helmholtz on so-called frictional elec¬ 
tricity. This postulates that a double layer of charge is set up at the surface of 
contact between the particle and the wire. Because of the small distance be¬ 
tween the surfaces (10 -8 to 10~ 7 cm.) at contact, the effective capacitance is high 
and a low contact potential can result in the transfer of a substantial quantity of 
charge according to the relation q = CV. After a charge transfer has occurred, 
the surfaces become separated. As the particle moves away from the wire, its 
capacity with respect to its surroundings rapidly decreases with distance from 
the wire. The charge q, trapped on the particle, will cause the potential V to 
rise accordingly. If the potential gradient at the surface exceeds the breakdown 
potential of air, ionization of the surrounding air will occur and the excess charge 
will be lost. This most probably would occur when the particle is still very 
close to the wire, so it appears reasonable that the excess might be largely re¬ 
turned to the wire, resulting in a net charge transfer equal to the maximum 
permissible charge on the particle. In this event, the voltage of the pulses on 
the wire can be calculated directly from the size of the particle and the capacity 
of the input circuit to ground: 

V p = q^JCi = 3.3 X 10-byCi 

where r is the radius of the particle in centimeters, C* is the input capacity in 
farads, and V p is the pulse amplitude in volts. Converting to microns, micro¬ 
microfarads, and microvolts, we obtain the relation v p = 330r 2 /c;. 

INTERPRETATION OF GUYTON’S RESULTS 

The preceding equation may explain why Guyton found the wire collector 
more sensitive than the metal plate, which would be expected to have a higher 
capacity to ground, increasing the value of c*. 

The empirical relation which Guyton found for particle diameter d in microns 
as a function of pulse size v p in microvolts was: * 

d = uf/3.04 

Comparing this with our equation we obtain a value of 9 micromicrofarads for 
the capacity of the input circuit. The rated input capacity of the first tube 
in Guyton’s amplifier, a 1603, is 4.6 micromicrofarads. The difference between 
these two values could readily be due to the distributed capacity of the detector 
wire, the blocking condenser, and the grid leads. 

The capacity of the input circuit can also be estimated from the duration of 
the pulses, which Guyton placed at about 50 microsec., and the resistance to 
ground of the equivalent input circuit, 1.5 megohms. Setting RC equal to the 
pulse duration, this yields the approximate result of 33 micromicrofarads which 
also might be possible, depending on the physical arrangement of the grid block¬ 
ing condenser and the leads in the amplifier. However, this gives in our equation 



ELECTRONIC METHODS OF COUNTING AEROSOL PARTICLES 


387 


v p = 10r 2 . This is not consistent with Guyton's empirical relation, which can 
be written v P = 37T 2 . The visual estimation of a short pulse on an oscilloscope 
could be considerably in error, and could yield a result far from the true RC value 
of the input circuit. Hence further investigations are required to establish 
whether or not the assumptions introduced above are valid. 

To account for a greater charge transfer than expected on the basis of the 
above postulates, two points merit further investigation: (1) the chance that 
a particle may be charged before striking the wire and (2) the possibility that 
small particles may carry away a greater charge than they could be expected to 
retain under normal conditions. The first effect might double the charge trans¬ 
fer. If, for example, before a particle came in contact with the wire, it were 
charged positively to the maximum value given by q = 3.3 X lO'V 2 , perhaps by 
contact with the orifice wall, it could effect a charge transfer of 6.6 X 10~ 8 r 2 , 
providing it left the wire with the maximum negative charge. In connection 
with the second effect, the processes involving ionization in air, corona discharges, 
etc., are very complex and subject to statistical variations which are often 
difficult to interpret, as pointed out by Loeb and Kip (18). The electrostatic 
detector may prove a useful tool for investigations of these phenomena. 

SCOPE AND APPLICABILITY OF THE ELECTROSTATIC COUNTER 

In its original form the electrostatic detector can count only particles with 
a diameter of about 3 microns or more. The above discussion clearly indicates 
that the lower limit of sensitivity might be extended to somewhat smaller par¬ 
ticles, perhaps 1 micron or more in diameter, by improved design of the amplifier. 
A value of about 5 micromicrofarads for the input capacity is feasible with 
existing electronic equipment. 

Another important consideration must be thoroughly investigated, namely, 
the input noise of the amplifier circuit. The root-mean-square value of the 
thermal noise in an amplifier is given (27) by the equation: 

= y/lMyA^RAf 

where R is the input resistance in ohms, and A/ is the band width in cycles 
per second. Thus the EMS thermal noise alone in an amplifier with a band 
■width of 10,000 cycles connected across a 1.5-megohm load is about 16 micro¬ 
volts. Bandom peak fluctuations can easily exceed two or three times this 
value. It therefore appears that little can be gained by increasing the amplifica¬ 
tion of the amplifier used in the electrostatic counter because, above a certain 
level, random noise pulses will give spurious counts. Any attempts to increase 
the counting rate to the proposed value of 10 5 per second will require an am¬ 
plifier of greater band width and will therefore decrease the sensitivity of the 
unit. 

To investigate the mechanism and the possible improvements in the electro¬ 
static counter, and to compare it with the photoelectronic counter, several de¬ 
tector units and the necessary amplifier and counter circuits have been set up in 
our laboratory. For larger particles this type of counter might prove useful 
in discriminating between particles of different chemical compositions, and a 
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correlation between results obtained with it and our photoelectronic counter 
might yield additional information on the aerosol system under test. 
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Since the suspicion that disease may be airborne is centuries old, it is not sur¬ 
prising that medical scientists have long been concerned with the properties of 
airborne particulate suspensions. Following the rise of modern bacteriology, 
the medical significance of dilute aerosols has become clear. And, since many 
bacteria may be cultured to form particles with nearly uniform size and shape, 
characteristic of a given species, aerosols derived from bacterial suspensions may 
be profitably studied. Knowledge so gained should extend the understanding of 
colloidal phenomena and also clarify the mechanism of airborne disease. 

Quantitative studies surely depend on, first, methods for generating uniform 
dilute aerosols, second, accurate measurement of their concentration and, third, 
with living organisms, on their collection and enumeration by biological methods, 
and further understanding of the physical properties of particulates. Although 
methods of generation are not completely satisfactory, concentration has been 
determined by the method of impingement and direct photoelectronic count. The 
latter method is convenient, rapid, and accurate provided particle size somewhat 
exceeds 0.7ju. Although impingement yields results consistent with the dimension¬ 
less group, 

pYZ > 2 

vl 

derived by May and Sell, a comprehensive theory must include such factors as par¬ 
ticulate asymmetry, the physical characteristics of the particulate and collecting 
surfaces, and the microaerodynamics of the impinger used. Biological enumera¬ 
tion is not only slow, but apparently limited by the efficiency of impingement 
methods. Simultaneous application of photoelectronic and biological methods 
should help increase understanding of aerosols composed of solid particles. 

INTRODUCTORY REVIEW 

Since disease has long been associated with airborne agents, it is not surprising 
that medical scientists have long concerned themselves, implicitly or explicitly, 
with the study of aerosols. Indeed, the suspicion that infection may be airborne 
is probably as old as medicine itself. In The Evolution of Modern Medicine , 
Osier (66) cites Maspero (59) as his authority for stating that “the Egyptians 
believed that disease and death were not natural and inevitable, but were caused 
by some malign influence which could use any agency, natural or invisible, and 

1 Presented at the Symposium on Aerosols which was held under the joint auspices of 
the Division of Physical and Inorganic Chemistry and the Division of Colloid Chemistry 
at the 113th National Meeting of the American Chemical Society, Chicago, Illinois, April 
22, 1948. 

2 This paper is based upon work sponsored in part by the Biological Department, Chemi¬ 
cal Corps, Camp Detrick, Frederick, Maryland, under Contract No. W18-064-OWS-lfil 
with Harvard University. 
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very often belonged to the invisible world.” Fifty or sixty centuries were to 
pass before the nature of some of the invisible agencies began to be apprehended. 
Our understanding is, of course, to be attributed to the rise of bacteriology and 
the concomitant development of appropriate investigative tools late in the 
nin eteenth and early in the twentieth century. More recently virology has 
further clarified our understanding of many other diseases. And it is now proven 
that the air we breathe is a disease vector. 

None the less, the importance of airborne factors has been obscured until 
recently by at least two factors. In the first place, Manson (58) in 1879 demon¬ 
strated that mosquitoes were responsible for the spread of filariasis. Subse¬ 
quently, insect vectors have been associated with such diseases as malaria, 
plague, and typhus. Second, it has been technically more difficult to obtain 
evidence directly connecting airborne particles with disease. For although 
airborne dust particles are ubiquitous and generally numerous, their sizes range 
from a small fraction of a micron upwards and completely efficient collection is 
difficult. Moreover, only a small proportion of those particles may be expected 
to contain an infectious agent. 

None the less, epidemiological investigations of the more common respira¬ 
tory diseases such as pulmonary tuberculosis (1), influenza, and the common 
cold demonstrate the importance of airborne agents (16). On this basis, air 
sterilization by ultraviolet light (27, 57) or by chemical agents (4, 5, 15, 26, 28, 
29, 31, 42, 54, 60, 70, 71, 72, 74, 75, 87, 88) has been applied to their control. 
These methods will not be reviewed here. Nor have laboratory studies of air¬ 
borne infection been neglected (1, 3,23,24,26,32,55,68,75,77, 80,86,89,93,94). 
These studies have generally been based on exposure of animals to aerosols gen¬ 
erated by the atomization of living suspensions of the infectious agent. The 
concentration of the bacterial aerosol was usually estimated from samples 
collected either in liquids or semisolids by means of a modified Greenburg- 
Smith (77) impinger, a cotton filter, or by means of the Wells air centrifuge (92). 
The estimate of the number of organisms contained in the sample rested pri¬ 
marily on counts of the number of bacterial colonies appearing in plate cultures 
of an aliquot. 

Although the results obtained by these methods are extremely valuable, the 
methods are time consuming, often inconvenient, and affected by the many 
variables encountered in biological systems. Moreover, they provide no pos¬ 
sibility for direct estimation of the ratio of living to dead organisms in the aerosols 
studied. And this information appears necessary for an understanding of the 
factors affecting viability and consequent infectivity. Despite the recent 
contributions of Rosebury (77) and Robertson (74) and his coworkers, further 
information seems desirable. 

Injury to the respiratory tract and respiratory infection have been related 
to invasion of the respiratory tract (11, 12, 17, 18, 20, 30, 43, 50, 52, 85, 95). 
Rooks (76) has reported a study of bacterial penetration. Further studies 
relating penetration not only to the size and dispersion but to other physical 
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properties of the particles appear desirable. Recently Wilson and La Mer (97) 
have reported a study with radioactive tracers. 

Moreover, information concerning the number of bacteria necessary to pro¬ 
duce infection in man and animals would appear to depend on rapid and accurate 
methods of determining the particulate count in rather dilute aerosols. 

Finally, certain bacterial species may be grown under conditions such that 
their size and shape are nearly uniform, although characteristic of each species. 
Since size varies about twentyfold from 0.4 to 8.0 m, and the shape from the 
almost spherical cocci to the thin rodlike bacilli, it is possible to secure valuable 
physical information concerning aerosols containing particles differing not only in 
size but also shape, from a study of airborne bacteria. Unlike most solid par¬ 
ticles, their density is low. 

As a result of these considerations, it seemed to us that quantitative laboratory 
studies depended on: ( 1 ) a method for the preparation of pure bacterial aerosols 
at low concentrations, from one hundred to a few thousand per liter, and prefer¬ 
ably containing only single cells of nearly uniform size; (2) a rapid and accurate 
method for determining the number of particles in such suspensions; and (S) 
a satisfactory method for collecting and enumerating the number of living 
bacteria in aerosols. We believed that the first requirement could readily be 
met by slight modification of existing methods for atomizing liquid suspensions 
of particles. We hoped that the photoelectronic counter, which utilizes a lens 
system developed by La Mer and Sinclair (47) and a photoelectronic, amplifying, 
and counting system developed by Gucker (38), would satisfy the second. 
And we expected that these methods combined with the use of one of the devices 
frequently used for collecting airborne organisms would satisfy the third require¬ 
ment. This paper describes the first and appraises the second method, and in 
partly appraising the third, suggests that further scrutiny of the methods may 
be necessary. For convenience, the methods are treated in separate sections. 
In their present form, they are applicable only to laboratory studies and are 
not yet sufficiently refined to permit the study of individual particles much 
smaller than 1.0 1 *. 

Since Gucker’s photoelectronic counter has been extensively used by us, and 
is often referred to, it is briefly described here. It is more fully described in a 
preceding paper (39). This instrument depends primarily on light scattering 
by small particles suspended in air (83, 90). The apparatus is schematically 
shown in figure 1, to parts of which reference is made by letter. 

By means of appropriate lenses (A, B) and stop system (C), a hollow cone of 
light is brought to a rather deep focus, through which an air stream may be 
passed. This part of the apparatus we shall subsequently call the smoke cell. 
Unless the air contains particles, the rays pass outside a small collecting lens 
(E). If suspended particles are present, light is scattered with maximal in¬ 
tensity in the forward direction. Some of the scattered light enters lens D 
and is brought to a focus at diaphragm E. It then excites a photocell (F); 
the resulting impulses are amplified by an appropriate electronic system and 
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may be electronically or mechanically recorded. For further details, the reader 
is referred to Gucker’s papers (38, 39). 

I. GENERATION OF DILUTE BACTERIAL AEROSOLS 

A. Introduction 

Accurate studies of aerosols appear to depend on the production of homogene¬ 
ous suspensions of uniformly sized single particles in air. Although the treat¬ 
ment of spherical particles is simpler, the theory of light scattering is sufficiently 
developed for the consideration of less symmetrical particles (7, 19, 45, 47, 62, 
65,69,81,98). Since the Gucker instrument with a Thalofide photocell responds 
accurately only if the counting rate is less than 1000 per minute (38), dilute 
aerosols are essential for study. 

Bacterial aerosols can be readily generated (13, 74, 77, 88), and, provided the 
test organisms are suitably selected, reasonable uniformity of particle size is 
attainable. Perfect spherical symmetry is not readily realized, for although 
cocci are nearly spherical, they grow in clumps which are not readily broken. 
Consequently, the resistant spores of B. globigii and the sensitive vegetative form 
S. rmrcescens were chosen. These organisms have similar symmetry, and ap- 



Fig. 1. Schematic representation of optical system for photoelectronic counter 


pear as ellipsoids of revolution with axes in the former case about 0.8 X 1.2 y, 
(8), in the latter approximately 0.6 X 0.8 m (8). Microscopic examination 
showed little variation in the individual cells of each species. The difference in 
size seemed suitable for fixing the limit below which the photoelectronic instru¬ 
ment fails accurately to estimate concentration. Moreover, penetration of the 
respiratory tract, which depends on particle size and dispersion (11, 12, 43, 50, 
95), is near a maximum in this size range, and our studies have a biological as 
well as physical orientation. Finally, the difference in size appeared to permit 
theoretical analysis. 

In generating bacterial aerosols, the following precautions should be observed: 
(1) Leakage inwards or outwards is not permissible; the former will contaminate 
the aerosols, the latter will pollute room air. (2) Humidity must be controlled 
and readily measurable, since the death rate of bacteria apparently has a critical 
maximum at about 50 per cent relative humidity (25). (8) Diluting air must 
be carefully filtered, not only to avoid bacterial contamination, but also to 
eliminate adventitious photoelectronic counts. Future quantitative studies, 
especially with live infectious agents, depend on observing all of these precau¬ 
tions. For many purposes, this has not been necessary. 
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Simple atomization of bacterial suspensions either in water, broth, or other 
media, followed by simple dilution in a chamber (74, 77, 87, 93, 94), has gen¬ 
erally sufficed. The atomizers used may be classified as refluxing or direct. 
Both depend on the shearing effect of a high-velocity air stream which is directed 
across an orifice through which the liquid passes and is broken into droplets. 
In the former, only smaller droplets and particles escape (34, 77, 87), while 
larger droplets return to the reservoir. Consequently some of the fluid is re¬ 
peatedly atomized so that partial evaporation of the larger droplets within the 
atomizer causes concentration of the suspension atomized and consequent 
concentration of the aerosol. In the direct type concentration is avoided, but 
droplets are larger (87). With either type the observed aerosol concentration is 
less than that calculated from air flow and the volume and concentration of the 
suspension atomized (77, 87). This effect is much greater with refluxing than 
with direct atomizers and may be attributed to impingement of incompletely 
dried droplets on nearby surfaces (13). Further attenuation is readily observed 
in regions of turbulence, as in mixing chambers. 

The recovery of particles in an aerosol prepared with a given atomizing and 
diluting system is, under controlled conditions, almost constant. For example, 
in our experience with atomizer 8 and a B. globigii suspension, recovery was 
about 35 per cent of that expected. The liquid orifice may, however, unexpected¬ 
ly become occluded so that constant control of particulate concentration at the 
point of use is essential. 

After careful consideration, the refluxing type was deliberately chosen for use 
in our studies, since it had been reported to produce aerosols composed chiefly 
of single bacterial cells, presumably by breaking up bacterial clumps by re¬ 
peated reatomization. For our purposes, uniform particulate size was more 
important than constant concentration. Further improvements in atomizer 
design should make it possible to maintain more nearly constant concentration 
of aerosols. 


B. Methods 

A general description of the apparatus used is followed by a brief description 
of certain important procedures. 

Atomizer: Readily available Vaponefrin atomizers were modified by the 
introduction of an additional baffle, as shown in figure 2, and used for atomization 
of washed particulate suspensions in distilled water. Under these conditions, 
the particle size is uniform and is determined by that of the suspended particles. 
Satisfactory uniformity of the aerosol has been shown by study of impinged 
samples by light-field, dark-field, and phase-difference microscopy. Less than 
5 per cent of the particles appeared as doublets; no clumps, and only traces of 
very minute foreign particles were observed. Breakage of dead bacteria used 
in impingement studies is probably insignificant at jet velocities less than 150 m. 
per second. These points deserve emphasis. 

In constructing the atomizing and diluting system shown diagrammatically 
in figure 3, we were aided by suggestions from Gueker and his group. As in 
figure 3, filtered air at constant pressure maintained by two Mason-Neilan 
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regulating valves in series enters the system at the left, passing first through a 
copper coil, then through distilled water in a Pyrex gas-washing bottle, and 
subsequently through a coiled trap (not shown) to the atomizer. These parts 
were immersed in a water bath at 28°C. in order nearly to saturate the atomizing 
air. Other parts of the dilution system were placed in a bath at 25°C. The 



To To 



Fig. 3. System for aerosol generation and air dilution. Room temperature = 25°C. 

atomizer mist was at once diluted with a measured volume of filtered air at 
known humidity, and passed through a mixing chamber consisting of a series of 
bulbs about 2 cm. in diameter. The mist evaporated almost immediately, and 
a small fraction of the aerosol passed through a capillary flowmeter into a venturi 
tube where it was again diluted with a known volume of air. At the end, simul- 
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taneous sampling with the photoelectronic instrument and impingers or other 
collecting devices was possible. Not shown on the diagram are outlets for the 
collection and disposal of excess aerosol. The excess eventually passed into 
a common duct in which it could be sterilized by ultraviolet radiation, or heat, 
or both. 

The flow of diluting air was measured with calibrated capillary flowmeters. 
Dilution factors could thus be calculated from observed flow rates. 

The humidity of the aerosol was manually controlled by mixing saturated and 
dry, or partly dried, air. It was measured with an Alnor Dewpointer. Since 
the dilution ratio in the final stage is 40:1, measurement of the humidity of the 
diluting air instead of the aerosol should be sufficiently accurate and safer when 
virulent organisms are used. 

With this system we have prepared aerosols, composed predominantly (95 
per cent upwards) of single bacterial particles at a concentration of 100-5000 
particles or 5-250 X 10“ n g. per liter. The relative humidity of the aerosols 
studied was generally about 62 per cent. 

Counter operation: Since the photomultiplier tube had not been successfully 
applied in the Gucker instrument when these studies began, a Thalofide cell 
w r as used throughout. The procedure described by Gucker (38) was somewhat 
modified. 

(1) Air flow through the smoke cell was half that given by Gucker. Smoke 
was sampled at 0.5 1. per minute; sheath air flowed at 1.5 1. per minute. 

(2) The 6-8 v. tungsten filament bulb was supplied from four-cell storage 
batteries instead of three, producing a voltage drop up to 7.0 v. across the fila¬ 
ment and markedly increasing light intensity. Although the lamps burned out 
after 4-8 hr., they could readily be replaced. 

(3) A scale of sixty-four scaler w r as interposed between the phototube amplifier 
and the thyratron tube. 


C . General 

Those components of the apparatus in which the pressure was likely to exceed 
that of the atmosphere, including all of the atomizing and diluting system, were 
placed in a separate room which was maintained at slightly reduced pressure by 
ventilation with an exhaust fan. The effluent could be sterilized by heat or 
ultraviolet radiation. Leakage into the outer room was thereby avoided. 

In the outer rooms were the electrical apparatus, vacuum pumps, smoke cell, 
and sampling outlet. Aerosols contained in parts of the smoke line passing 
into the outer room were generally at reduced pressure so that accidental leaks 
would be inward. Openings could be protected by efficient filters. 

D. Preparation of bacterial suspensions 

The preparation of bacterial suspensions is briefly described in appendix A. 

E . Results 

In figure 4 the photoelectronic count of S. marcescens aerosols appears as or¬ 
dinate, and time as abscissa. The photoelectronic instrument rapidly follows 
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the concentration effect observed with reflux atomizers. The solid lines are 
calculated in terms of atomizer delivery at constant air pressure and volume, 
temperature, and water content of the expanded atomizing air, by means of a 
simple equation of the form 


C t 


= Co 


Vo — oit 
Fo - bi 



Fig. 4. Instantaneous direct photoelectronic measurement showing increasing aerosol 
concentration. 

where Ct is the count at time t in minutes, Co is the initial count, 6 is the ob- 
served weight loss per minute at observed temperature, humidity, and air 
pressure, a = (6 minus the evaporative loss sufficient to saturate the initial 
mist). 

The values a and b are characteristic for each atomizer, and their systematic 
variation with air pressure, temperature, and humidity could be computed. 
They may, however, be obtained by atomizer calibration. The computations 
suggest that constant aerosol concentration might be attained by adding water 
to the liquid suspension at a rate equal to that of evaporative loss. 
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The parallelism of the concentrations of the aerosol and of the bacterial sus¬ 
pension in the atomizer has been shown by comparing direct bacterial counts 
made at the beginning and end of an experiment 3 . These ratios, compared 
with those of the corresponding photoelectronic counts, are, within the experi¬ 
mental error, unity. They do not show how completely the photoelectronic 
instrument enumerates bacterial particles. Other methods are necessary for 
this determination. 

With J5. globigii suspensions, the course of events is similar, but sometimes 
obscured by spontaneous clumping in the suspension which partially blocks the 
atomizer. These concentration phenomena are surely significant when atomizers 
of this type are used to administer drugs as aerosols. 

II. COMPARISON OP THE PHOTOELECTRONIC INSTRUMENT WITH AN INDEPENDENT 

PHYSICAL METHOD 

A . Introduction 

Comparison with an independent physical method was desirable in order to 
find out whether photoelectronic counts were complete, and to determine the 
smallest particle size at which satisfactory counts were possible. For this pur¬ 
pose, comparison with biological methods seemed inappropriate, since possible 
changes in the viability of suspended organisms would introduce uncertainty. 
In order to avoid errors due to changes in concentration, it was necessary to 
compare samples taken simultaneously. 

Inasmuch as the Gucker instrument, at least in its original form, had a fre¬ 
quency response limited to 1000 counts a minute (38), particulate concentra¬ 
tions could not exceed 1000 per liter at a flow rate of 1 1. a minute, or 2000 per 
liter at half this rate. Consequently many existing methods, most of them 
reviewed by Drinker and Hatch (21) and by Heymann (44), were not suitable 
for making comparisons. The methods described by them utilize the following 
principles for collection of particles from the air: (I) thermal precipitation, 
($) filtration, (8) electrical precipitation, and (4) impingement. (5) In addition, 
we seriously considered a direct count of particles containing radioactive mate¬ 
rials by means of a Geiger counter. (6) Use of an electrostatic counter devised 
by Guyton (41) appeared unsuitable, since it is not sufficiently sensitive (39). 

In the first four methods, estimation of concentration is derived either from 
microscopic observation, weighing, or analysis; in the last two, directly from air 
flow and count of electrical impulses. 

( 1 ) For our purposes thermal precipitation (2, 35, 91, 96) appeared unsuitable, 
since the sampling rate of about 6 cc, per minute would introduce large sampling 
errors at low concentrations unless the sampling period were prolonged. In 
that case, errors attributable to changing aerosol concentrations were certain 
unless control of concentration was precise. (See also Rosenblatt and La Mer 
(77a).) 

(2) Filtration also appeared not to provide a satisfactory approach, since 
quantitative recovery of particles from either soluble or insoluble filters did not 
seem assured (77). 

3 Ferry, Farr, and Hartman: Unpublished data. 
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(S) Electrical precipitation (6, 22,73,82), at least without considerable modi¬ 
fication, appeared to spread a deposit over so wide an area that accurate direct 
counts were likely to be difficult at the low aerosol concentrations studied. 
Washing off the deposit, followed by concentration and subsequent enumeration, 
seemed a precarious approach. 

(4) Impaction or impingement on a surface seemed promising. There are 
numerous variants such as: 

(a) Simple settling: This is slow and ineffective with particles as small as 
1 ja or less (33). 

(b) Centrifugation: Wells’ centrifuge is intended primarily for cultural 
studies. With it, collection efficiency appears uncertain (14). 

^fkhlers 1 Neither of these methods is adapted for the study of dilute 

(d) Washing J 

aerosols, composed of dead bacteria, since particles cannot be readily 
counted without concentration and transfer (36, 37). It is difficult to 
be certain that this procedure is rigorously quantitative. 

(e) Impingers: The studies of Owens (67) and, among others, the more 
recent studies of May (61) and Sonkin (79) suggested that at appro¬ 
priate jet velocities particles somewhat smaller than 1 p in diameter, 
and with a density near unity, might be nearly quantitatively recovered 
and counted. This method was therefore used for appraising the 
photoelectronic counter. 

(5) We seriously considered the use of a Geiger counter to count particles 
containing radioactive material. Specious counts due to the presence of minute 
radioactive particles outside the bacteria were possible, and proof of their ab¬ 
sence seemed difficult. It was not attempted. 


B. Methods 

Impinger details: After preliminary experiments had shown that neither a 
cascade impactor (61, 79) nor a Bausch and Lomb dust counter (40) produced 
deposits sufficiently symmetrical or well defined to make accurate particulate 
count possible, the impinger shown in figure 5 was made. In its present form, 
it resembles Owens’ jet impinger (67) and consists of a simple slit jet which 
impinges on a glass disc held at a fixed distance from the orifice. 

It is composed of two main parts, one containing the jet and slide holder, the 
other a funnel-shaped piece through which the aerosol leaves the collector. The 
parts can be tightly closed by a large nut which fits over the outer threaded sur¬ 
face of the funnel-shaped piece. Consequently small metal particles, produced 
by tightening the threads, cannot be caught in the air stream and deposited in 
a second impinger. Sharp comers have been e lim inated to minimize deposition 
except on the collecting slide. The design of the collecting chamber is such that 
air flow divides symmetrically on either side of the jet orifice. Stainless-steel 
construction permits frequent sterilization. 

Two types of jet, both shown in figure 6, were tried. The tapered jet shows 
less apparent constriction and probably induces less turbulent flow. None the 
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Fig. 5* Stainless-steel impinger: left, schematic drawing; right, scale drawing 


Tapered Jet 
Orff Fee ■ 7.2 x 0.4 mm. 



Slotted Jet 

Orifice = 6.$ *0.6 mm. 



I 2 3 


Scale in Inches 


Fig. 6. Impinger jets 
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less, the simple rectangular slit 6.8 x 0.6 mm., with carefully polished edges, 
resulted in about 1.5 times better recovery. 

Calibration was in terms of air flow, measured in liters per minute with a 
standard rotameter accurate to about 3 per cent, and pressure, in millimeters of 
mercury, at room temperature 25°C. ± 0.5°. The effective cross-section and 
the apparent constriction factor were calculated from the observed air flow at 
critical pressure drop. The latter turned out to be about 0.8, a reasonable 
value. Average linear jet velocities were, in turn, calculated from the effective 
cross-section, air flow, and pressure-volume relations. 

Although the jets were intended to be alike, one was slightly larger than the 
other. The larger orifice was placed second when two impingers were used in 
series, with the result that calculated jet velocities differed by not more than 3 
per cent at air flow up to 211. per minute. At 25 1. per minute the difference 
was about 12 per cent. 



Fig. 7. Diagrammatic representation of a typical impinger deposit. Jet deposit and 
halo pattern for slotted jet. 

Air flow through the impingers was actuated by a mechanical vacuum pump 
having a capacity of 12 cu. ft. per minute. Flow was regulated by calibrated, 
critical orifices placed between the impingers and a filter which prevented escape 
of live organisms to air—a vital precaution with pathogenic bacteria. With 
single impingers, flow rates up to 35 1. per minute, and consequent jet velocities 
up to 345 m. per second were possible. Two impingers used in series reduced 
the maximum air flow to 29.71. per minute. 

C. Collection and count of impinger samples 

Collection of particles: Particles were collected on glass discs (23 x 1.5 mm.). 
These were scrupulously clean and free from scratches. Metal spacers per¬ 
mitted separation from the orifice by 0.25—3.5 mm. In order to decrease the 
chance that particles would strike an area already filled by an organism and 
carom, exposure in the air stream was only long enough to collect about 5 X 
10 4 particles. 
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Under these conditions and at optimum flow rates, the impinged deposit takes 
the form shown in figure 7. A central primary deposit, almost exactly the size 
of the orifice, is immediately surrounded by a clear space containing a few scat¬ 
tered organisms. This is, in turn, surrounded by a halo of impinged particles, 
which is sharply defined. Only occasional organisms appear beyond its limits. 
The density of the secondary deposit or halo is not uniform, as is shown in 
figure 8, in which the average density of individual strips is plotted as ordinate 
and the distance from the center of the deposit as abscissa. A smooth curve 
has been drawn through points obtained from two experiments. This, with 
the observation that particles were not impinged on coyer slips fixed to the 
“roof” of the collector, suggests that deposition is essentially restricted to the 
area outlined in figure 7. Our confidence that estimated aerosol concentration 



Fig. 8. Intensity of deposit in relation to lateral distance from orifice 


based on impinger collection approximates an actual value rests primarily on 
this evidence and appears well founded. 

Enumeration of impinger samples; The number of particles deposited was esti¬ 
mated from an average deposit density per square millimeter (derived from the 
count of representative strips at right angles to the jet) and the area of the de¬ 
posit, determined by measurement and planimetry of a scale drawing thereof. 
The area times the density, divided by the total air flow, gave the number of 
particles collected per liter of air, a number directly comparable to that obtained 
photoelectronically. 

Representative strips were defined by a slit eyepiece, and particles counted by 
means of dark-field illumination with a high-power dry lens. The length of 
each strip was measured with the aid of a mechanical stage; its width was deter- 
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mined by calibration of the eyepiece slit with a stage micrometer. The density 
of the particulate population per square millimeter was separately determined 
for each strip, and a mean density derived. This value multiplied by the area 
of the deposit yielded the total number deposited. From it, the particulate 
concentration per liter was obtained by dividing by the total air flow. 

Particulate population, not only of the primary deposit but also of the right 
and left portions of the halo, was estimated separately. The ratios of the 
population of the jet deposit to that of the halo were not sufficiently constant to 
justify estimates based solely on counts of the former. But when two impingers 
were used in series, there was no statistically significant difference between these 
ratios as computed for first and second impingers. We believe that this supports 
the microscopic observation that particle size is approximately uniform. 

Experiments did not indicate that total counts were markedly increased by 
coating slides with an alkyd resin adhesive. The density of the primary deposit 
appeared, however, to be slightly increased at the expense of that of the halo. 
Since coating tended to interfere with dark-field microscopy, it was abandoned. 

D. Results 

Single impingers: Results of a number of experiments performed with B. 
globigii aerosols using single impingers are graphically shown in figure 9, in 
which calculated jet velocity appears as abscissa and the counter/impinger count 
ratio as ordinate. The full line represents results obtained with slit jets; the 
broken line those derived with tapered jets. In the former case, maximum 
collection efficiency lies at velocities between 90 and 120 m. per second, and ap¬ 
pears to be slightly more than 50 per cent. At velocities greater than 150 m. 
per second, efficiency rapidly diminishes. 

The observations represented in figures 7, 8, and 9 suggest that impingement 
should be largely explicable in terms of microaerodynamics within the impinger. 
Comparison of the efficiency of tapered and slit jets suggests that turbulence 
favors impingement. Although the geometry of the deposit and the increased 
size of both clear space and halo at higher jet velocities are striking, we can only 
offer a qualitative explanation. This phenomenon, the less effective impinge¬ 
ment of solid as compared with liquid droplets observed by Landahl (51) and 
May (61), and the reduction in collection efficiency when jet velocities exceed 
optimal values, can all be qualitatively explained by the assumption that these 
particles are elastic. Some of those striking the surface under the jet would 
bounce; of these, a fraction could be returned to the halo and adhere; some would 
be carried by the air stream and, as its velocity increased, would clear the slide. 
Many would be deposited elsewhere. The marked diminution of deposition 
observed at jet velocities above 150 m. per second might also be due to shattering 
of bacteria into very fine particles, not microscopically visible. But the relative 
importance of aerodynamic factors, elasticity of the particles, and shattering 
cannot yet be quantitatively evaluated. 

Two impingers in series: Although impingers were occasionally used singly, 
rather more consistent data could be obtained when two collectors were placed 
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in series. Data representative of an experiment with two impingers in series 
appear in table 1. 

The experimental conditions are given at the top of the table. Flow rates 
in liters per minute, determined by means of critical orifices, appear in the 
second column. Calculated jet velocities preceded by the n umb ers (1) and (2) 
refer to velocities at the first and second orifices, respectively. Spacer thickness, 
given in millimeters, indicates the distance between collecting slide and orifice. 
Under the heading “Concentration per liter, impinger,” sets of three values 



Fig. 9. Comparison of collection by single impingers with direct photoelectric measurement 

generally appear. These sets of values from top to bottom denote successively 
the concentration derived from the first impinger deposit alone, from the second 
deposit, and from their sum. Figures in parentheses indicate an estimate with 
patently ineffective collection, and a single value is given where an impinger was 
used singly. “Concentration per liter, counter” refers to photoeleetronic enu¬ 
meration. The ratios in the final column are usually paired; the upper value refers 
to the ratio between the electronic count and the number collected by Hie first 
impinger; the lower expresses the relation between counter value and the num- 
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TABLE 1 

Comparison of impinger and photoelectronic counts 
February 13, 1948 
Conditions 


Barometer (cor.), 765.6 mm. Dewpoint of atomizer air, Organism, B. globigii spores 
Temperature: room, 24.5°C.; 16.8°C.; aerosol, 16.2°C. Concentration of suspension, 

bath, 25°C. L6 X 10 8 cc. 


SUN 

FLOW SATE 

CALCULATED 

JET 

VELOCITY 

SPACES 

THICKNESS 

CONCENTRATION PER LITER 

RATIO 

COUNTER/ 

IMPINGER 

Impinger 

Counter 


l./miti. 

m.Jsec. 

mm. \ 




1 . 

16.8 

(1) 91 

0.5 

572 



[2.4 



(2) 92 


527 

1360 


1 

1 





1099 



[1.2 

2. 

16.8 

(1) 91 

0.5 

707 



[2.0 



(2) 92 


367 

1418 1 


1 

1 





1074 



[l.3 

3.. 

20.8 

(1) 118 

0.5 

739 



[2.0 



(2) 122 


370 

1462 1 

< 

1 

| 





1109 


1 

U-3 

4 . 

20.8 

(1) 118 

0.5 

626 



[2.3 



(2) 122 


334 

1464 


1 

I 





960 



U-5 

5. 

20.8 

(1) 118 

1.0 

570 


I 

[2.5 



(2) 122 


304 

1398 

\ 

1 

i 





874 


1 

[l.6 

6 . 

20.8 

(1) 118 

1.0 

605 


, 

[2.3 



(2) 122 


331 

1398 

\ 

! 

i 





936 


! 

U-6 

7. 

26.2 

(1) 149 

1.0 

478 

1402 

2.9 



(2) 168 


(60) 



8 . 

25.2 

(1) 149 

1.0 

549 

1320 

2.4 



(2) 168 


(69) 


. 

9. 

16.8 

(1) 91 

2.0 

477 

1326 

| 

[2.8 



(2) 92 


245 



! 

i 





722 


1 

[l.8 

10.... 

16.8 

(1) 91 

2.0 

474 

1 

1352 

2.9 


ber collected by two impingers in series. Where no second value is given, col¬ 
lection by the second impinger was either negligible or the deposit faulty. 

Collection by the first impingers in replicate runs may differ by as much as 
25 per cent, presumably owing to unpredictable changes in the air streams wit hin 
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the impinger resulting from minute changes in the position of the collecting discs. 
The number of particles collected by two impingers in series in two replicate runs 
appears to differ less markedly. Indeed, the error is consistent with the ex¬ 
pected sampling error ±35, when the count is about 1000. 

In table 2 appear results derived from all experiments with S. marcescens 
as well as B. globigii, in which the light bulb was supplied by an 8-v. storage 
battery. 

Ratios of concentrations determined photoelectronically and by the impinger 
method are given, including values for single impingers, for two in series, and 
a calculated value for 100 per cent collection by the impinger method. At the 
extreme right of the table, the values of the ratio indicate progressive diminution 

TABLE 2 


Comparison of aerosol concentrations determined photoelectronically and by impingement 


SPACER THICKNESS (MM.). .. 

0.5 

1.0 

2.0 

3.5 

APPARENT 

TYPE or 

PHOTOELECTRIC CONCENTRATION 

RATIOS: - 

IMPINGER CONCENTRATION 


VELOCITY 

JET 

One 

impinger 

Two impingers 
in series 

Photoelectronic 

Calculated 

Single impinger 


(A) B. globigii 


m.Jsec. 

113 

118 

149 

123 

Slit 

Slit 

Slit 

Taper 

1.8 

2.1±0.23 

2.2 

3.6 

1.4=fc0.14 

2.1 

1.1±0.10 

1.5 

2.40 

2.70 

2.80 

2.70 

(50) 

(B) S. marcescens 

118 

Slit 

2.9 

2.0 





149* 

Slit 

2.2 

1.4 

1.0±0.1 




233t 

Slit 

2.8 







* Velocity at second jet 169 m. per second, 
t Velocity at second jet sonii^ 


of collection efficiency as the distance between slide and orifice increases. This 
confirms the observations of Bourdillon and others (10). 

The calculated value rests largely on the theoretical conclusions reached inde¬ 
pendently by May (61) and Sell (78) and applied by La Mer and Hochberg 
(49) and Johnstone, Winsche and Smith (46) to the deposition of larger particles 
from slower air streams. May’s data (61, fig. 7, p. 192) suggest that one may 
write impingement efficiency, I, as 

j. _ Number of particles impacted per liter of aerosol _ JVj _ , / pVL? \ 

‘ Concentration, particles per liter G„ J \~rjl~) 

where P denotes density, V is velocity in centimeters or meters per second, D is 
the particulate diameter in centimeters, it is the viscosity in poises, and l is 
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a linear dimension to which May and Sell attach different physical significance. 
The experimental conditions, including humidity, are such that p, 17, and l 
ai'e constant, so that we may write, 

7 = f(KVD r ) 

Each bacterial species is approximately uniform in size, and although not 
spherical, we take D 2 as a characteristic constant dimension related to surface. 
May’s data, moreover, suggest that 7 is nearly linear in KVD 2 over the range 
25-75 per cent, or in KV, where D is constant. Consequently, since aerodynamic 
conditions are similar in both impingers, we write: 

N 1 = C a KV 1 = Nol 
Nt = (1 - CJ)IVi/Vi 

and solving 



The meaning of the symbols is unchanged, except that the subscripts refer to 
the first and second impingers, respectively. 

For B. globigii I — 0.51 and <s = ±0.07, so that two impingers in series should 
remove 76 per cent of the suspended particles. Total concentrations may 
readily be calculated. Values for the mean value of the ratio 

Photoelectronic concentration _ C P 
Calculated concentration C, 

appear in the fifth column of table 2. Since the impinger method appears likely 
to provide slightly low estimates of concentration, the value of the ratio 

C p /C , = 1.1, <r = 0.1 

is very satisfactory. We believe that it implies that photoelectronic measure¬ 
ment of aerosol concentration is accurate when particle diameter is somewhat 
more than 0.7 p. 

With S. marcescens, similar considerations lead to values of K = 0.47, 75 per 
cent collection efficiency for two impingers in series, and 

C v /Ci = 1.0, v = ±0.1 

These values are, however, less certain than those for B. globigii, since the jet 
velocities of 150 and 170 m. per second, respectively, for the first and second 
jets may differ sufficiently to invalidate the assumption that collection is linear 
in the velocity. Moreover, the estimates of velocity are less accurate, since 
pressure head, on which they depend, is changing rapidly in this range. None 
the less, comparison of the calculated values for B. globigii and S. marcescens 
suggests that photoelectronic count is about 90 per cent complete with the 
smaller organism. 

The values for impingement efficiency are lower than estimates derived from 
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the collection of similar droplets of methylene blue and glycerol by means of a 
cascade impactor (79). This is to be expected, since collection of liquid particles 
is more complete (51, 61). Moreover, these liquid droplets are more dense than 
the bacterial particles on which our estimates rest. 

Recent preliminary observations suggest that the counter may be more readily 
calibrated. If light intensity is increased by gradually increasing filament 
voltage from 2.0 to 7.0 v., the counting rate increases rapidly at first, later 
approaching a limiting value. If the count per minute is indicated as ordinate 
and voltage as abscissa, the resulting curve is sigmoid. With B. globigii the 
limiting value appears to be reached when filament voltage is not over 5.5 v. 
With S . marcescens the count appears to be about 90 per cent complete at 6.5 v., 
and is not quite complete at 7.5 v. 


IH. THE DETERMINATION OF THE CONCENTRATION OF BACTERIAL AEROSOLS BY 
THE METHOD OF COLLECTION AND CULTURE, COMPARED WITH DIRECT PHOTO- 

ELECTRONIC COUNT 


A. Introduction 


The determination of the concentration of living bacteria in air has depended 
on their collection, subsequent culture, and enumeration of the colonies appear¬ 
ing in plate cultures. Although biological material can be collected by methods 
used with inanimate matter, care is necessary to avoid impairment of viability. 
The methods generally used depend either on ( 1 ) filtration (63), (0) electrostatic 
sampling (9, 56), (3) bubbling through a liquid, (4) impingement (10, 77), 
(5) centrifugation (92), or ( 6 ) some combination of these methods (53, 56, 64). 
Filtration appears unsatisfactory, since recovery of viable vegetative organisms 
is poor (77). Electrostatic sampling (9, 56) appears promising, but has not, as 
far as we know, been carefully compared with other methods. Application of 
other methods is such that collection is either directly on a solid culture medium 
(10,56) or into a liquid, from which aliquots are taken for culture (64, 74,77), 
mixed with molten agar, and poured into plates. In either case, colonies are 
counted after an appropriate period of incubation at a temperature suitable for 
the organism studied. When collection is initially in a liquid medium, the 
concentration of viable particles in the aerosol, but not necessarily of viable 
organisms, is derived as follows: 


Concentration, particles per liter 


volume of sample (cc.) 
volume of aliquot (cc.) 


number of colonies in culture 
A air flow (l./min.) X period of sampling (min.) 

If collection is directly on a solid medium, the term including volumes of sample 
and of aliquot is unnecessary. The relative collection efficiency of a number of 
typical devices has been compared by du Buy, Hollaender, and Lackey (14). 
One of these is an atomizer bubbler, devised by Moulton, Lemon, and Puck (64), 
in which the aerosol atomizes some of the collecting fluid. The mist generated 
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is collected by bubbling through fluid in a second reservoir. Although bacterial 
concentrations measured with it are generally higher than those obtained with 
other devices, this is attributed to fracture of clumps of organisms. Results with 
the air centrifuge were not consistent. Moreover, both Lemon (53) and Rose- 
bury (77) have found that impinger-bubblers collect nearly as efficiently as 
the Moulton device and are much more convenient. 

Provided suitable precautions, described in modern bacteriological texts, 
are observed, culture counts are accurate to about 5 per cent. The error de¬ 
pends on the population of the sample taken. 

B. Comparison of the bacterial concentration derived by the method of collection 
and culture with direct estimation by photoelectronic count 

It seemed that the method of collection and culture might be quantitatively 
appraised by comparison with the photoelectronic method, which directly meas¬ 
ures the total particulate concentration of bacterial aerosols. Provided the 
bacterial aerosols were pure, and provided further that the ratio of viable or¬ 
ganisms to the total number present, commonly termed the viability coefficient, 
were known, absolute collection efficiency could be estimated. Or, alternatively, 
it would at least be possible to follow changes in viability by comparison of the 
photoelectronic and biological counts. The methods used and the results attained 
are next discussed. 


1. Photoelectronic counts were made according to procedures already in¬ 
dicated. 

2. The determination of viability ratios is essential for this proposed com¬ 
parison. The methods used are described in appendix B. 

Collection and culture of airborne organisms was accomplished by the method 
described by Rosebury (77), with impinger-bubblers operating as critical orifices 
at an air flow between 2 and 2.51. per minu te. 

The orifice was immersed about 4 mm. below the liquid level and 5 mm. above 
the bottom of thick-walled Erlenmeyer flasks into which they were inserted. 
Although 25 cc. of collecting fluid and four drops of olive oil were placed in each 
flask before sterilization, fluid losses amounting to about 2 cc. occurred during 
this process and the course of a run. Losses and final liquid volumes were deter¬ 
mined by weight differences. After collection, the concentration of organisms 
per liter of aerosol was estimated by pour-plate colony counts. 

D. Results 

Representative data appear in table 3, and include zero values for the controls. 
The captions are self-explanatory. The data presented serve to illustrate (1) 
the consistency of data obtained, (B) the fact that clumps are broken up during 
atomization, and (8) especially that no significant changes either in apparent or 
true viability coefficients occur during an experiment, despite repeated atomiza¬ 
tion in the refluxing atomizer used. A summary comparing estimates of total 
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TABLE 3 

The viability of bacterial suspensions as affected by atomization 
April 9, 1948; organism, S. marcescens 


A. SUSPENSION CHARACTERISTICS 



Before 

experiment 

After 

experiment 

Particulate concentration in atomizer X 10“ 8 . 

1.0 

1.4 

Concentration of viable organisms in atomizer X 10 -8 . 

0.6 

0.9 

Per cent organisms as doublets. 

60 

46 

Apparent viability (per cent). 

55 

64 

68 

“True” viability (per cent). 

60 



The collection of living organisms from bacterial aerosols 


B. AEROSOL CHARACTERISTICS 

TIME OP SAMPLING, 2 MIN.; PINAL VOLUME OP COLLECTING LIQUID, 23 CC. 




Volume of aliquot 

Concentration 
of organisms 
per liter 

Run 

Flow rate 

1.0 cc. 

0.5 cc. 

0.2 cc. 



Number of colonies per plate 

I . 

l.fmin. 

2.27 (control) 

i 

0 

0 

0 

0 

II. 

2.27 

54 

27 

9 

370 

hi. 

2.28 

54 

25 

12 

392 

IV. 

2.28 

49 

25 

10 

363 


TABLE 4 

Comparison of particulate concentrations of bacterial aerosols estimated by biological methods 
and by direct photoelectronic count 


S. marcescens 

B. globigii 



concentration: 




concentration: 




PARTICLES 

APPARENT 



PARTICLES 

APPARENT 

DATE 

RUN 

PER LITER 

COLLEC¬ 
TION EFPI- 

DATE 

RUN 

PER LITER 

COLLEC- 



Biolog¬ 

ical 

Direct 

OENCY 



Biolog¬ 

ical 

Direct 

CTENCY 





per cent 





per cent 

April 1, 

II.... 

535 

1406 

38 

April 13, 

II.... 

775 

2098 

37 

1948 

III.... 

440 

1654 

27 

1948 

III.... 

844 

2020 

42 


IV.... 

447 

1728 

26 


IV.... 

982 

2150 

46 

April 9, 

II.... 

370 

1425 

26 

April 14, 

II.... 

911 

2106 

43 

1948 

III... 

392 

1518 

26 

1948 

III.... 

934 

2064 

45 


IV.,.. 

363 

1555 

23 


IV.... 

896 

1964 

46 

Mean. 

28 

Mean. 

43 





bacterial or particulate concentration of aerosols derived by the method of 
collection and culture with direct photoelectronic determinations appears in 
table 4. 
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Since no significant change in viability appeared to result from atomization, 
the mean values determined for the aqueous bacterial suspensions in the atom¬ 
izer have been assumed to apply to organisms in the aerosol. These values are 
taken as 0.7 for 5. marcescens and 1.0 for B. globigii spores. The total bacterial 
concentration, based on the biological method of collection and culture, can be 
obtained by dividing the viable count by the viability coefficient. With the 
counter, particulate concentration is directly obtained. Both values appear 
under the captions “Concentration: particles per liter.” The subheadings 
“Biological” and “Direct ” distinguish them. Since the evidence discussed in 
Section II (page 406) suggests that the photoelectronic counter completely 
enumerates B. globigii and S. marcescens to the extent of 90 per cent, we have 
termed the ratio of biological concentration to direct concentration, “apparent 
collection efficiency.” 

The values are consistent, though smaller than those calculated from the 
impingement of dead organisms with another device. This is not surprising, 
since aerodynamic conditions are different, the jet velocities (345 m. per second) 
are greater than optimal, and the mean distance from jet to impinging surface 
is excessive. Some bacterial breakage may occur as the result of impingement 
at sonic velocity. Its extent probably varies with bacterial species, but has not 
yet been determined. 

The efficiency is, however, less than that estimated by Rosebury (77) for 
these organisms, using similar impingers. This discrepancy is not explicable 
in terms of excessively high particulate counts resulting from contamination by 
non-bacterial particles, nor is it likely to be due to impaired viability of atomized 
organisms. Rosebury’s experimental arrangements were, however, so different 
that the discrepancy may well be attributed to differences in density and par¬ 
ticle size. 


DISCUSSION 

The simple theoretical considerations of May (61) and Sell (78) permit com¬ 
parison of impingement efficiencies derived from physical and biological measure¬ 
ment. When impingement efficiencies are identical, the jet velocities should 
be inversely proportional to the squares of representative diameters; at identical 
velocities, the ratio of squared diameters should equal that of the efficiencies, 
since I = KVDK 

In table 5 we have collected appropriate values for jet velocity, V, diameter, 
D, and efficiency, I. 

For example, the method of microscopic count shows that collection efficiency 
is 45 per cent with S. marcescens at 150 m. per second; with B. globigii, we esti¬ 
mate from table 2 and figure 9 that 45 per cent efficiency is attained at a velocity 
of about 88 m. per second. The velocity ratio is about 1.7. 

We should expect impingement to be proportional to the surface of that part 
of the particle that comes in contact with the collecting medium. In the case 
of spheres, this is proportional to Z) 2 , where D is the diameter. But the bac¬ 
terial particles, although symmetrical, are not spherical. For these ellipsoidal 
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particles, comparable values may be obtained if we calculate the diameter of 
the sphere of equivalent mass. This appears in the table under the heading 
“diameter.” The assumed mean values for particulate diameters may, of course, 
differ somewhat from the true values. Tentatively basing comparison on the 
assumed dimensions of B. globigii, we have computed a diameter for a sphere 
equivalent to S. marcescens which will exactly accord with theory. This turns 
out to be 0.7 ix instead of 0.66 ix calculated from axes 0.6 n and 0.8 ix. 

But in a streaming medium particles tend to orient themselves so that the 
long axis is parallel to the line of flow. One would then expect the impinging 
surface and impingement to be proportional to the squares of the short axes of 
an ellipsoidal particle. Values based on this assumption appear under the 
heading “Short axis of ellipsoid.” Agreement with the observed value is some¬ 
what closer. It has, however, been shown that the counter values are 10 per 
cent low in the case of S. marcescens. The observed value for collection ef- 


TABLE 5 


Theoretical appraisal of impingement data 



MEAN DIAMETER D 

IN MICRA 

PHYSICAL 

METHOD 


Sphere of 
equivalent 
mass 

Short axis of 
ellipsoid 

I 

V 

Organism: 

D 

D 2 

D D 2 

per 

cent 

m.J 
sec . 

£. globigii . 

0.92 

0.85 

0.8 0.64 

45 

88 

S . marcescens . 

0.66 

0.44 

0.6 0.36 

45 

150 

_ „ B. globigii 

Ratio R = « . 

S. marcescens 

R - 

1.9 

R = 1.8 

1/R = 
1.7 


BIOLOGICAL METHOD 


I 


Un¬ 

corrected 

Corrected 

V 

per cent 

per cent 

W 

sec. 

43 

43 

345 

28 

25 

345 

R = 1.5 

R = 1.7 



ficiency should therefore be correspondingly reduced. The corresponding ratio 
turns out to be 1.7, in excellent agreement with theory. 

Although this hypothesis seems attractive, our data are too scanty for defini¬ 
tive proof. Further study of the impingement, both of spherical particles, 
such as the sulfur particles described by La Mer (48), and of more elongated 
bacteria, should provide information that has theoretical and practical sig¬ 
nificance. 

The theory of impingement is certainly incomplete in other respects. Indeed, 
the sig nifican ce of the dimension, l, appearing in the denominator appears in 
doubt. May (61) relates it to slit width; Sell (78) to a dimension of the object 
on which impaction takes place. The former explanation appears unsatis¬ 
factory, since this dimension is directly related to jet velocity, and with the 
impinger used by us, Sell’s explanation appears irrelevant. That it is not di¬ 
rectly related to slit-to-slide distance has been indicated in table 2. 

Further information is necessary concerning the influence of physical prop¬ 
erties of the particle and the collecting surface such as elasticity, number and 
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orientation of charges, and “tackiness.” The elasticity and friability of bacteria, 
both dead and alive, deserve further study. 

Although the effect of long-range forces may well be more important, the effect 
of charge can be experimentally determined by coating slides with substances 
differing in this respect. Although particle size and also shape may, as suggested 
by Gucker and by Mueller (65), be determined by photoelectronic measurement 
of the intensity of light scattered at different angles, it should also be possible to 
estimate particle size with the present instrument from the relation between 
counting efficiency and intensity of the light source. Results must, however, be 
carefully interpreted, since Barnes and La Mer (7) have shown that the intensity 
of light scattered by particles is characterized by a function in which the exponent 
changes with the ratio of particle size to the wave length of the scattered light. 

Empirical calibration may be easier by means of aerosols generated from the 
extraordinarily uniform sulfur sols prepared by La Mer (48). Such aerosols 
should also demonstrate the effect of changes in particulate refractive index on 
the intensity of scattered light. As the index is increased, it should be possible 
to count smaller particles accurately. 

But even in its present form the photoelectronic instrument instantaneously 
provides information which can be obtained by other methods only after hours 
of meticulous and tedious observation. With improvements based on the use 
of more sensitive photocells and changes in the optical system, it should be 
possible to determine accurately the concentration of aerosols containing particles 
considerably smaller than 0.7 p in diameter, the present lower limit. 

And even with this limitation, it is a useful tool for the rapid estimation of the 
concentration of dilute bacterial aerosols. It should be useful for calibrating 
methods for the collection of particulate matter from aerosols, for the deter¬ 
mination of changes in viability, and in quantitative laboratory investigation 
of airborne disease, especially those concerned with penetration and dosage. 

In conclusion, it should be emphasized that the counter is at present a labora¬ 
tory instrument, that enumeration of particles smaller than 0.7 p is incomplete, 
and that it cannot be directly applied to determining the concentration of 
aerosols greater than 1000 particles per liter and therefore is not adapted for use 
in ambient air, which generally contains many particles. It is not sufficiently 
sensitive to detect and enumerate primary virus particles, some of which are 
only 0.01 p in diameter. Biological fluids are, however, rarely as dilute as 0.1 
per cent. The particulate size of infectious particles may often be largely con¬ 
ditioned by the concentration of the solute in the fluid in which they are sus¬ 
pended. One might expect particles about 1 /x in diameter to result from drops 
10 p in diameter if concentration of the solute is only 0.1 per cent, assuming that 
the solute has a density of 1.0. This fact may extend the utility of the instru¬ 
ment. 

Moreover, improvements which will materially decrease the lower limit of 
size and increase the limiting concentration at which counts are complete seem 
theoretically and practically possible. With improvements, it should be possible 
not only to count suspended particles but also to measure their size and approxi¬ 
mately to describe their size and shape. 
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SUMMARY 

1. Since it has long been suspected and it is now definitely established that 
disease may be airborne, it is not surprising that medical scientists have studied 
and clarified the understanding of aerosols. 

2. Certain bacterial species may be grown so that size and shape are nearly 
uniform. The study of bacterial aerosols exemplifying suspensions containing 
solid particles of low density should therefore be profitable on physical-chemical 
grounds as well as for the elucidation of the mechanism of transmission of air¬ 
borne disease. 

3. Effective study of aerosols must be preceded by the generation of pure 
suspensions of particles of uniform size and shape, and by accurate measurement 
of their concentrations. 

4. The photoelectronic instrument used in these studies is very briefly de¬ 
scribed. 

5. A method of generating dilute bacterial aerosols is briefly presented. 

6. Comparison of aerosol concentrations, determined by photoelectronic and 
impingement methods, suggests that direct measurement by the photoelectronic 
device is accurate provided (1) the diameter of the bacterial particle somewhat 
exceeds 0.7 p and (2) illumination is sufficiently intense. 

7. The concentration of living organisms, determined by biological methods 
after collection with impinger-bubblers, is less than particulate concentration 
determined photoelectronically. Although this discrepancy arises in small 
part from the presence of non-viable organisms, it appears to be largely attribut¬ 
able to incomplete collection, presumably due to unfavorable conditions, pos¬ 
sibly including breakage at the high impingement velocity used. 

8. Impingement efficiency, as already shown by May and Sell, is proportional 
to particle density and surface. It is suggested that with ellipsoidal bacterial 
particles, presumably oriented in the air stream, the surface effective for im¬ 
pingement is determined by the magnitude of the shorter axis of the ellipsoid. 

9. A quantitative theoretical description of impingement must also include 
the effect of other physical properties, such as elasticity and friability of the 
particle, the magnitude and distribution of charge both on the particles and on 
the collecting surface, as well as the microaerodynamics of the impinger. 

10. Advantages and limitations of the photoelectronic instrument are indi¬ 
cated. Improvements should decrease the particle size at which accurate 
measurements are possible. 
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APPENDIX A 

B. gldbigii spores 

For impinger studies, the spores were autoclaved 45 min. at 15 p.s.i. and 
sterility tests made. Suspensions were diluted with distilled water to give a 
final concentration of about 10 s per cubic centimeter. For viability studies, auto¬ 
claving was omitted. 


5. marcescens 

This organism was grown for 18 hr. at room temperature in tryptic digest 
broth with 0.3 per cent dextrose added. Cultures were centrifuged, re-sus¬ 
pended in sterile distilled water, and allowed to stand overnight in the cold room. 
A second centrifugation was followed by re-suspension, 2-3 hr. standing, and 
final re-suspension in distilled water; if dead suspensions were desired, final re¬ 
suspension was in 0.5 per cent formaldehyde. 

Total concentrations were determined by the method of direct count (84) 
in a Petroff-Hausser counting chamber on the day of use. Great care was taken 
to count individual organisms. Final concentrations were generally of the 
order of 10 8 per cubic centimeter. 

The concentration of viable organisms was established by making appro¬ 
priate dilutions, and counting colonies on pour plates. 

appendix B 

Although direct determination of this ratio did not appear possible in terms 
of easily and rapidly measurable physical differences between living and dead 
organisms, indirect means of estimation did exist. Dunklin and Puck (25) 
have shown that at room temperature and humidity exceeding 60 per cent, the 
death rate of organisms in an aerosol is in terms of minu tes and hours, not 
seconds. It therefore seemed reasonable to assume that under those atmos¬ 
pheric conditions viability would not change measurably as an organism passed 
from the atomizer to the collecting device. The time of transit is surely less 
than 3 sec. and probably less than 1 sec. 

It remained to be shown that the viability of organisms was not reduced by 
atomization, although direct evidence is not now available. Supporting evi- 



BACTERIAL AEROSOLS 


417 


deuce can be obtained by determining viability ratios on tbe liquid suspension 
used for atomization both at the beginning of an experiment and on the residual 
fluid remaining in a reflux atomizer at its conclusion. In this type of atomizer 
larger droplets, many of them containing bacteria, return to the fluid reservoir. 
Consequently, some bacteria must be atomized more than once. If the process 
is harmful, viability of the bacterial suspension would decrease demonstrably 
with time. The absence of change would suggest that ( 1 ) atomization did not 
alter viability, and (#) indirectly that it was permissible to assume the same 
viability coefficient for both suspension and aerosol. The following measure¬ 
ments were necessary: 

(a) The concentration of viable organisms was determined by the pour-plate 
method, using an incubation period of 48 hr. The temperature was 37°C. 
for B. globigii and about 25°C. for S. marcescens. 

(b) Direct bacterial counts were made in a counting chamber. In addition 
to the usual count, the proportion of organisms occurring singly or in clumps was 
carefully observed. Moreover, the number of clumps containing two, three, or 
more organisms was separately recorded. Estimates of total bacterial concen¬ 
tration were computed in the customary manner. 

Apparent viability coefficients presumably represent true coefficients only 
when a bacterial suspension is composed of single organisms. When clumps 
occur, the number of colonies appearing in plate cultures depends on the com¬ 
bined number of single particles and clumps. In the case of suspensions con¬ 
taining only single organisms and doublets, as with S. marcescens , it is possible 
to compute the viability ratios provided the proportion of organisms occurring 
singly and the apparent ratio are known. From these data, together with 
customary probability considerations, and the assumption that the probability 
of viability is the same for each cell whether it be single or in a doublet, one can 
readily derive the equation 


V i - — + — = 0 
D T D 


in which B denotes the true and R the apparent viability ratio, and D the 
proportion of cells observed as doublets. 

With B. globigii spores such treatment is not convenient, since more than 
four organisms frequently appear in a clump, and equations of higher degree 
result. Moreover, these spores are highly resistant and the assumption of 100 
per cent viability is consistent with the observed number of colonies and the 
apparent viability ratios. 
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I. INTRODUCTION 

An intriguing problem of structural organic chemistry which has not been 
reviewed in the published literature is the relationship between the performance 
of pure explosive compounds and their constitution. Early attempts at de¬ 
veloping a theory for predicting the power of explosive compounds have been 
almost entirely based on thermodynamic concepts. Berthelot (1) wrote one 
of the earliest and best expositions on this subject, but the relationship between 
chemical structure and performance was not considered, since publication was 
prior to most of the work in structural organic chemistry. Brunswig (4), Moser 
(11), Marshall (10), Stettbacher (22), and others (6, 13) have examined this 
field of chemistry in much the same manner as Berthelot. 

Some investigators (3,10,18, 22) have implied the value of oxygen balance, a 
property which can be calculated from empirical formulas, but none has stressed 
its fundamental applicability. Although the idea has been implicit in the 
thinking of those familiar with the field, there are few documented publications 
of it aside from a study of dynamites (14) and one by Roth (20) on mixtures of 
tetranitromethane and nitrobenzene or nitroglycerin. 

A single effort to develop a relationship between performance and structural 
composition has been made. This is that of Pletz (15), who proposed a theory 
of “explosophores” and “auxoexploses,” analogous to the Witt theory of chromo- 
phores and auxochromes and to the Ehrlich theory of toxophores and autotoxes. 
According to this theory the explosive properties of any given substance depend 
upon the presence of definite structural groupings, called explosophores. the 
auxoexploses fortify or modify the explosive properties brought about by the 
explosophore. 

On the basis of this theory Pletz examined eleven classes of organic compounds 
and subdivided all explosives into eight classes containing as “explosophores”: 

I. —N0 2 and —0N0 2 groups connected to organic or inorganic radicals 
(for example, HNO s , C(N0 2 ) 4 , and C s H 3 (N0 2 ) 3 ). 

1 The authors are greatly indebted to Colonel C. H. M. Roberts and Dr. L. R. Littleton 
of the Office of the Chief of Ordnance for assistance and encouragement in connection with 
the initiation and progress of the investigation, and to many others expert in the field who 
have given freely of their time and knowledge. The work was done under Contract W-19- 
020-ORD-6436 with the Office of the Chief of Ordnance and has been released by the War 
Department for publication. 
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II. — N—N— and —N - N groups, connected to inorganic or organic 

V 

radicals (for example, PbNs and CH 3 N 3 ). 

III. —-NXs group (for example, NCI3 and RNCI2). 

IY. G=N— group (for example, HONC and Hg(ONC) 2 ). 

V. —OCIO 2 and —OCIO 3 groups, connected to inorganic or organic radicals 
(for example, KCIO 3 , KCIO 4 , and certain organic perchlorates). 

VI. —0—0— and —0—0—0— groups connected to inorganic or organic 
radicals (for example, peroxides and ozonides). 

VII. —C=C— group (for example, acetylene or its metallic derivatives). 

VIII. A metal atom connected by an unstable bond to the carbon of certain 

organic radicals (for example, organic compounds of mercury, thallium, 
and lead). 

While the arrangement of Pletz embraces the whole explosive field in a purely 
empirical fashion, the distinction between the terms “explosophore” and “auxo- 
explose” is vague, poorly developed, and of little practical usefulness. 

He and other authors were not fortunate in having before them full informa¬ 
tion on a great variety of explosive compounds, for, although a considerable 
body of data had been amassed by workers throughout the world prior to the 
Second World War, a large fraction of it was buried in confidential government 
or industry files. That which was published appeared in relatively obscure 
journals and was not infrequently of questionable authenticity. Before any 
study such as the one to be described here could be undertaken, it was necessary 
that this information be assembled in usable form. This tremendous task was 
the subject of an extremely successful wartime project conducted by Dr. A. H. 
Blatt. It can be said without qualification that his compilation alone has made 
possible the presently reported treatment. 

The object of the work has been the collation and classification of information 
through relationships which exist between organic structure and the explosive 
properties of greatest interest in military applications. These properties have 
been judged to be power (the work capability or strength of an explosive) and 
brisance (the shattering effect connected with the speed of detonation). Other 
properties are also mentioned briefly. The compounds considered are chiefly 
“high explosives,” as contrasted with initiating explosives and commercial 
compositions. 

Physical chemistry, by the use of standard thermodynamic concepts, has 
successfully treated the subject quantitatively through the additivity of bond 
energies and the use of standard calorimetry. This aspect is touched on lightly 
here, for it is hoped that it may someday be published fully by those who have 
been so successful with it. 

It is believed that using the concepts explained one should be better guided 
in the synthesis of new and powerful high explosives and the prediction of their 
explosive properties. Whether any compound would thereby be discovered 
greatly superior to the excellent explosives now in use is problematical. For 
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military purposes, moreover, it is likely that items other than explosive per¬ 
formance would be governing, such as economics, effectiveness in special uses, 
and difficulty of synthesis. 


II. CONSTITUTION AND EXPLOSIVE POWEE 


An explosive compound can be looked upon as a chemical combination of 
atoms in a metastable state which spontaneously, on passage of a detonating 
wave, rearrange themselves to give simple products with a concurrent liberation 
of large volumes of gas and considerable energy, mainly in the form of heat. 
For purposes of this treatment the detonation products may be considered as 
consisting of the free elements or their several oxides. They are chiefly water, 
carbon or its oxides, and nitrogen, although traces of other substances are also 
known to be formed, such as hydrogen cyanide and methane. Other elements 
are occasionally encountered, such as chlorine, sulfur, lead, or mercury, but 
organic high explosives in the main are composed of combinations of only four 
elements: carbon, hydrogen, oxygen, and nitrogen. 

Since combustion is the process taking place, a simple computable term should 
be of value in stating the degree to which oxidation is possible. For this pur¬ 
pose the expression known as oxygen balance is useful. This is given as the per¬ 
centage of oxygen required for complete conversion of the carbon and hydrogen 
present to carbon dioxide and water. For any compound containing x atoms of 
carbon, y atoms of hydrogen, and z atoms of oxygen, the oxygen balance = 

j^—1600 {%% 4- | — zj ^/molecular weight. Thus an explosive having perfect 


balance to yield carbon dioxide and water has zero balance, one lacking suf¬ 
ficient oxygen has a negative balance, and one containing excess oxygen has a 
positive balance. It is noted that with very few exceptions explosives are of 
decidedly negative balance. This method of computation makes no distinction 
between oxygen already bound to carbon or hydrogen and that bound to nitro¬ 
gen. The latter might be termed “ effective” oxygen and differs from the former 
in that it is loosely held and available for subsequent combustion. 

A term which will describe power quantitatively is more difficult to devise, 
although it has been successfully accomplished by unpublished thermodynamic 
treatment. Two of the most commonly employed experimental tests designed 
for power measurement are the so-called Trauzl lead block expansion test (12, 
16, 25) and the ballistic mortar test (24). The former is a classical method and 
depends on determining the expansion caused in a block of “pure” lead when a 
standard weight of explosive is detonated in a specified cavity under controlled 
confinement. It is customarily expressed in this country in terms of TNT, 
whose arbitrary value is given as 100. Whether the lead block test is a measure 
of power alone or of an uncertain combination of power and brisance is a subject 
of contention but not of great importance, since it can be shown that power and 
brisance appear to vary concomitantly. Caution should govern the use of the 
lead block values, however, as an absolute measure of power. 

The second method of testing for power is by the ballistic mortar, in which a 
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standard explosive charge is fired in a heavy pendulum mortar and the angle of 
recoil is measured. This method can also be related to TNT as a standard of 
100, and is considered to be uncomplicated by brisance. It is probably safer to 
use ballistic mortar values in direct comparisons of explosive power, for “the 
high explosive instead of being caused to do work against a varying and unknown 
resistance as in the lead block is fired in a suitable type of gun, so that the work 



Fig. 1 . Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the lead block expansion test. Primary plosophores. 

done by expansion of the products of detonation is measured in absolute me¬ 
chanical units” (26). 

The results of both methods appear to be equally useful and to yield the same 
conclusions. The lead block data, however, are much more extensive. 

If one plots the lead block values for known organic explosives against their 
indicated oxygen balance, one is confronted with a mass of points scattered at 
random over the whole graph. This apparent confusion can be very quickly 
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resolved by the use of the term plosophore? By analogy with color chemistry, 
this has been defined as a group of atoms which on substitution into a hydro¬ 
carbon is capable of forming an explosive compound. Inspection of the sub¬ 
stituent groups which can function in this way indicates at once that there are 
two classes of plosophores, differing sharply in effectiveness and consistency in 
producing power and hence properly called primary and secondary . 



Fig, 2. Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the lead block expansion test. Primary plosophores: nitrate. 

Primary plosophores include the following groups: nitrate ester, aromatic 
nitro, aliphatic nitro, and nitramine. The secondary plosophores make up the 
remainder and include such groups as azo, azide, nitroso, peroxide, ozonide, 
perchlorate, etc. 

In figure 1® all compounds containing carbon, hydrogen, and any one type of 

* The present terms were derived independently of Pletz (15). Since their definition 
and use differ from his terms, a different nomenclature is felt to be justified. 

* The abbreviations on figure 1 for the more important high explosives stand for the 
scientific names as follows: TNT *** 2,4,6-trinitrotoluene; TNB ■» 1,3,5-trinItrobensene; 
TNM » tetranitromethane; RDX * cyclotrimethylenetrinitramine; PETN = penta- 
erythritol tetranitrate; NG « nitroglycerin; EDNA = ethylenedinitramine. 
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the four primary plosophores are compared in lead block value and oxygen 
balance. Considering that all the data available have been used without regard 
to quality of source and that some of them have been interpolated from ballistic 
mortar results by the use of calculated factors, the family of curves which results 
is remarkably consistent. The conclusion is inescapable that power is directly 



Fro. 3. Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the lead block expansion test. Primary plosophores: nitramine. 

related to oxygen balance for primary plosophoric compounds, that it is at a 
m a xi mu m in compounds whose balance is close to zero, and that the four types of 
explosives are roughly equal to each other at given balance although their in¬ 
dicated maxima may not exactly coincide (3, 14). 

Treatment of each plosophoric series separately and use of the least square 
method for the derivation of idealized straight lines to express the data yield the 
results plotted in figures 2 to 5. It is noted that these lines do not coincide, 
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owing to a real difference or the inadequacy of the data. In these and other 
figures the data have been conveniently summarized by the drawing of idealized 
curves. The authors consider them as useful generalizations of no great ac¬ 
curacy. When straight lines are drawn they are shown to reach a mari-mn-m at 
zero oxygen balance, but in practice it appears likely that the true maximum will 
be found in the region of negative balance, although close to zero. Because 
of the scant data in this region, it is impossible to locate the point exactly. The 



Fig. 4. Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the lead block expansion test. Primary plosophores: aromatic nitro. 

figures also bear numbers which refer to the individual compounds listed in 
table 1. Some unidentified points are reported where release of information 
could not be secured. It is observed at once that only the nitrate ester series is 
reasonably complete, with the other three series lacking examples in the interest¬ 
ing region of oxygen balance lying between —20 per cent and d=0 per cent. At 
the foot of figures 2 to 5 are approximate indications of the assumed products of 
detonation as they vary with oxygen balance. 

Having established the desirability of primary plosophores as power-produc- 



ing groups, it is of interest to learn whether the presence in a single molecule of 
more than one type of such groups has an effect. Such molecules may be termed 
hybrid. 

Of the six possible hybrids of two primary plosophores, four are represented 
by available data; in addition, examples of molecules are found containing three 
different primary plosophores. AH these hybrids are given in figure 6, together 



Fig. 5. Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the lead block expansion test. Primary plosophores: aliphatic nitro, 

* 

with the single idealized line for the performance of the pure primary plosophores. 
It is interesting to note how abruptly the data dwindle in passing beyond an 
oxygen balance of —20 per cent, thus duplicating the situation already noted 
in figure 1. Nevertheless, the result is obvious: hybrids are the equivalent of 
pure types, although they tend to exhibit somewhat greater variability. In any 
Synthetic program on high explosives this equivalence of hybrids will be of im¬ 
portance, because it extends enormously the synthetic possibilities. 

The very clean-cut relationship between power and oxygen balance vanishes 



COMPOUND NUMBE1L 


TABLE 1 
Index of compounds 


3. . 
5 . 
9. 
10 . 
15. 

17. 

18. 
20 .. 

23.. 

24.. 

28.. 
32a. 
32b 

33.. 

34.. 

37.. 
38. 

41.. 

43.. 

44.. 

45.. 
46. 

50. 

51. 

52. 

53. 

57. 

58. 

59. 

60. 

62. 

64. 

65a 

65b 

66 . 

67. 

71. 

72. 

73. 

74. 

75. 
76a 
76b 
80. 
81. 


Ammonium nitrate 
Ammonium pi crate 
Azidoethyl alcohol 
Azidoethyl nitrate 

1,3-Butylene glycol dinitrate 

0-Chloroethyl nitrate 
Cyanoethyl nitrate 
Cyanurie triazide 
Cyclotrimethylenetrinitramine 
Cyclotrimethylenetrinitrosamine 

Diazodinitrophenol 

1.2- Dichloro-3,5-dinitrobenzene 

1.3- Diehl or o-4,6-dinitrobenzene 
Dicyandiamidine perchlorate 

Di(jS, 7 -dihydroxypropyl)oxamide tetranitrate 

Diethylene glycol dinitrate 
N, AT'-Dimethyl-iV', iST'-dinitroethylenediamine 

2.2- Dimethylpropane-l, 3-diol dinitrate 

2.4- Dinit roaniline 

2.4- Dinitroanisole 

m-Dini trob enz ene 

2.4- Dinitrobenzyl nitrate 
Dinitrodiethyloxamide 

1.4- Dinitro-3,6-diketopiperazine 

2.3- Dinitro-2,3-dimethylbutane 

1.4- Dinit ro-2,5-dimethyl-3,6-diketopiperazine 

1.4- Dinitro-2,5-dimethylolbenzene dinitrate 
N t N'-Dinitrodimethyloxamide 

1.3- Dinitro-2,2-dimethylpropane 
Dinitrodimethylsulf amide 

1.3- Dinitro-4,5-dinitrosobenzene 
Dinitrodi OS-nijbroxyethyl)sulf amide 

1.1- Dinitroethane 

1.2- Dinitroethane 

N, iST'-Dinitroethyleneurea 

2.5- Dinitrofuran 

2.4- Dinitrophenol 

0- (2,4-Dinitro)phenoxyethyl nitrate 

3.5- Dinitrophenylnitromethane 

2- (3', S'-Dinitrophenyl)-2-nitro-l ,3-propanediol dinitrate 

1.4- Dinitropiperazine 

1.1- Dinitropropane 

2.2- Dinitropr opane 

2.4- Dinitrosoresorcinol 

1.4- Dinitro-l ,1,4,4-tetramethylolbutane tetranitrate 
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COMPOUND NUMBER 


82. 

84a 

84b 

86 . 

89. 


1, 5-Dinitro-l ,1,5,5-tetramethylolpentane tetranitrate 
2,4-Dinitrotoluene 

2.6- Dinitrotoluene 

4.6- Dinitro-m-xylene 
Dipentaerythritol hexanitrate 


93 

94 

95 

96 
98 


Erythritol tetranitrate 
Ethanolamine dinitrate 
Ethylenediamine dinitrate 
Ethylenedinitramine 
Ethylene glycol dinitrate 


102 

105 

107 

108 
109 


Ethyl nitrate 
Glycerol 1,2-dinitrate 

Glycerol «-2,4-dinitrophenyl ether dinitrate 
Glycerol a, a:'-hexanitrodiphenyl ether 0-nitrate 
Glycerol monochlorohydrin dinitrate 


111 

112 

113 

114 

115 


Glycerol monolactate trinitrate 
Glycerol a-monomethyl ether dinitrate 
Glycerol a-2,4,6-trinitrophenyl ether dinitrate 
Guanidine nitrate 
Guanidine perchlorate 


116 

118 

120 

123 

124 


Guanylnitrourea 

Hexamethylenetriperoxidediamine 
Hexamine dinitrate 
Hexanitroazobenzene 
Hexanitrobiphenyl 


125 

127 

128 
130 


Hexanitrodiphenylamine 
0- (Hexanitrodiphenylamino)ethyl nitrate 
2,4,6,2', 4', 6'-Hexanitrodiphenyl ether 
N , N'- (Hexanitrodiphenyl) ethylenedinitramine 


132 

133 

134 

135 

136 


Hexanitrodiphenylmethyl amine 
Hexanitrodiphenyl sulfide 
Hexanitrodiphenyl sulfone 
Hexanitrodiphenyl urea 
Hexanitroethane 


137. 

138. 
143. 
145. 
148. 


Hexanitrohydrazobenzene 
Hexanitrooxanilide 
Hydrazine perchlorate 
Inositol hexanitrate 
Lactose octanitrate 


150 

151 

152 

154 

155 


Lead styphnate 
Maltose octanitrate 
Mannitol hexanitrate 
Mercuric fulminate 
Methazonic acid 
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COMPOUND NUMBER 

NAME 

156. 

Methyl amine nitrate 

162. 

Methyleneglycol dinitrate 

163. 

iV-Meth ylethylenedinitramine 

166. 

Methyl nit rami ne 

167. 

Methyl nitrate 

168. 

2-Methyl-2-nit ro-1,3-propanediol dinitrate 

170. 

Trimethyl ene-1,3-dinitramine 

172. 

Pentaerythritol diglycolate tetranitrate 

175a. 

2,4-Dini tr ophenyl a z oni tromethane 

175b. 

2,4,6,2', 4', 6'-Hexanitro-3,5,3', 5'-tetrahydroxybiphenyl 

175c. 

Tetranitro-m-xylene 

178. 

0-Nitroethanol 

181. 

Nitroglycerin 

182. 

Nitroguanidine 

185. 

Nitromethane 

186. 

l-Nitro-5-methylhydantoin 

192. 

m-Nitrophenyldinitromethane 

193. 

Nitrophenylglycol dinitrate 

194. 

l-(o-Nitrophenyl)-2-nitroethyl nitrate 

197..... 

Nitrosoguanidine 

200. 

Nitrourea 

205. 

Pentaerythritol dimethyl ether dinitrate 

206. 

Pentaerythritol monomethyl ether trinitrate 

207. 

Pentaerythritol tetranitrate 

210. 

Pentanitrodiphenyl ether 

212a. 

Ethyl perchlorate 

212b. 

Ammonium perchlorate 

212c. 

Ethylenediamine diperchlorate 

212d. 

1,2-Propylenediamine diperchlorate 

212e. 

1,3-Propylenediamine diperchlorate 

216. 

Picric acid 

217. 

Picryl chloride 

218. 

Picryl fluoride 

219. 

1,2-Propanediol dinitrate 

220. 

! Propyl nitrate 

223. 

Sucrose octanitrate 

225. 

Tetracene (l-guanyl-4-nitrosaminoguanyltetrazene) 

228. 

Tetramethylolcyclohexanol pentanitrate 

229.. 

Tetramethylolcyclohexanone tetranitrate 

231. 

Tetramethylolcyclopentanone tetranitrate 

233. 

2,3,4,6-Tetrani troaniline 

234. 

2,3,5,6-Tetranitroanisole 

236. 

1,2,3,5-Tetranitrobenzene . 

237. 

Tetranitrodiglycerin 

240......... 

Tetranitromethane 
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TABLE 1 —Concluded 

COMPOUjND NUMBER 


241.. . 

243.. . 

247.. . 

248.. . 

253.. . 

258.. . 

259.. . 

261.. . 
262... 

263.. . 

264.. . 

270.. . 

271.. . 

272.. . 

273.. . 

274.. . 

275.. . 

276.. . 

277.. . 

279.. . 

282.. . 

283.. . 

284.. . 

285.. . 

290.. . 

291.. . 

292.. . 

293.. . 

294.. . 

295.. . 

296.. . 

297.. . 

300.. . 

305.. . 

307.. . 

310.. . 

313.. . 

314.. . 

315.. . 

316.. . 

318.. . 

320.. . 


1.3.6.8- Tetranitronaphthalene 

2.3.4.6- Tetranitrophenylmethylnit ramine 

2.3.4.6- Tet ranit rot oluene 

Tet ra 03-nit roxy ethyl )ammomum nitrate 
Tetryl 

Trimethylene-1,2-dinitramine 
Trimethylene glycol dinitrate 

1.1.1- Trimethylolbutane trinitrate 

1,1, l-Trimethylol-2-chloroethane trinitrate 

1.1.1- Trimethylolethane trinitra fce 

Trimethylolnitromethane trinitrate 

2.4.6- Trinitroaniline 

2.4.6- Trinitroanisole 

2.4.6- Trinitrobenzaldehyde 

1.2.4- Trinitrobenzene 

1.3.5- Trinitrobenzene 

2.4.6- Trinitrobenzoic acid 

2.4.6- Trinitrobenzyl nitrate 

2.4.6- Trinitro-m-cresol 

2.4.6- Trinitro-l, 3-di (methylnitramino) benzene 

2.2.3- Trinitro-3-ethylpentane 
Trinitromelamine 
Trinitromesitylene 

2.3.3- Trinitro-2-methylbut ane 

2.4.6- Trinitro-3-methylnitraminotoluene 

2.2.3- Trinitro-3-methylpentane 

2.4.6- Trxnitromonomethylaniline 

1.3.8- Trinitronaphthalene 

2.4.6- Trinit rophenetole 

2.4.6- Trinitrophenoxyethyl nitrate 

2.4.6- Trinitrophenyl azide 

2.4.6- Trinitrophenylbutylnitramine 

2.4.6- Trinitrophenylethylnitramine 

2.4.6- Trinitrophenyl(l-methylol)propylnitramine nitrate 
0-(2,4,6-Trinitrophenylnitramino)ethyl nitrate 

2.4.6- Trinitroresorcinol 

2.4.6- Trinitrotoluene 
Trinitrotoluenes 

2.4.6- Trinitr o-l, 3,5-triazi dobenzene 

2.4.6- Trinitro-l, 3,5-tris (methylnitramino)benzene 

1.3.6- Trinitro-m-xylene 
Urea nitrate 
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when one considers secondary plosophores. In figure 7 this is done by comparing 
the data for these compounds with a single idealized curve for the four pr imar y 
types obtained by averaging the four separate curves of figures 2 to 5. It is no 
longer possible to say that increased oxygen balance is accompanied by increased 
power. This may on occasion be the case, but there is no assurance of it. Fur¬ 
ther, with few exceptions, secondary plosophores do not significantly exceed 
primary plosophores as power-producing substituents. Therefore, it can be 
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Fig. 6. Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the lead block expansion test. Hybrid primary plosophoric compounds. 

concluded that secondary plosophores do not recommend themselves as a class 
in the synthesis of powerful organic explosives. This is not to say that they are 
useless, for they often impart desirable qualities of another kind as in fo rming 
initiating and detonating compounds, but if power and brisance alone are the 
criteria, the secondary plosophores are to be avoided. 

A very common feature of explosives is the presence in them of a large variety 
of substituent groups which are not plosophoric, since they do not in themselves 
produce explosive molecules, but which may be expected to alter the explosive 
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properties in the same way that an auxochromic group is found to vary the in¬ 
tensity or shade of a dye. Such substituents may be designated auxoplosive.* 
Etymologists may object, because the name implies that such groups will always 
aid the formation of powerful explosives rather than alter their performance. 
Nevertheless, the term is retained in the interests of analogy and it is not believed 
that any serious confusion will arise. As examples of such groups, one may take 
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Fig. 7. Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the lead block expansion test. Secondary plosophores. 


hydroxyl, carbonyl, chloride, sulfide, ether, amino, etc. Not infrequently the 
presence of these groupings affects oxygen balance in a favorable manner, and 
it is of interest to see whether a concurrent improvement in power is produced. 
The data in figures 8 and 9 speak for themselves. With hardly an exception 
auxoplosive groups are shown to be detrimental to power whether or not they 
appear to improve oxygen balance. This is in agreement with the observation 
made earlier about “effective 55 oxygen. It is concluded, therefore, that the chief 

4 Pletz (15) uses the word “auxoexplose.^ 
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justification for the presence of such groups in powerful explosives is expediency 
in synthesis. 

From the above discussion we can now say that power and brisance as measured 
in the Trauzl lead block are at a maximum for carbon and hydrogen compounds 
which bear as substituents only primary plosophores and are at or close to zero 
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Fig. 8. Effect of auxoplosive groups ou power and brisance of primary plosophoric com¬ 
pounds compared with TNT in the lead block expansion test. 

oxygen balance. The presence of secondary plosophores and auxoplosive groups 
is not desirable, although on occasion these can be tolerated in the interests of 
increasing sensitivity (as in initiators) or of synthetic ease. Hybrid molecules 
may be classed as equivalent to pure plosophoric types. 

Ballistic mortar data yield exactly similar conclusions, as is shown in figures 
10 and 11. In these figures it is remarked that the observed power in terms of 
TNT is usually much lower than in the corresponding lead block graphs. Thus 
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the apparent maximum at the zero balance point is about 160 instead of 180, 
—a value more comparable to actual experience in use. This points up the 
earlier recommendation that one should place less significance on an absolute 
lead block value and should use ballistic mortar results if a comparison of the 
relative powers of explosives is to be made. 
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Fig. 9 . Effect of auxoplosive groups on power and brisance of primary plosophoric com¬ 
pounds compared with TNT in the lead block expansion test. 

Lastly, by either power scheme it can be shown that the effect of positional 
isomerism causes variations in power which are real but small (i.e., probably 
less than 10 per cent), while mere molecular size, as would be expected, is of no 
consequence. 

m. CONSTITUTION AND BRISANCE 

Employing the concepts of plosophoric and auxoplosive groups one can treat 
the separate problem of brisance in an analogous manner, although the paucity 
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of data is a serious handicap. This is due chiefly to the lack of a truly satisfactory 
test which can measure the shattering effect uncomplicated by power. An early 
method which has lost some favor in recent years is the sand crush test (23). 
In this procedure a fixed weight of standard sand of known mesh size is enclosed 
in a bomb and subjected to the shattering action of a standard charge of explosive. 
The sand crushed is measured by resieving, and the quantities are compared to 
TNT, as in the case of a self-consistent set of data received by the authors from 
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Fig. 10. Effect of oxygen balance on power and brisance of explosives compared with 
TNT in the ballistic mortar test. Primary and hybrid plosophores. 

Picatinny Arsenal. When these data are plotted using the procedures so success¬ 
ful with power, a graph (figure 12) results in which sand crush values for primary 
plosophores ascend steadily with increasing oxygen balance and display an 
apparent maximum at the zero point. Secondary and auxoplosive compounds 
are seen to be inferior. 

Less ambiguous but more difficult of quantitative analysis are tests measuring 
the degree of compression "caused in standard lead and copper cylinders by the 
detonation of a standard charge of explosives placed on top, or tests measuring 
the depth of penetration of a stack of standard lead sheets when similarly at¬ 
tacked (5). 





Fig. 11. Effect of oxygen balance on power and brisanee of explosives compared with 
TNT in the ballistic mortar test. Secondary plosophoric and auxoplosive groups. 
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Interpretation of such tests is quite subjective, since the appearance of the 
damage caused is considered significant as well as the depth of penetration. 
An attempt to circumvent this feature has been made in which a steel plate 
supported annularly is substituted for lead. The result is a dent rather t.ha.n a 
rupture, with the depth of dent being the measure of brisance. Graphical 
expression of the few data at hand has given results identical with sand crush, 
thus implying that brisance and power vary simultaneously and in the same 
direction. It is interesting to note in passing that all plate dent values when 
plotted against the corresponding ballistic mortar values give a straight line re¬ 
gardless of the presence of plosophoric or auxoplosive substituents. These 
observations confirm the judgment that power and brisance are twin qualities 
and that no false conclusions will result from the use of any single test so long 
as the data are self-consistent. 

IV. CONSTITUTION AND OTHER EXPLOSIVE PROPERTIES 

A treatment using the same concepts when applied to the properties of detona¬ 
tion velocity and sensitivity yields similar conclusions with somewhat less as¬ 
surance. In figure 13 observed velocities for all types of explosives are plotted 
against oxygen balance at a constant loading density of 1.50. In cases where the 
velocity was measured at a density other than 1.50, a corrected value was ob¬ 
tained by use of the empirical formula Dck — Ddi + 3770(^2 — di). There 
appears to be a drift toward higher velocities as the oxygen balance improves, 
but the exceptions are numerous. An idealized line has been drawn as a con¬ 
venience. 

It can also be demonstrated that the sensitivity of primary plosophoric and 
hybrid compounds increases rapidly with increasing oxygen balance, to reach a 
maximum at the zero balance point. There appears to be a less rapid falling off, 
however, in the region of positive balance than in the case of power. 

The very interesting and valuable piece of work by Roth (20) fully supports all 
the relationships developed here and in the preceding discussion. Using homo¬ 
geneous mixtures of tetranitromethane (a liquid of very high oxygen balance), 
and nitrobenzene (a liquid of very low oxygen balance), the whole range of oxygen 
balance was investigated and it was shown that power (lead block), detonation 
velocity, brisance (lead plate), and sensitivity all reach their maximum values 
at or very close to the point of zero oxygen balance. Of these qualities only 
sensitivity failed to diminish in the region of positive balance. The implications 
of these observations for military use are unfortunate, in that the most powerful 
explosives will also be expected to be the most sensitive. 

On the same sensitivity scale, auxoplosive compounds are found to be slightly 
more variable than pure plosophoric types but otherwise similar. It is among 
the secondary plosophores that one encounters unpredictable behavior. Here 
the effect of different chemical groupinp is a real one and is superimposed on 
that of oxygen balance, so that sensitivity is tied up to a variable and large 
degree with the specific identity of the substituent secondary plosophore. Azides 
are notably sensitive examples and hence find usefulness as initiators. 
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Although it would be particularly desirable to relate chemical stability to 
other parameters, it has not proved possible to do so except in a very rough 
manner, as has been done in the past. A priori it can be said that nitrate esters 
are generally unstable, that primary nitramines are less stable than secondary, 
that aliphatic nitro compounds are most stable when they lack enolizable hy¬ 
drogen, etc. These observations have been made before and no available quanti- 
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Fig. 13. Effect of oxygen balance on detonation velocity at a loading density of 1.60 

tative data appear sufficient to improve upon them or to reduce them to more 
definite terms. 


V. CONSTITUTION AND HEAT OP EXPLOSION 

The foregoing treatment of the subject, using plosophores and oxygen balance, 
has amounted to a rough system of thermodynamics. It is appropriate, there¬ 
fore, to analyze the problem from that viewpoint and to reduce the qualitative 
theory to a quantitative basis. Such an approach is not original, having been 
developed essentially in its main outline during the last century (1). In the 
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interest of completeness, however, it is briefly recapitulated here to permit a 
direct comparison with the organic approach given above. Of various energy 
terms which may be considered, the one known as the heat of explosion (H E ) must 
be the most significant, for by definition it is the energy liberated when the 
explosive compound is detonated to produce its detonation products. In prac¬ 
tice this energy is difficult to measure directly, although it has been success¬ 
fully accomplished by the use of a bomb calorimeter of adequate strength (19). 
Fortunately, it may be very closely approximated by a simple calculation from 
the heat of combustion (He) as determined by standard calorimetry methods 
(7, 18,17, 24). In the following diagram the energy levels and the changes in 
energy in passing from one level to another are shown. The various H terms 
correspond to — A E in standard usage. 

Explosive compound (C n H m O p N s ) 


I 

H c 

Detonation products (C, CO, CO 2 , H 2 O, N s ) 

H c (products) 

Complete combustion products (COajHsO, N 2 , O 2 ) 


From this it is clear that H s = H 0 — H c<p»du«ts) and that the last term should 
be easily obtained, since the values for the oxidation of the partially oxidized 
detonation products (hydrogen, carbon, carbon monoxide) are known with great 
accuracy. 

This method of obtaining H s requires that one know what the products of 
detonation are and the extent to which they are formed, and this in turn neces¬ 
sitates either an extremely difficult experimental technique which has yet to be 
devised or a reasonable assumption designed to allow a simple treatment of the 
problem. Fortunately the latter method in practice appears to be sufficient for 
all practical purposes. 

hi the light of the water gas reaction it can be assumed that, when an explosive 
detonates, the oxygen present combines first with the carbon to form carbon 
monoxide, then with the hydrogen to form water, and finally with the carbon 
monoxide to form carbon dioxide (9,21,25). The water formed is considered to 
be gaseous, as it is under the explosion conditions. In compounds of negative 
balance these reactions can be considered as occurring in steps and only so far 
as the oxygen will allow. In compounds of zero balance, the detonation prod¬ 
ucts will coincide with the final combustion products, for then ff<?<product.) will 
equal zero and Hs will equal H c - 

There are grounds to doubt that the above assumption is correct to -better 
than 15 per cent, and some investigators (2) have preferred an arran ge ment of 
reactions in which at least part of the hydrogen present is first converted to 
water, followed by oxidation of the carbon to carbon monoxide and then id 
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carbon dioxide. Others have applied an arbitrary correction factor. The 
actual performance of specific explosives presumably lies at some indeterminate 
position between the extreme assumptions. In any case the differences due 
to the various assumptions will diminish with increasing oxygen balance and will 
disappear entirely at the point where oxygen is sufficient to convert all the hy- 
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IYg. 14. Heat of explosion vs. oxygen balance for primary plosophores and their hybrids, 

drogen to water and all the carbon to carbon monoxide. This is the so-called 
carbon monoxide point and corresponds in oxygen balance to about —20 to 
—25 per cent. In the range of oxygen balance of greatest apparent interest, 
therefore, the difficulty does not exist. 

Using the first assumption with all explosives for which heat of combustion 
values have been available, Hg has been calculated on a weight basis and the 
resulting H B values for primary plosophoric and hybrid molecules have been 
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plotted against oxygen balance, yielding figure 14. It is seen that the heat of 
explosion varies directly with oxygen balance for these compounds, reaches a 
maximum value at zero balance (10), and in general resembles the power curves 
of figure 1. The results of a similar treatment of secondary plosophoric and 
auxoplosive compounds are given in figure 15. The poor showing of most of 



-80 -60 -40 -20 0 *20 


OXYGEN BALANCE TO C0 2 

Fig. 15. Heat of explosion vs . oxygen balance for secondary plosophores and primary 
plosophores with auxoplosive groups. 

these in comparison with the idealized primary plosophoric curve is attributable 
to the partial combustion states that such groups represent and is the explanation 
for their generally unfavorable nature. 

The conclusions reached above from organic chemical considerations are ex¬ 
plained and, as has been well known in the past, Hi * is seen to be directly related 
to power (4). This last point is illustrated by figures 16 and 17, which present 
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the relationship between lead block or ballistic mortar performance and heat of 
explosion together with idealized curves obtained by inspection. 

With this point established, we have completed our objective of connecting 
the performance of explosives with their constitutions and with few exceptions 
have found the existing data consistent with the treatment developed. It re¬ 
mains, however, to extend the scope of the system to the prediction of power in 



POWER ano BRISANCE,TNT = IOO 

Fig. 16. Heat of explosion vs. power and brisance (lead block expansion test) of primary 
plosophores and their hybrids. 

advance of synthesis. By methods which are not novel (8, 21) but the details 
of which will not be presented here, it is possible to derive H c values for each 
structural feature commonly present in primary plosophoric and hybrid explo¬ 
sives. In accord with standard thermodynamic reasoning, summation of the 
appropriate individual values for all the features of specified structure then yields 
the H c value of the proposed explosive with an accuracy estimated to be ± 1 
per cent and a m ax im u m deviation of less than ± 3 per cent. From such a 
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calculated value H E may be obtained by the usual methods, and through figures 
16 and 17 the expected power performance can then be estimated. Thus one 
has prior to synthesis a method of predicting performance of c omp ounds contain¬ 
ing the molecular structures reported. 



60 80 100 120 140 160 


POWER AND BRISANCE, TNT * 100 

Fig. 17. Heat of explosion va. power and brisance (ballistic mortar) of plosopboric 
compounds. 

One might assume also that figures 1 to 5 or figure 10 would supply the power 
of a proposed structure directly from oxygen balance provided only primary 
plosophores are present. While use of these idealized curves will yield a, reason¬ 
able prediction of performance for primary plosophoric and hybrid molecules, 
it is certain that the value which can be calculated will be a better approximation. 
One should probably not infer that either method is of such accuracy that further 
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research looking toward the discovery of more powerful organic explosives is 
xmwarranted, especially since the region of greatest interest (between —20 per 
cent and 0 per cent in oxygen balance) has been so little explored. Further¬ 
more, the remarks made here are based entirely on presently available data, 
which, while intended to be complete, do not disclose fully the considerable 
advances in explosives theory made during the war nor contain examples of all 
appropriate groups which might be introduced into explosive molecules. There 
are also a number of assumptions which have entered into the thermodynamic 
treatment of the problem and whose net effect has not been accurately estimated. 
It is quite conceivable that future work will show that certain new arrangements 
of atoms may give enhanced performance beyond that which would be ex¬ 
pected from oxygen balance or from calculated heat of combustion. 

VI. SUMMARY 

Much available data on the power of pure organic explosives have been as¬ 
sembled and interpreted. Using the terms oxygen balance, plosophoric and 
auxoplosive groups, and heat of explosion, the types of molecules have been 
defined which appear of synthetic interest for use as high explosives. It is 
hoped that the new qualitative treatment of the subject will prove a stimula¬ 
tion to renewed synthetic organic research in a difficult field. 
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I. Introduction 


The oxazolines, or dihydrooxazoles, are of interest because of the close relation 
between the acyl derivatives of a-amino acids (I) and the 5-keto-2-oxazolines 
(II). 

H a C-N 



h©occh 2 nhcor 
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-h 2 o 
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The Erlenmeyer azlactone synthesis of amino acids (21), the formal possibility 
of the existence of oxazoline rings in polypeptides (7, 89), the azlactone peni¬ 
cillin possibility (III) (24a, 81a), and the use of azlactones in building up chains 


S 

(CHs^d 7 ^CH—HC-N 


HOOCCH—NH OC CR 

V 

m 


with peptide linkages (6a) are all manifestations of this relation. Other interests 
in the oxazolines have also been developed. The formation of an oxazoline ring 
through cyclodehydration at peptide linkages formed from the o:-amino-/3- 
hydroxy acids, serine or threonine, has been postulated by Blackburn and others 
(13). 


-COCHNHCOCHRNH— 

CH 2 OH 


—CO CHN= C CHRNH-— 



A 


The 2-oxazolines, available from iV-acyl derivatives of ethanolamine, have been 
used as cationic surface-active agents Analogies drawn from the relation 
between procaine and 2-oxazolines have been used in designing local anesthetics 
(1, 53). One oxazoline has been reportedly isolated from a Canadian weed 
(42). Synthetic anhydrides of acylserines (7) and other peptides (40, 76) have 
been studied. 

There are three possible types of oxazoline or dihydrooxazole: 2-oxazoline 
(IV), 3-oxazoline (V), and 4-oxazoline (VI). 


H 2 C- 


•N 


HsC OH 

V 

rv 


HC—N 


h 2 c ch 2 

V 

V 


HC-NH 


HC CH 2 

V 

VI 


2-Oxazolines (IV) and their derivatives are by far the most common. Very little 
is known about the 3- and 4-oxazolines. Ketooxazolines (VII, VIII, IX), in 
which a carbonyl replaces a methylene group, derived from 2- and 4-oxazolines 
are known, but those from 3-oxazolines are not known. 1 The 5-keto-2-oxazolines 


OC- 


h 2 c 


h 2 c ch 

V 

VII 



HC-NH 


HC CO 

V 

IX 


1 Note added in proof: Compounds of this type are reported in The Chemistry of Penicil¬ 
lin, Princeton University Press, 1949, pp. 739-42, where they are called pseudoxazolones. 
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(VIII) or azlaetones, the intermediates in the Erlenmeyer azlactone synthesis of 
amino acids, have been reviewed by Carter (21) and only recent developments 
will be included here. 2 Some oxazolidones, where the carbonyl is on a carbon 
adjacent to an NH group as in X, are hydroxyoxazolines in their enolic forma 
(XI). These belong properly with a discussion of other oxazolidones and are 
not included here. The 2-amino(or mercapto)-2-oxazolines (XII) are included 
in separate sections of this discussion. The oxidooxazoles (which are 4,5-epoxy- 
oxazolines) and the 2-aminooxazoles (or 2-imino-2-oxazolines) have been dis¬ 
cussed elsewhere (89). 


H 2 C-NH 


HaC CO 

V 

X 


HaC N 



HaC- 


HaC CNHa (orSH) 

V 

XII 


Historically, the first oxazoline was prepared in 1884 by Andreasch (2). He 
suspected that the compound resulting from the dehydrohalogenation of allylurea 
bromide contained a new cyclic structure, but failed to deduce its correct formula. 
Gabriel five years later (32) first recognized an oxazoline as such and began an 
extensive study of the chemistry of this heterocyclic system. The present re¬ 
view has been prepared to analyze the available information on the oxazoline 
types and to indicate portions of the field for which little or no information is 
available. 


II. 2-Oxazoldstes 

A. SYNTHESES OF 2-OXAZOLINES 

The known syntheses for 2-oxazolines follow the usual pattern for the formation 
of cyclic compounds. The ring is formed by a condensation reaction in which 
the elements of water or halogen acid are removed from a suitable open-chain 
compound. Examples of the types used are iV-acyl derivatives of /3-halo- and 
/3-hydroxy-alkylamines and iminoesters of /3-halo- or /S-hydroxy-amines. A 
few types of substituted 2-oxazolines are also available by cyclization reactions 
from modified amides. Thus, /3-halo- and /3-hydroxy-alkylureas form 2-amino- 
2-oxazolines, and acylamino acids form the azlaetones or 5-keto-2-oxazolines. 
2-Mercapto types are available directly from carbon bisulfide and ethanolamines. 
These, and other syntheses, are discussed in this and following sections. 

1. From (i-haloalkylamides 

The synthesis of 2-oxazolines from /3-haloalkylamides has been the most widely 
used method for preparing these compounds. The reaction takes place according 
to the following equation: 

1 Note added in proof: These compounds are also surveyed in The Chemistry of Penicillin, 
Princeton University Press, 1949. 
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R'HCCHR'NHCOR 

A 


"R"HCCHR'N=CR“ 

„ i HO _ 


-HX 
■ -■ ^ 


R'HC-N 

R^HO (L 


V 

xm 


The various 2-oxazolines prepared by this method are listed in table 1. R in 
XIII, which is derived from the acyl group, has been varied widely but in most 
reported 2-oxazolines is aryl. Variations in R' and R" in XIII are very few, 
since only a few /S-haloamines are available. In all but a few 2-oxazolines, 
R' is H and R" is H or CH 3 . These are derived from /3-haloethyl- or j8-halo- 
propyl-amines. The former is readily available from ethanolamine; the latter 
from allylamine and hydrogen bromide (25) or from nitrosoacetone as follows 
(73): 

CH,COCH*NO CH3CHOHCH2NH2 ——CH s CHBrCH a NH 2 -HBr 

/5-Chloro-n-butylamine, from which a 2-oxazoline with R" an ethyl group is 
obtained, has been prepared by Bookman (15). Since the haloamines are usually 
prepared from hydroxyamines, which can themselves be converted to oxazolines, 
the haloamide method is not as direct as is the synthesis from hydroxyamides 
described in the next section. 

In most instances the dehydrohalogenation has been effected by heating the 
/3-haloamide with aqueous or alcoholic alkali; acetic anhydride has been used, but 
yields are low (33,36). The oxazoline is easily isolated and purified. A typical 
preparation is that used by Gabriel and Heymann (36) for2-phenyl-2-oxazoline. 
One mole of bromoethylbenzamide is dissolved as quickly as possible in hot 
water and 1 mole of sodium hydroxide added; an oil separates which is steam 
; distilled, extracted with ether, and purified by distillation. It was this method 
that Wehker (86) used in preparing unsubstituted 2-oxazoline from /3-chloro- 
ethylformamide, and 2,2'-A 2 -dioxazoline from di-/3-chloroethyloxamide. 


CICH2CH2NHCHO -^1 


H 2 C-N 


h 2 c ch 

V 


OGH 2 CH 2 NHCO CONHCH 2 CH 2 Cl 


H 2 C- 


alkali 


sr n- 


-ch 2 


H 2 C C—C CH 2 
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TABLE 1 


H-Oxaiolines from fi-haloalkylamides 


SUBSTITUENTS IN 2-OXAIOUNE* 



R 

R' 

R" 




per cent 


H 

H 

H 

39 

(86) 

CH, 

H 

H 

40 

(33, 35,36) 

C,H, 

H 

H 

50 

(36) 

p-CH,C,H 4 

H 

H 

75 

(66) 

O-CHaCtH* 

H 

H 

50 

(66) 

C«H,CH* 

H 

H 

Poor 

(25) 

m-N0 2 C«H4 

H 

H 

82 

(25,53) 

o-N0 2 C.H 4 

H 

H 

92 

(53) 

p-N0 2 C«H 4 

H 

H 

72 

(53) 

p-CIC«H 4 CH, 

H 

H 

93 

(53) 

/S-C 10 H 7 

H 

H 


(67) 

a-CioHy 

H 

H 


(67) 

p-CH,OC,H 4 

H 

H 


(62) 

P'CsHfiOCtH* 

H 

H 


(26) 

p-C 4 H,OC,H 4 

H 

H 


(26) 

m-NO s .p-CH,OCoH, 

H 

H 

91 

(53) 

m-N 0 2 C s H 4 CH=CH 

H 

H 

75 

(53) 

H,C-N 

1 II 

H 

H 

84 

(86) 

1 II 

H.C C 





\/ 





0 





C»H« 

C.H, 

H 


(34) 

p-NOjCeH, 

C 4 H 3 

H 

43 

(53) 

p-NOjC«H, 

cja, 

H 

86 

(53) 

CH, 

H 

CH, 

15 

(79) 

C.H, 

H 

CH, 

60-66 

(36,79) 

C,H, 

H 

C,H, 


(15) 

CJB.CH, 

H 

CH, 

Poor 

(25) 

C.H.CH-CH 

H 

CH, 

60 

(25) 

C«H, 

H 

C«H, 


(91) 

o-C«H 4 CH« 

H 

CH, 

65 

(66) 

p-CACH, 

H 

CH, 


(66) 

0-CoHoNO, 

H 

CH, 

83 

(53, 79) 

p-CJSoNOs 

H 

CH, 

91 

(53, 79) 

m-C«H 4 NO, 

H 

CH, 

93 

(25, 53) 

a-CioH? 

H 

CH, 


(67) 

/J-CioHj 

H 

CH, 


(67) 

C.H, 

CH, 

CH, 


(73) 

p-C,H«NOj 

CH, 

CH, 

74 

(53) 

CJS, 

CH, 

C,H, 


(44) 


*R, R',R'of formula XIII. 

t Where there is more than one reference, only the best yield is given. 





452 


BICHARD H. WILEY AND LEONARD L. BENNETT, JR. 


TABLE 2 


Oxazolines from p-hydroxyalkylamides 



SUBSTITUENTS IN 2-OXAZOLINE 


YIELD 

XEEERENCE 

In 2-position 

In 4-position 

In 5-position 

CH, 

H 

H 

P er cent 

3 ° : 

(85) 

CjHs 

H 

H 

35 

(85) 

CfH, 

H 

H 

22 

(85) 

CH»(CHs)io 

H 

C1CH, 


(8) 

c,h 5 

H 

C.H, 


(74) 

C.H. 

H 

C H,COOCH, 


(4) 

C|Ht 

H 

C1CH, 


(3) 

C 6 H 6 

H 

C1COCH, 


(6) 

C,H, 

H 

C,H,OCOCH, 


(6) 

p-N0 2 C«H4 

H 

C1CH, 

88 

(53) 

p-NOsCsH* 

H 

(C,H,),NCH, 

86 

(53) 

P-NO 2 C 6 H 4 1 

H 

(C<H,),NCH, 

97 

(53) 

c,h, 

H 

CH,, CH, 


(22) 

c,h, 

H 

CfH,, CH, 

95 

(51) 

m-NO,CfHf 

H 

CH,, CH, 

95 

(53) 

p-N0*C.H4 

H 

CH,, CH, 

86 

(53) 

C s Hs 

CHjOCO 

H 


(7) 

CH, 

CH,, CH, 

H 


(77) 

CH, 

HOCH,, HOCH, 

H 


(79a) 

CH, 

CH,, CHjCOOCH, 

H 


(77) 

CH, 

CH 3 COOCH 5 , CH,COOCH, 

H 


(77,78) 

CijHu 

CH,, CH, 

H 


(77) 

CjH, 

CH,, HOCH, 

H 

67 

(10) 

C«H, 

QtH,, HOCH, 

H 

72 

(10) 

c,H, 

HOCH,, HOCH, 

H 

60-65 

(10) 

CfH, 

CH,, CH, 

H 


(77) 

C t H, 

CH, 

CoH, 

75 

(61) 

CH, 

C,H S 

CtH,, CfHf 


(51) 

C,H» 

CH, 

CfHsCH,, C,H,CH, 


(9) 

p-NOsCiHf 

j (4,5-Cy clohexano) 

, 38 

(53) 


8. From fi-hydroxyalkylamides 

The preparation of 2-oxazolines by the dehydration of /3-hydroxyalkylamides 
is similar to the preparation from /3-haloalkylamides. The reaction can be 

R'HCCHR'NHCOR rR"HCCHR'N==CR‘ _ Hj0 R'H< 


i: 


IH 


6h 


H 




XIV 


R y H 6 !R 

V 

XIII 


visualized as a cyclodehydration of the imido form of an amide of a /3-hydroxy- 
alkylamine. The 2-oxazolines prepared by this method are listed in table 2. 
jS-Hydroxyamides are available from amines prepared in tum from chlorohydrins 
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on reaction with ammonia; or via the Gabriel primary amine synthesis (22); 
or from the condensation of aromatic aldehydes with nitroethane (61); or by 
reduction of cyanohydrins (91). Many types are available and can be used in 
preparing 2-oxazolines with a variety of substituents. Several examples of 
oxazolines with two substituents in the 4- or 5-position are known and many types 
with functional groups as substituents have been prepared. Thus, the glycerol 
chlorohydrins react with amines to furnish hydroxyamides for synthesis of the 
hydroxymethyl-substituted types. This method is more direct than the halo- 
amide method, discussed in the preceding section, because the halo deriva¬ 
tives necessary for the preparation of haloamides are usually prepared from 
hydroxyamines. This probably accounts for the wide variety of 2-oxazolines 
prepared from hydroxyamides. 

Among the dehydrating agents, sulfuric acid (51, 53, 61, 74) and thionyl 
chloride (4, 7, 53) have been most commonly used; phosphorus oxychloride (4) 
and phosphorus pentoxide (51, 85) are also effective. In one instance (22) 
cyclization occurred upon heating with water and cyclization may take place on 
heating in organic solvents. Thus, Yalco (79a) dehydrated the hydroxyamide 
by boiling in toluene or xylene and distilling out the water-hydrocarbon azeotrope 
as the water formed. 

The mechanism is probably cyclodehydration as indicated above. It might be 
supposed, however, to involve preliminary dehydration followed by cyclization: 

XIX -* [R"HC==CR'NHCOR] -+ XIII 

This point has not been systematically investigated and there is not sufficient 
evidence to indicate the course taken by the reaction. Information on this 
point might be obtained by comparing the yields of oxazoline obtained from 
unsaturated amides with yields obtained from (3-halo- and (3-hydroxy-amides. 
The work of Krabbe et al. (51) discussed below suggests that unsaturated amides 
are not readily converted to oxazolines. 

The isolation and purification of the product are simple and straightforward. 
Typical procedures are those of Leffler and Adams (53), using either thionyl 
chloride or sulfuric acid. The procedure for the sulfuric acid dehydration is as 
follows: One hundred cubic centimeters of concentrated sulfuric acid is added to 
0.15 mole of (3-hydroxy-p-nitrobenzamide and the mixture held at 55-60°C. 
for 10 min. After cooling to 15°C. it is poured into ice water and filtered, and 
the oxazoline precipitated from the filtrate by adding ammonia. The procedure 
for the thionyl chloride dehydration is described as follows. Thionyl chloride 
(33.4 g.) is added to 0.01 mole of Y-diethylamino-(S-hydroxypropyl-p-nitro- 
benzamide and the mixture heated on the water bath for 1.5-2 hr. After cooling 
to 5°C., it is poured into dry ether and allowed to stand overnight. The hydro¬ 
chloride of the oxazoline separates and is collected on a filter and dissolved in 
water. The free oxazoline is obtained by making the filtrate alkaline with 
sodium hydroxide. 

In certain |8-hydroxyamides containing a (3-phenyl substituent there are two 
possibilities for ring closure to give either the isoquinoline or the oxazoline, de- 
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pending upon the maimer in which the dehydration is carried out. Krabbe 
et d. (51) have found that acidic reagents, such as sulfuric acid, phosphorus 
pentoxide, or chloroxalic ester, gave the oxazoline (XV), while ethyhnagnesium 
bromide gave exclusively the V-acylvinylamine, which could then be converted to 
the isoquinoline (XVI) with phosphorus pentoxide. Where R" is phenyl, only 
the isoquinoline can be formed. 


Cells CR" (OH) CHR'NHCOR 


—H s O 
basic 


C«H B CR"=CR'NHCOR 


-h 2 o 

acidic 


-H.O 


P*O s 


C B H B CR"-CH'R 


6 N 

\ / 

CR 

XV 

CR" 

/V* ^CR' 


-a 


CR 


XVI 


A variation of this method of synthesis uses jS-aminoesters (XVII) as starting 
materials (49, 77). The transformation probably involves migration of the acyl 
group from oxygen to nitrogen to yield XVIII prior to cyclization to XIX. 
Such migrations are well-known and will be discussed in a later section. 


R'RC CHR" 0 COR'" 

NH 2 

XVII 


15 = c R'RC CHR" OH 

NHCOR"' 

XVIII 



V 

XIX 


If an amide of the fi-a,min pester (XVII) is used in place of the aminoester, an 
acid is split out with the formation of the oxazoline. When R'" is CH 8 , R" is H, 
and R and R' are acetoxymethyl groups, 2-methyl-4,4-bis(acetoxymethyl)- 
2 -oxazoline is formed in 67 per cent yield. (78). A series of oxazolines have 
been prepared from V-acyl derivatives of amino sugars by reactions which fall 
within this class (16, 88, 92, 93). 
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3. From amides of unsaturated amines 

Gabriel and Stelzner (38) observed that N -vinylbenzamide was converted to 
2 -phenyl-2-oxazoline on distillation. This reaction probably involves simple 
cyclization by an addition reaction. It has also been observed, by Kay (50) 
and Diels and Beccard (23), that iV-allylbenzamide is converted to 2-phenyl- 
5-methyl-2-oxazoline (XX) on heating with concentrated sulfuric or hydro¬ 
chloric acid. The formation of this product can be explained on the assumption 
that an intermediate /8-hydroxyalkylamide sulfate or |8-haloalkylamide is formed 
by addition of acid to the allyl double bond, followed by cyclization. 


CH 2 =CHCH 2 NHCOC 6 H 6 -> [CH 3 CH(0S0 2 0H)CH 2 NHC0C6H b ] -h- 

H 2 C-N 


CH S CH C Cells 

V 

XX 


2-o-Hydroxyphenyl-5-methyl-2-oxazoline was apparently prepared by this 
method (23). The type reaction has not been otherwise used, presumably 
because the unsaturated amides have been available only from /3-hydroxy- or 
/3-halo-alkylamides which are themselves readily cyclized to 2-oxazolines. 
The work of Krabbe et al. (51), discussed previously, indicates that 2V-acylvinyl- 
amines having two phenyl groups on the /8-carbon atom will cyclize to isoquino¬ 
lines (XVI). 


4. From iminoesters 


Another route to oxazolines starts with the iminoesters of /3-halo- or /3-hydroxy- 
amines. Gabriel and Neumann (37) showed that the oxazoline is formed when 
the iminoester of a /3-chloroalcohol is decomposed with sodium hydroxide or in 
a desiccator over sulfuric acid, but that the N -chloroalkylamide product forms 
when the iminoester is decomposed thermally. 


CH t CONHCH 2 CH 2 Cl ^ 


CH 8 C(NH)0CH 2 CH 2 C1 


h 2 c- 


NaOH 


VH: 




NX 


-N 

CCH, 


Wislicenus and Korber (90) investigated this conversion more thoroughly and 
were able to prove that the oxazoline is the intermediate in the migration of an 
alkyl group from the oxygen in an iminoester to the nitrogen in an amide (XXI). 

H 2 C-N-HC1 

RC(NH)0CH 2 CH 2 C1 ^ H 2 i k ^ RC0NHCH 2 CH 2 C1 

s O / 


XXI 
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This eq uili bri um will be discussed in detail in the section on reactions of 2- 
oxazolines. 

The ixnino ester method has not been extensively used. A recent modification 
(54) yields the oxazoline in one step from a nitrile and a /S-aminoalcohol. The 
nitrile and alcohol, with a little sodium methoxide as catalyst, are heated together 
in a silver-lined vessel until evolution of ammonia has ceased, and the oxazoline 
is then distilled at reduced pressure from the reaction mixture. 2-[(Ethoxy- 
methoxy)methyl]-2-oxazoline, prepared by this method from ethanolamine 
and C 2 H 6 OCH 2 OCH 2 CN, was obtained in 32 per cent yield. 

Another variation (14) starts with a 3-hydroxy amine and an iminoester. The 
first step is presumably the formation of a new iminoester, which then cyclizes 
normally. This method was used by Bockemuhl and Knoll (14) in the following 


TABLE 3 

Boiling and melting points of 2-oxazolines 


SUBSTITUENTS IN 2-OXAZOLINE 

BOILING POINT 

MELTING POINT 

REFERENCE 


°c. 

°C. 



98 


(86) 

2-Methyl. 

109-110/757 mm. 


(35) 

2-Phenvl. 

242-243 


(36) 

2-p-Tolyl. 

264-265 

66 

(66) 

2-o-Tolyl. 

254 


(66) 

2,5-Dimethyl. 

117-119 



2-Phenyl-5-methyl. 

243-244 


(36) 

2,5-Diphenyl... 

229-230/44 mm. 


(91) 

2,4-Diphenyl. 

210/19 mm. 


(34) 


synthesis in which the reaction was carried out in absolute alcohol, the mixture 
allowed to stand, and the oxazoline obtained by evaporation of the solvent. 

(C2H5)2NCH!CHOHCH2NH2 + C 1 7H 8B C(NH)OC2H 6 -~- h, > 

(C2H6)2NCH2CHOHCH2N=C(OC 2 H5)Gl7Hs5 — C ^ 0H > 


h 2 c 

(C 2 H 6 )2NCH2 


■N 

in A 

N '0 / 


C 17 H j8 


B. PHYSICAL PROPERTIES OP 2-OXAZOLINES 

The physical properties of the oxazolines depend significantly upon the nature 
of the substituents in the ring. The low-molecular-weight members are mobile 
colorless oils with a sweet, pyridine-like odor. 2-Oxazoline itself boils at 98°C. 
The effect of introducing substituents of increasing size is shown in table 3. 
Successful distillation at the boiling points given indicates a fair degree of thermal 
stability. Spectrochemical data have been reported for 2-phenyl-2-oxazoline 
(18) and 2,5-diphenyl-2~oxazoline (82). 
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C. CHEMICAL PROPERTIES OP 2-OXAZOLINES 

The oxazoline ring itself imparts no unusual identity to the oxazolines as a 
class. They react, in general, about as one would predict that similar functioning 
groups in open-chain compounds would react. By way of summary it can be said 
that the 2-oxazolines are typical weak bases, whose lower members dissolve in 
water to render it alkaline to phenolphthalein. As bases they form the usual 
salts with acids; these salts vary in stability with the nature of the oxazoline. 
Quaternary salts are also known. The oxazoline ring is stable towards mild 
oxidation-reduction or hydrolytic conditions. 2-Phenyl-2-oxazolines can be 
nitrated and the nitro compound reduced to the amine without rupturing the 
ring (1,53). Oxazolines containing a methylol group in the 4-position have been 
oxidized to oxazoline-4-carboxylic acids (10). Under vigorous conditions, 
however, the ring readily cleaves. Sodium and alcohol (39) yield a secondary 
amine. Heating with dilute acid, but apparently not always with dilute alkali, 
hydrolyzes oxazolines completely. It is noted that no instance of reduction of 
an oxazoline to an oxazolidine or dehydrogenation to an oxazole has been re¬ 
corded. Other reactions, discussed in the following sections, provide additional 
evidence as to the behavior of the functioning groups in the 2-oxazolines. 

1. Salt formation 

Oxazoline salts of most of the common acid reagents have been reported. The 
stability of these salts is varied. 2-Oxazoline forms an unstable hydrochloride 
which spontaneously hydrolyzes to A-jS-bromoethylformamide, but hydro¬ 
chlorides of oxazolines of higher molecular weight are stable Bubstances with 
definite melting points. Many salts have been used for identification of the 
oxazolines. The salts are of course unstable towards hot water, owing to the 
ease with which dilute acid hydrolyzes the ring. The properties of these salts 
are in general similar to those of salts of weak bases. 

Only recently and only in two instances (41, 43) has the formation of quater¬ 
nary oxazoline salts been recorded. Hamer and Rathbone (41) have made the 
methiodide and ethiodide of 2-methyl-2-oxazoline. The oxazoline reacts exo- 
thermally with methyl iodide to produce the quaternary salt as a white deli¬ 
quescent solid; the corresponding ethiodide, a yellow deliquescent solid, is 
formed when the oxazoline is heated with ethyl iodide at 100°C. for 4 hr. 

2. Hydrolysis 

Oxazolines are not easily hydrolyzed by water, as is evident from the fact that 
the 2-aryl types are not decomposed when isolated by steam distillation. The 
importance of the role played by substituents in the nucleus is seen in the fact 
that Wenker reported (86) that boiling water converts 2-oxazolineto/3-hydroxy- 
ethylformamide. 

From the method employed for their synthesis, it is evident that oxazolines as 
a group have considerable stability towards aqueous or alcoholic alkali and such 
acidic dehydrating agents as thionyl chloride, sulfuric acid, and phosphorus 
pentoxide. Dilute aqueous acid has no effect on most oxazolines other than salt 
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formation, but boiling with dilute acid gives an easy hydrolysis. Aqueous alkali 
can also rupture the ring, although apparently less readily than acid. 

•Gabriel and Heymann (36) early observed that an oxazoline might be hydro¬ 
lyzed to a j3-aminoester (XXII) with 1 mole of hydrobromic acid or to a 0-halo- 
alkylamide (XXIII) with an excess of hydrobromic acid. This reaction was 
carried out with 2-phenyl-2-oxazoline and 2-phenyl-5-methyl-2-oxazoline. 
Salomon (66) obtained similar results with 2-o-tolyl-2-oxazoline. 

R'CH(OCOR)CH 2 NH 2 HBr 

xxii r | 

H 2 C-N 

R' H i CR TST* R'CHBrCH,NHCOR 

\)/ XXIII 

Connected with the hydrolysis of oxazolines is the migration of an acyl group from 
the oxygen of a /3-aminoester (XXIV) to the nitrogen of a /3-hydroxyamide 
(XXV) and the reverse reaction. This migration has been frequently observed, 
and it has been definitely established that the ozaxoline is the intermediate in 
the transformation. 


H 2 C-N 

R'CH(OCOR)CH 2 NH 2 <=* R'lli CR R'CHOHCH 2 NHCOR 
XXIV X 0 / XXV 

The ease of this migration and the reagents required to effect it depend upon the 
nature of the compounds. Bettzieche (9), working with benzamides (XXVa) 

R&OHCH 2 NHCOC 6 H 6 

XXVa 

found that sulfuric acid rapidly caused migration from nitrogen to oxygen and 
quantitatively when R' is methyl or ethyl. When R' is benzyl or phenyl, 
migration was not observed. He also found that migration from oxygen to 
nitrogen under the influence of alkali was slow and gave mixtures of oxazolines 
and V-acyl compounds. On the other hand, Bergmann and Miekeley (7),in a 
study of benzoylserine, found that the cycle 

W-benzoyl —>■ oxazoline —»• O-benzoyl —> V-benzoyl 

could be completed without difficulty. In their studies of amides such as XXVI, 
Krabbe, Eisenlohr, and Schone (51) found that they could move from left to 
right with acid and from right to left with base as indicated. If the oxazoline 
XXVII is isolated, it can be converted to the V-acyl compound (XXVI) with 
alkali or to the O-acyl compound (XXVIII) with acid. 
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C«HbC(CH,)(OH)CH 2 NHGOC6H 5 

OBr 

XXVI 
H 2 C-N 

(C 6 H 6 )(CH s )i iccHs <==± C6H 5 C(CH3)(OCOC 6 H 8 )CH 2 NH 2 

\q/ 

XXVII XXVIII 


Similar results were obtained by Bergmann and Brand (4), who observed the 
migrations indicated in the following scheme: 


C 8 H 8 COOCH 2 CHOHCH 2 NHCOC 8 H 8 


SOCl, or POCI, 
"OHr i i 


18°C. 

SOClj 


H 2 C -N 

C 8 H 5 COOCH 2 d)H CCeH 8 

x 0 7 


C6H 8 COOCH 2 CH(OCOC 6 H 8 )CH 2 NH 2 -HCl 



It seems rather well established that the migration is from nitrogen to oxygen 
in acid and the reverse in alkali. That there may be some misunderstood or 
variable factors is indicated by the fact, noted in the formation of XXII and 
XXIII, that some oxazolines can be converted to either the JV-acyl or O-acyl 
compounds by using hydrobromic acid in varying proportions. A fact of in¬ 
terest in connection with the hydrolytic stability of 2-oxazolines to acids is a 
ring cleavage in non-aqueous medium. 2,5-Diphenyloxazoline when dissolved 
in dry ether and treated with hydrogen chloride forms C 8 H 8 CHC1CH 2 NHC0C 6 H 8 
(74). 


3. Reduction 

Attempts to reduce 2-oxazolines to oxazolidines using sodium and alcohol lead 
only to ring cleavage. Thus, with 2-phenyl-2-oxazoline there results iV-benzyl- 
ethanolamine (39). 

H 2 C-N 

H 2 i CCsEU - Na ’ HOCH 2 CH 2 NHCH 2 C«H 8 

\q/ b011 

No less vigorous reducing agents have been tried and this information does not 
indicate whether the 2-oxazoline or the oxazolidine ring is cleaved in the process. 
The 2-oxazoline ring is stable to mild reducing agents. Leffler and Adams (53) 
were able to reduce a number of 2-nitrophenyl-2-oxazolines to the corresponding 
2-aminophenyl compounds with iron and hydrochloric acid at 100 °C. 
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4 . Oxidation 

The 2-oxazolines are fairly stable toward oxidizing agents, as is illustrated by 
reactions of an oxidation type carried out with variously substituted 2-oxazolines. 
The ring is stable in these reactions toward nitrating mixtures or alkaline perman¬ 
ganate. Adams and Leffler (53) found it possible to nitrate 2-phenyl-2-oxazo- 
lines without cleaving the oxazoline ring. The ordinary nitric acid-sulfuric 
acid mixture was employed at a temperature not above 10°C. The effect of 
higher temperatures was not indicated. Billman and Parker (10) successfully 
oxidized 2-oxazolines containing a 4-methylol group to oxazolinecarboxylic acid 
according to the equation: 


R(HOCH 2 )C-N 

I II 

H 2 C CCsHe 


alkaline KM nOi 
40° C., 1.5 hr. " 


R(HOOC)C-N 


H 2 C CC,H s 

X)/ 


When R was ethyl or methyl, the oxazoline acid was isolated only with difficulty; 
isolation was easy when R was COOH. 

It is surprising to find no mention of conversion of a 2-oxazoline to an oxazole. 
By analogy with other “aromatic” compounds an instability of the dihydro 
compound with reference to the unsaturated compound is to be predicted. The 
failure to observe this transformation indicates a lower order of aromaticity in 
the oxazoles than other evidence indicates (89). 


5. The iminoester-oxazoline-amide equilibrium 

It has been previously noted that in their studies of the synthesis of oxazolines 
from iminoesters of /3-chloroalcohols, Gabriel and Neumann had observed that the 
iminoester could be made to yield either the oxazoline or a /3-chloroalkylamide. 
These authors regarded the transformation, 

C«HsC(NH) OCH 2 CH 2 Cl C B H B C0NHCH 2 CH 2 C1 

as a simple rearrangement, but Wislicenus and Korber (90) present data indicat¬ 
ing that an equilibrium exists, with the oxazoline as an intermediate: 

'H 2 C-N-HC1' 

C 6 H B C(NH)0CH 2 CH 2 C1?± [ *=* C b H b CONHCH 2 CH 2 C1 

H 2 C cc 6 h b 
■ \) / 

Wislicenus was led to this theory by a reaction of iminoesters previously studied 
by Wheeler and Johnson (87), which was essentially the same: 

c 6 h 5 c(nh)oc 2 h 6 + c 2 h 6 i —> c 6 h b c(oc 2 h 6 )(nh-c 2 h 5 i) ^2 !!^ 

C b H b CONHCH 2 CH 8 + C 2 H b I 

Wislicenus regards Gabriel’s reaction as a Wheeler type in which the use of the 
alkyl halide is rendered unnecessary by the presence of a CH 2 CH 2 C1 group 
in tixe molecule. The oxazoline corresponds to the intermediate in Wheeler’s 
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reaction. The validity of Wislicenus’ mechanism is supported by several 
facts: ( 1 ) When an ether solution of the iminoester is concentrated, the residue 
contains the free oxazoline and the hydrochloride of the iminoester. The 
iminoester is more basic than the oxazoline and takes up the molecule of hydrogen 
chloride evolved during the reaction. (2) A possible equilibrium is indicated by 
the fact that when the iminoester hydrochloride and the free oxazoline are heated 
together, all of the ester does not go to the amide. (S) The oxazoline hydro¬ 
chloride can be converted to the amide in 90 per cent yield by strong heat. The 
net result in the rearrangement of the iminoester to the amide is the migration of 
a haloalkyl group from oxygen to nitrogen; the similarity to the migration of an 
acyl group from oxygen to nitrogen discussed in connection with the hydrolysis 
of 2-oxazolines should be noted. It should also be pointed out that no attempt 
to convert an oxazoline hydrochloride back to the iminoester has yet been re¬ 
corded. 


6. Activity of a 2-methyl group 

Since 2-methyl-2-oxazoline contains the grouping —C(CH 3 )=N—, activa¬ 
tion of the hydrogen atoms might be expected from analogy with a-picoline. 
Hamer and Rathbone (41) have found that the methiodide and ethiodide of 
oxazolines undergo typical condensations with aromatic aldehydes. Condensa¬ 
tion occurs at the methyl group to yield compounds such as XXIX. 

R 2 C-N-CHJ 

R a i CCH=CHAx 

\)/ 

XXIX 

Condensations of this type have not been studied by other investigators or with 
compounds other than the alkiodides of 2-methyl-2-oxazolines. Whether or not 
the quaternary salts lend an enhanced activity to the side-chain hydrogens is not 
known. 


7. Synthetic applications 

Oxazolines have been used as starting materials or intermediates in some 
interesting syntheses. Billman and Parker (10) have developed a process in 
which oxazolines are intermediates in the synthesis of a-amino-j3-hydroxy acids. 
In searching for a synthetic route to serine, these investigators took advantage 
of the stability of the oxazoline ring toward mild oxidizing agents, and were thus 
able to oxidize one hydroxymethyl group in the oxazoline (XXXI) to a carboxyl 
group. 

When R is CH 3 , XXXI is formed in 67-69 per cent yield and XXXIV in 64.6 
per cent yield from XXXI. Attempts to prepare serine by decarboxylation of the 
oxazoline (XXXI) or the amino acid (XXXIV) when R is COOH were unsuccess¬ 
ful. 
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HOCH 2 CR(NH 2 )CH 2 OH 

XXX 


CeHjCOOH 


> R(HOCH 2 )C-N 


i 


alkaline 

KMnOi 


Hi 

XXXI 


cc«h 5 


E(HOOC)C N 

H 2 C CCdHs -C.H.COOH 

\ 0 / 

XXXH 


R(HOCH 2 )C(NHrHCl)COOH C,Hi * - ? > R(HOCH 2 )C(NH 2 )COOH 
XXXIII XXXIV 


It is possible that 2-oxazolines are formed as intermediates in a method pro¬ 
posed by Bergmann, Brand, and Dreyer (5) for preparation of diglycerides 
(XXXVI) whose acyl groups are in the 1- and 2-positions. The reactions are 
summarized as follows: 

CeHdCOOCHsCHOHCHsNHCOCdHs 

[C«H B COOCH 2 CHOHCH 2 N==CClCaH 5 ] ~ HC1 > 

H a C-N 

C6H 6 COOCH 2 Ah CCeH 6 

L \ 0 / J 

XXXV 


C«H 6 COOCH 2 CH(OCOC 6 H 6 )CH 2 NH 2 ~> 


C 6 H5COOCH 2 CH(OCOC«H 8 )CH 2 OH 

XXXVI 


The oxazoline XXXV was not isolated, but since the net result of the reaction is 
an acyl migration from nitrogen to oxygen, it may be assumed as an intermediate. 
This work has been extended by Bergmann (3). 


D. COMMERCIAL AND INDUSTRIAL USES OE 2-OXAZOLINBS 

Several 2-oxazolines have been considered for use as therapeutic agents. 
Because of their structural relationship to procaine (XXXVIII),2-(aminophenyl)- 
2-oxazolines (XXXVII) might be expected to have some action as local anes¬ 
thetics. Adams and Leffler, who prepared a series of these compounds (1,53) 
and studied their action, found that they did induce local anesthesia. 2-(m- 
Aminophenyl)-2-oxazoline has about the same efficiency as procaine and is only 
about one-third as toxic. The utility of these compounds as anesthetics is 
limited by their low water solubility, which at the best is of the order of 1 percent. 
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Quaternary salts of XXXVII, which might have increased water solubility, 
were not reported. 


HsC-N 

H s i CC e H 4 NH 2 -p 

N 0 / 

XXXVII 


H 2 C-N(C 2 H 6 ) 2 


H 2 C COCeH4NH 2 -p 

XXXVIII 


In addition to the work of Adams and Leffler, Engelmann (26) has found oxazo- 
lines containing a p-alkoxyphenyl group in the 2-positions (XXXIX) to have 
action as local anesthetics, and Bockemuhl and Knoll (14) have patented com¬ 
pounds such as XL as having therapeutic properties. 

H 2 C- N H 2 C--N 

H 2 A CCeELOR-p (C 2 H 5 ) 2 NCH 2 CH CR 

' s O / No 7 

XXXEX XL 

R = Ci 7H36, CisHji 

A number of patents describe the use of oxazolines as wetting, emulsifying, or 
dispersing agents. Compounds used for these purposes always have a long 
aliphatic group in the 2-position, and are used in the form of salts (47); it has 
been found that salts of organic acids usually retain their surface activity longer 
than salts of inorganic acids. Wampner (84) has investigated compounds having 
hydroxymethyl groups in the 4-position. Compounds of this type have been used 
as cation-active finishing agents (63). 

Lactic acid salts of oxazolines with long-chain groups in the 2-position have 
been used in cosmetic preparations (83). Photographic sensitizers of the cyanine 
type (41) and methine dyes (43) have been prepared with oxazoline nuclei. 
Ester amides, prepared from 4-mono- and 4,4-di-substituted-2-oxazolines and 
acid anhydrides by Tryon (78a), are stated to be useful as solvents or plasticizers 
and in the preparation of surface-active agents. 


III. Substituted 2-Oxazolines 

Of the many conceivable substituted 2-oxazolines, only a few are at all well 
known. These are the 2-amino, 2-mercapto, and a few hydroxy types. Some 
which have been listed in the tables in the previous section other than hydro¬ 
carbon substitution types are those containing carbethoxy, hydroxymethyl, 
carbethoxymethyl, and diethylaminomethyl groups. 2-Oxazolines containing 
vinyl, nitro, halo, aldehydo, or acetyl groups on the ring are apparently un¬ 
known. It was noted in Section I that substituted oxazolines, in which the sub¬ 
stituent carries a hydrogen and is on a doubly bound ring carbon, may be in 
tautomeric equilibrium with oxazoles or oxazolidines. This is true of the 2- 
amino-, 2-mercapto-, and 2-hydroxy-2-oxazolines (X, XI, XII), which are the 
most widely studied of the 2-oxazolines. Similarities between the qyptbeses of 
these substituted types and unsubstituted 2-oxazolines were noted in Section 
IIA. 
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A. PSEUDOUREAS (2-AMINO-2-OXAZOLINES) 

The pseudoureas, or 2-amino-2-oxazolines (XLI), are the most widely studied 


RHC- 

R'HC 


N <y 

XLI 


-N 

CNHR" 


of the substituted 2-oxazolines. Equilibrium with the 2-iminooxazolidine is 
possible, and the chemical properties indicate many reactions in both forms. 
The term “pseudourea” arises from the fact that these compounds are isomers 
of alkenylureas; thus 2-amino-2-oxazoline is isomeric with iV-vinylurea and hence 
is “ethylene pseudourea”; 2-amino-5-methyl-2-oxazoline is isomeric with allyl- 
urea and is known as “propylene pseudourea”. The compounds are solids and 
strong bases, forming well-characterized salts (58). 2-Phenylamino-2-oxazolines 
have been suggested for use as local anesthetics (64), but other possible appli¬ 
cations have not developed from rather extensive theoretical studies. 

1. Syntheses of pseudoureas 

(a) From fi-haloalkylureas: The hydrochloride of a pseudourea is obtained 
upon heating the haloalkylurea with water; the addition of alkali releases the 
free base. 

HsC-N 

C1CH 2 CH 2 NHC0NH 2 -*■ h 2 c Anh 2 

\)/ 

The yields vary from moderate to quantitative. The necessary unsymmetrically 
substituted ureas are available via several routes. One is the method of Takeda 
(75), who prepared pseudoureas by heating styrene dibromide, or substituted 
styrene dibromides, with urea. Gabriel (38) prepared unsaturated ureas from 
unsaturated amines and isocyanates; the addition of a halogen acid to the double 
bond then gave the requisite /3-haloalkylurea. The product was cyolized to the 
pseudourea (XLII) on heating with water and to the imidazolidone (XLIII) 
with alcoholic potassium hydroxide. 

CH 2 CH 2 NH + CsHsNCO 

l _I 

h 2 C -N 

h 2 A cnhc«h 6 

N o / 

XLII 


C1CH 2 CH 2 NHCONHC 6 H s 

alcoholic 

KOH 

"t 

h 2 c—ch 2 

HN ic 6 H6 

\c/ 

II 

0 

XLIII 
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The haloalkylureas can be prepared by the addition of iodine isocyanate to an 
olefin to form a /S-iodoisocyanate, which, when allowed to react with ammonia 
or an amine, yields the substituted urea. This method was studied by Bircken- 
bach and Linhard (11,12) in the synthesis of a series of cyclohexane derivatives. 


/\ 

+ INCO-> 


k/ 


x/ 1 


iNCO 


RNH S 


/Nnhconhr 


V 


heat 


X/XK 


■N 

II 

CNHR 


These investigators also used olefins other than cyclohexene; however, the mode 
of addition of iodine isocyanate to unsymmetrical olefins is not known, and the 
position of groups in the pseudourea is then difficult to ascertain. Thus, they 
were able to convert s-phenylmethylethylene to the pseudourea in 94 per cent 
yield, but whether it had the structure XLIY or XLV was not determined; the 
compound was partially resolved, the d-form being isolated. 


CbHbCH—N 

ch 3 Ah Anh 2 

XLIV 


CHjCH—-N 

CsHbCH cnh 2 

xy 

XLV 


Another route to the ^-haloalkylureas is that originally used by Gabriel (32), in 
which a /S-haloamine is allowed to react with cyanic acid. In this instance, the 
pseudourea may be obtained directly, without isolation of the intermediate 0- 
halourea. 

4-Keto derivatives of pseudoureas are formed by cyclization of a-haloacyl 
ureas, RCHBrCONHCONHR', on treatment with alkali. Examples of such 
reactions have been reported by Aspelund (2a). He has also reported the con¬ 
version of l,5-diphenyl-5-bromobarbituric acid to a pseudourea in a reaction 
which apparently involves formation of an a-haloacylurea as intermediate, Erl- 
enmeyer and Kleiber (26a) report the formation of 5,5-diethyl-2-imino-4-oxa- 
zolidone from guanidine and ethyl a-hydroxy-a-ethylbutyrate. 

(b) From p-hydroxyalkylureas and thioureas: The preparation of a pseudourea 
from a /3-hydroxyalkylurea or thiourea requires a loss of water or hydrogen 
sulfide in the cyclization and is otherwise similar to the preparation from jS- 
haloalkylureas. In using this method Soderbaum (72) cyclized a p-hydroxy- 
alkylurea by heating with hydrochloric acid or by heating the thio analog with 
alcoholic mercuric oxide. The compounds prepared were derived from s-di- 
phenylethanolamine through conversion to the urea or thiourea with isocyanates 
or isothiocyanates. The reaction was carried out where R, in XLVa, was H, 
CH», C 2 H 6 , CoH 6 , and o-CH 3 C 6 IL. 
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TABLE 4 


Pseudoureas: g-amino-B-oxazolines 


SUBSTITUENTS IN 2-AMINO-2-OXAZOLINE* 

METHOD 

OF 

PREPARA' 

TIONf 

YIELD 

REFERENCE 

R 

R' 

R" 





per cent 





A;C 

57 

(11,12,32, 






28) 


CH, 


C 


(29) 


HOCHs 


A;C 

33 

(65,28) 


ICHj 


AjC 


(30, 65) 


BrCHj 


A;C 


(30, 65) 


C1CH 2 


C 

33 

(28) 


C e Hfi 


A 


(75) 

CtHs(CHa) 

CHa(CaHa) 


A 

94 

(12) 

p-CH,OC,Ha 

CHa 


A 


(75) 

Cyclohexano j 


A 

Quantitative 

(12) 



CaHa 

A 


(38, 58) 


CH, 

p-CHaCaHa 

A 


(58) 


CH, 

w-CHaCaHa 

A 


(58) 


ch 3 

2,6-(CH3)jCaHa 

A 


(58) 


CHa 

0-CHaOCaHa 

A 


(58) 


CHa 

m-CaHaOCaHa 

A 


(58) 


CHa 

CaHa 

A 


(58) 


CH, 

p-CHaCaHa 

A 


(58) 


BrCHj 

BrCHjCHBrCHj 

A 


(68) 


CH, 

CH,, C,H,t 

A 


(58) 

Cyclohexano 

C.H, 

A 

98 

(12) 

Cyclohexano 

CaHaNH 

A 

89 

(12) 

| 

C,H t 

R§ 

B 


(72) 


* R, R', R" of formula XLI; dash indicates R, R', or R" is H. 

t A, from (9-haloalkylurea; B, from /3-hydroxyalkylurea or thiourea; C, from sodium 
cyanamide. 

t Second hydrogen on nitrogen replaced by methyl. 

§ R is H, CH„ CiHj, CeHj, o-CH 3 C e H,. 


C6H 5 CHOHCH(NH 2 )C 6 H 6 

C 6 H 6 CHOHCH(C 6 H 6 )NHCSNHR alcoholic Hg0 

XLVa 


CsHsOH—:N 
OeHjiH CNHR 


The reaction apparently takes a different course when — COOR replaces 
—CSNHR in XLVa. Thus, ethyl V-^-hydroxyethylcarbamate, HOCH2CH2- 
NHCOOC2H5, loses alcohol on heating to form an oxazolidone, not a 2-ethoxy-2- 
oxazoline (27a). 

(c) From sodium cyanamide and cMorohydrins: Synthesis of pseudoureas (see 
table 4) from sodium cyanamide and chlorohydrins has no similarity to the 
syntheses of oxazolines as do the two preceding syntheses. Fromm and co¬ 
workers (28, 29, 30, 31) have described the reaction. The mechanism is not 
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clear, but Fromm proposes that the sodium cyanamide reacts with the water 
present to form sodium hydroxide, which in turn dehydrohalogenates the chloro- 
hydrin to the epoxide. Reaction of the epoxide (XLVT) with cyanamide then 
follows to form an unstable intermediate (XLVII), which rearranges to the 
pseudourea. 


R CHCHaO + NH 2 CN -» [RCHOHCH 2 NHCN] 
XLVI XLVII 


H 2 C-N 


RCH 



NQ/ 


This mechanism is supported by the isolation of the pseudourea from the re¬ 
action when an epoxide is substituted for the chlorohydrin. Reaction between 
the chlorohydrin and sodium cyanamide to give the intermediate XLVII is not 
excluded by this evidence. The method has been successfully used with ethylene 
chlorohydrin and glycerol dichlorohydrin. A yield of 33 per cent of 2-amino-5- 
chloromethyl-2-oxazoline was reported from the epichlorohydrin. Reaction 
with chloroacetic acid gave an undescribed product. 


2. Reactions of pseudoureas 


The tautomerism of pseudoureas has been extensively investigated, chiefly by 
Fromm (28, 29, 30), who has established that these compounds react either as 
2-amino-2-oxazolines (XLVIII) or 2-iminodxazolidines (XLIX). 


Jtt 2 U——IN 

shA Anh. -522®* 

NO/ 

XLVIII 


H a C--3SIH 

rhA A=nh 

NO/ 

XLIX 



H 2 C 

RhA 



NO/ 


H 2 C-NH 

RHC Ao 

NO/ 

L 


Thus pseudoureas are converted by heating with sulfuric acid to the oxazolidone 
(L); this can best be explained as hydrolysis of the imide form. This reaction 
was carried out with R=H, CH 2 C1, CH 3 , and CH 2 SC 7 H 7 . On the other hand, 
nitrous acid also produces the oxazolidone, and probably reacts with the amino 
form (XLVIII). This latter reaction has been carried out only with R=H, but 
there is no reason to doubt that it is general. 

An independent line of investigation confirmed the existence of these 
tautomeric forms. Fromm (29,30) found that isothiocyanates react with pseudo¬ 
ureas to form two thioureas, one high-melting and one low-melting- The low- 
melting compound (LIV) was assigned the imino structure, snce sulfuric acid 
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converts it to the oxazolidone (LV). The other compound (LIII) was then 
to be a derivative of the primary amine (LI). The low-melting com¬ 
pound can be irreversibly converted to the high by heating. 

H 2 C--N H 2 C-N 

h 2 A cnh 2 h 2 A cnhcsnhr 

\Q/ 


H 2 C-NH 


H 2 A A= 

\o/ 

LH 


=NH 


LI 

h 2 c— 

—NCSNHR 

1 

LIII 

RSCN 
-> 

h 2 A 

A=nh ■ 

HjSCh 


no/ 

LIV 


H 2 C-NCSNHR 

* h 2 A Ao 

\o/ 

LV 


In connection with this study, Fromm (29) noted that 2-amino-4-phenyloxazole 
formed only one thiourea, indicating that in the oxazole series this tautomerism 
either does not exist or is very limited. 

Other reactions of pseudoureas show that either the imino or the amino form 
can react (30). An V-methylpseudourea is obtained on reaction with methyl 
iodide. The benzoyl derivative (LVII) of the N -methylpseudourea is stable 
toward dilute acid and is therefore thought to be an N ,N -derivative of the 
amino form and not a derivative of the imino form. 


H 2 C-N H 2 C-N 

H 2 A CNH 2 H 2 A CNHCHs •■ C —— 

\0/ NO/ 

H 2 C--N 

H 2 A A— N(CH $ )COC»H 6 

NO/ 

LVII * 

Acetylation with acetic anhydride and sodium acetate gives an acetyl derivative 
of the 2-amino-2-oxazoline form. The 2-alkylamino-2-oxazolines are similarly 
acetylated. Sulfonyl chlorides apparently attack either the ring nitrogen or 
both ring and side-chain nitrogen. In either case, the imino form is the one 
which reacts. Thus, benzenesulfonyl chloride forms the derivative LX, whose 
constitution was assigned (29) on the basis of the fact that it may be hydrolyzed 
to an oxazolidone (LXI). 

H 2 C-NH H 2 C-NS0 2 R H 2 C-NS0 2 R 

h 2 A A=nh rsq * ci > h 2 A A=nh h 2 A Ao 

NO/ NO/ NO/ 

LX LXI 

Jensen (48) discovered that when acetylsulfanilyl chloride is used and the re¬ 
action carried out in pyridine, both nitrogen atoms are substituted; in acetone, 
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however, only the 3-acetylsulfanilyl derivative was formed. Birckenbach and 
Linhard (12) report that hypobromite reacts with a pseudourea in the amino 
form to give an jV,lV-dibromo derivative. 

A peculiar reaction with ammonia or amines has been described (28, 29). 
When a pseudourea is heated with ammonium chloride, or when its hydrochloride 
is heated with ammonia, addition to the double bond of the amin o form occurs 
and a 2,2-diaminooxazolidine (LVI) is formed (28, 29). Amines react similarly. 
The product forms a tribenzoyl derivative (LVII). 

H 2 C-N H 2 C-NH 

H 2 A CNHj — - H - C1, alcoholic > h 2 A A(NH 2 ) 2 - CtH - C0C1 > 

\ 0 / \Q/ 

LVI 

H 2 C-NCOC 6 H s 

H 2 A C(NHCOC«H { ) 2 

mx 

LVII 

Rupture of the ring takes place under some conditions. Thus, at 100°C. with 
alcoholic ammonium chloride a guanidine derivative (LIX) is formed from 
2-amino-5-chloromethyl-2-oxazoline (29). 

HC1 • H 2 NC(=NH)NHCH 2 CH0HCH 2 C1 
LIX 

Rundqvist (65) has observed that sodium amalgam converts a 5-bromomethyl- 
2-amino-2-oxazoline to allylurea. 


B. 2-MBRCAPTO-2-OXAZOLINES 


As the 2-amino-2-oxazolines, the 2-mercapto derivatives are capable of existing 
in the tautomeric oxazolidone form and react in either the thiol form (LXII) 
or the thione form (LXIII). 


H 2 C-N 

h 2 A Ash 

LXII 


H 2 C-NH 

h 2 A As 


\ 0 / 

LXIII 


2-Mercapto-2-oxazolines are formed by the action of carbon disulfide on 0-hy- 
droxyamines. Thus, Bruson and Eastes (20) converted l-amino-2-hydroxy-2- 
methylpropane to 5,5-dimethyl-2-mercapto-2-oxazoline in almost quantitative 
yield. A similar method was employed by Sergeev (69), who found that /3- 
hydroxyethylamine reacted first to form an intermediate (LXIV) which was 
converted by methyl chlorocarbonate to LXV, which upon long st an d i n g or 
upon heating formed the oxazoline (LXVI). 
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HOCH.CH.NH, + CSs -*■ (HOCE a CHiNH),CS,H CIC00Ct ‘ 

lxtv 

H 2 C-N 

HOCH 2 CH 2 NHCS 2 COOCH 8 -» H 2 i CSH 

\o/ 

LXV LXVI 

The formation of some 2-mercapto6xazoliiie in the reaction between chlorohy- 
drin and potassium thiocyanate has been reported (70). 

Reactions of both the thione form (LXII) and the thiol form (LXIII) are 
known. Permanganate converts the compound, presumably the thione form, 
to an oxazolidone (69). Iodine reacts, but the disulfide which might be expected 
was not isolated (60). Formaldehyde and amines replace the sulfhydryl hy¬ 
drogen with a —CH 2 NR 2 group (57). 


H 2 C- 

h 2 A 


H 2 C-NH 

h 2 c 

| 

NH 

H 2 C ( 

1 KMnOi 

so -> 

h 2 c 

<5=o 

\o/ 



\0/ 

—N 


h 2 c- 

1 

-N 

it 

II 

CSH ■ 

ch 2 o, r 2 nh ^ 

h 2 c 

csch 2 nr 2 


M)/ 


M)/ 


Various 2-mercapto-2-oxazolines have been evaluated for different uses. 
2-Mercapto-2-oxazoline has antithyroid activity (60), and 5,5-dialkyl-2~mercapto- 
2-oxazolines have found some use in sprays and dusting powders for plants (19). 
A series of compounds were prepared by Mathes (57) through the action of 
formaldehyde and ammonia or amines on the 2-mercaptooxazoline and studied 
as vulcanization accelerators. Of these, bis(5,5-dimethyl-2-oxazolin-2-ylmer- 
captomethyl)isopropylamine was said to have excellent properties as a vulcani¬ 
zation accelerator for rubber. 


C. 4-KET0-2-0XAZ0LINES 

The 4-keto-2-oxazolines (LXVII) are tautomeric with 4-hydroxyoxazoles 
(LXVIH). 





LXVII 


HOC-N 

H I 4h 

\ 0 / 

LXVIII 


The 4-ketopseudoureas (2a) are mentioned above. One other 4-keto-2-oxazoline 
has been described. The 2,5,5-triphenyl derivative (LXIX) was prepared by 
Japp and Findlay (45, 46) from benzonitrile and benzilic acid. 
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C«H 6 CN + (C«H 8 ) 2 C(OH)COOH -» 

OG-N 

(C«H 6 )«A AciH* + C«H 5 C(=NH)OC(C 6 H5) 2 COOH 

LXIX LXX 

Benzimidoxydiphenylacetic acid (LXX) was also isolated from the reaction mix¬ 
ture and converted to the oxazoline by heating with acetic anhydride. The 
oxazolone is decomposed by heating with alkali or concentrated sulfuric acid. 
Ring closure of haloimides of the type BrCH 2 CONHCOR provides a source of 
4-keto-2-oxazolines. 

D. 5 -KETO- 2 -OXAZOLINES 

The 5-keto-2-oxazolines (LXXI) are the familiar azlaetones. These are the 
a-acylamino acid inner anhydrides. Both the unsubstituted and 4-arylene types 
H 2 C-N RCH=C-N 

oi OR oi CR 

NO/ NO/ 

LXXI LXXII 


(LXXII) have been reviewed elsewhere (21) and need not be discussed here. 
Recent work (81a) on the synthesis of penicillin has started with various 4- 
hydroxymethylene-5-keto-2-oxazolines (LXXIIa) and their derivatives. The 
preparation of such derivatives from benzoyl- and some acyl-glycines, acetic 
anhydride, and ethyl orthoformate has been reported (2b). Others have been 
studied (24a, 81a). Those reported in the literature are listed in table 5. This 
preparation may take place through condensation of the active methylene group 
of the azlactone with ethyl orthoformate. 


RCONHCHsCOOH 


HaC-N 

oi CR 
NO/ 


HCKOCaH*), 


C 2 H 6 OCH=C--N 

oi Ar 

NO/ 

LXXIIa 


The hydroxymethylene compound itself is the end form of the aldehyde. The 
objective of many attempts to synthesize penicillin (24a) has been to condense 
this aldehyde or one of its derivatives with penicillamine (/3,/3-dimethylcysteine). 
The hypothesis that the synthesis would proceed through thioacetal formation 
followed by ring closure to the thiazolidine is supported by known similar re¬ 
actions. Thus, acetone reacts with cysteine to form 2,2-dimethyl-4-carboxy- 
thiazolidine (61a). The many unsuccessful attempts to achieve this synthesis 
and the extremely low yields finally obtained suggest the improbability of the 
reaction taking this course and of the oxazolone structure for penicillin. The 
unsuccessful anhydrization of the penicilloates is similar evidence indicating the 

HN-CHCOOCH, , 

RCONHCH(COOH)iH g/ i(CH») 8 
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improbability of the oxazolone form (24a). A derivative of penicillin which has 
an oxazolone ring is formed on reaction of the methyl ester of penicillin with 

TABLE 5 


4-Subatituted-5-keto-B-oxazolines* 


4-substituent 

2-SUBSTIT0ENT 

REPttKENCE 

(CHj) s C= 

CeHt 

(2b) 

ch 3 och= 

CtHu 

(81a) 

CH,OCH= 

C.H 5 CH s 

(81a) 

CHsOCH*: 

CiHuCHj 

(24a, 81a) 

CsH s OCH= 

CH, 

(81a) 

C s H s OCH=» 

C 5 H 11 

(2b) 

CjHtOCH— 

C,H, 

(2b, 24a, 81a) 

CaHsOCH- 

C«H t CH=CH 

(2b) 

CaHsOCH— 

p-OsNCeH^CH* 

(81a) 

C 2 H 6 OCH=« 

p-OjN C«H 4 CH=»CH 

(81a) 

c 3 h 7 och« 

C,Hs 

(2b) 

HOCH— 

C,Hr 

(81a) 

HOCH=* 

CjHu 

(81a) 

HOCH= 

C,H 6 

(2b) 

HOCH— 

CjHjCHj 

(57a) 

HOCH- 

OjHsCH—CH 

(2b) 

CHjSCH= 

C.H, 

(81a) 

p-CH > C0NH06H 4 0CH«* 

c,h 6 

(81a) 


* Added in proof: See also The Chemistry of Penicillin, p. 743 ft. Princeton University 
Press, Princeton, New Jersey (1949). 


mercuric chloride (26b, 57a). This product, the methyl ester of penicillenic 
acid, has been assigned the structure: 

HSC(CH 3 ) 2 CH(COOCH 3 )NHCH=«C-N 

oi k 

\<V 

Hydrolysis of this ester with sodium hydroxide gives 4-hydroxymethylene-2- 
benzyloxazolone (57a). 


IY. 3-Oxazolines 

Neither 3-oxazoline itself nor any of its hydrocarbon derivatives are known. 
A report by H. 0. L. Fischer, Dangschat, and Stettiner (27) contains the only 
known description of compounds with a 3-oxazoline ring.® These were obtained 
as O-methyl and O-acetyl derivatives (LXXIVa) of 4-oxazolidones (LX XIH ). 
Zeisel alkoxyl determination established the O-methyl structure. Enolization 
to form a 3- instead of a 4-oxazoline ring was based on the similarity to the for¬ 
mation of O-alkyl derivatives of amides. 

* Note added in proof: Others are reported in The Chemistry of Penicillin, Princeton Uni¬ 
versity Press, 1949, pp. 739-42, as pseudoxazolones. 
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RCHOHCONH 2 + ch 3 coch, 

• OC-NH HOC=N R'OC= =N 

RHC A(CH,), RhA A(CH s ) 2 RhA A(CHj)j 

\0/ NO/ (CHiC0)*0 \q/ v ; 

LXXIII LXXIY LXXIVa 

The 4-oxazolidones were prepared from amides of mandelic, glycolic, and lactic 
acids. This synthesis is similar to the synthesis of oxazolidines from aldehydes 
or ketones and /3-hydroxyamines (58a). The wide applicability of the oxazolidine 
synthesis suggests that this synthesis of 4-oxazolidones and their derivative 4- 
hydroxyoxazolines can be extended. 


TABLE 6 


4-Oxazolines* 


3-substituent 

4-substituent 

5-StJBSTITUENT 

YIELD 

C,H S 

CjH, 

C«Hj 

per cent 

80 

o-CH 8 C«HU 

CcHs 

CoHfi 



C«H« 

CoHs 


p-CHaC«Hi 

c,h 5 

C.H, 


C.H, 

H 

C«H« 

Almost quantitative 

o-CH,C,H< 

H 

cja, 

60 

p-CH,C e H* 

H 

C e H s 


to-CH.C.H, 

H 

C.H, 

60 

CioHr 

H 

C.H. 



* Reported by McCombie and coworkers (55,56). 


V. 4-Oxazolines 


4-Oxazoline is not known and neither are any of its simple hydrocarbon deriv¬ 
atives. The only known types are the 3,5-diaryl and 3,4,5-triaryl-2-keto-4- 
oxazolines prepared by McCombie and coworkers (55, 56) by the following series 
of reactions: 


C 6 H 6 COCHOHC 8 H 6 + CeHsNHs 


beat 
-> 


C«H,COCH(C 8 H6)NHC6E5 

GICOOCjHi 

C«H5COCH(C«H5)N(C e H 6 )COOC s H ( - 


C 8 H 5 C-NC«Hs 

C«H 6 C Ao 
\ 0 / 

concentrated NH 4 OH 
or alcoholic KOH 


iV-Phenacylaniline, CeHBCOCHsNHCeHs, gave 3,5-diphenyl-2-keto-4-oxazoline. 
Others are included in table 6. 
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These compounds are highly stable substances. 3,4,5-Triphenyl-2-keto-4- 
oxazoline is unchanged by several hours refluxing with aqueous acid, alcohol, or 
phosphorus pentachloride. As would be expected from the negativity of the 
N-substituent, this substance is not sufficiently basic to yield a hydrochloride or 
chloroplatinate. Typical ketone reactions are not shown; heating in a sealed 
tube with phenylhydrazine gives no phenylhydrazone. Reduction with sodium 
amalgam gives no clear-cut results; the oxazolone is sometimes reduced to bi¬ 
benzyl and sometimes recovered unchanged. The hydrogen atom of carbon 
number four, in compounds having no 4-substituent, cannot be replaced by 
bromine. 
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I. Historical Summary 

The earliest observations of critical phenomena were made in 1822 by Cagniard 
de la Tour (17), who first observed the disappearance of the vapor-liquid inter¬ 
face, characteristic of the critical state. In 1869 Andrews (4), in his classical 
work on carbon dioxide, established the continuity of the gaseous and liquid 
phases. The thermodynamic theory of the critical phase for one- and two- 
component systems was carefully worked out by van der Waals (112, 113) in 
1881 and later elaborated by others (88, 95, 96, 97). 

Studies demonstrating the possibility of continuous change of phase from 
liquid to gas led Hannay and Hogarth (48,49, 50, 51, 52, 53) to inquire whether 
solvent action is characteristic only of the liquid phase, or whether gases might 
not also be capable of dissolving solids. Their work, including the study of solu¬ 
tions of several inorganic salts in ethanol, demonstrated that the solution of salts 
is not limited to the liquid phase. In particular, it was noted that an alcoholic 
solution of cobalt chloride above its critical point had essentially the same 
absorption spectrum as in the normal liquid state, thus indicating that the usual 
ionic condition persists even above the critical temperature of a solution. The 
concentrations of solid in the supercritical phase were far higher than could be 
accounted for by the normal volatility of the salts concerned. Whether this is 
a true solution or an enhanced volatility is perhaps more a matter of nomencla¬ 
ture than of theory (75,106,118). 

The observations of Hannay and Hogarth, though fairly conclusive and veri¬ 
fied by others (19,119,120), were widely misinterpreted, particularly by Ramsay 
(86), with the result that they were largely ignored. The extreme experimental 
difficulties associated with such complicated critical studies discouraged exten¬ 
sive investigation of this field, and not until the work of Centnerszwer (20,21,22, 
23,124) between 1903 and 1910 was a systematic quantitative study made of the 
critical points of solutions of salts. Earlier observations had, however, been 
made of the behavior of mixtures of gases near the critical point (11,18). 

The experiments of Centnerszwer demonstrated that the presence of dissolved 
salts normally causes a rise in the critical point of a liquid, analogous to the rise 
in the normal boiling point and similarly proportional to salt concentration. 
The presence of dissolved material may either raise or lower the critical point of a 
liquid, depending on the nature of the solution. The critical point may thus, 
like the melting point, be used as a criterion of chemical purity (20). 
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Other determinations from this viewpoint are those of Buchner (16) and of 
Schroer (92), who reached similar conclusions, though differing somewhat in 
their quantitative interpretation. Schroer observed wide variations in the be¬ 
havior of different salts in aqueous solution when the critical region was reached. 

In 1912 Niggli (78) published the first of his works pointing out the importance 
of critical phenomena in geological processes, particularly as regards the forma¬ 
tion of ores and rare minerals. This work was later expanded into a complete 
system of the phase relations likely to occur in natural magmas, and application 
of these relationships to the explanation of the formation of actual min erals (77). 
Such work, combined with the experimental synthesis of minerals and the study 
of the phase relations of magmatic components, carried on particularly at the 
Geophysical Laboratory of the Carnegie Institution of Washington, has added 
greatly to understanding of the processes resulting in the formation of ores and 
other characteristic end-products of magmatic activity. A large proportion of 
this work is not particularly concerned with critical phenomena, and hence is not 
within the scope of this paper. The interpretation of many of the results in 
terms of critical occurrences (77, 96, 97) has, however, been invaluable in the 
clear understanding of observations. 

It seems wise to limit this paper to the type of system where, of two com¬ 
ponents, the triple point of one lies at a considerably higher temperature than 
the critical point of the other. This is characteristic of solutions of many salts 
in water or in organic liquids, as well as of the complex mixtures which make up 
magmas, the several components of the latter being readily classifiable as volatile 
and refractory substances, respectively. On the more extreme types, Exemplified 
by combination of a “permanent gas” with a metal, metallic oxide, or other such 
refractory material, little conclusive information seems to be available. Systems 
of more nearly comparable critical constants have been reviewed elsewhere (3). 
These include the industrially very important mixtures of petroleum hydrocar¬ 
bons, as well as the systems carbon dioxide-permanent gases (11,64) and argon- 
boron trifluoride (13). 

This review presents a general survey of the field from a chemical point of 
view. Earlier reviews of related nature (73, 75) are more concerned with hydro- 
thermal and pneumatolytic studies of minerals. 

It has been demonstrated that the solubility of salts in alcohols is not discon¬ 
tinuous at the critical point of the solutions. It is also shown that solubility 
in the single-phase region is strikingly dependent upon pressure, or perhaps more 
directly the density or “concentration” of the solvent (figures 4, 6, 7, 8, 9) 
(106,118). ’ 

Conductivity studies (30, 33, 45, 46, 47, 63, 64, 124) substantiate solubility 
measurements on salt-alcohol systems and in addition show that the dielectric 
constants of solutions may not suffer large changes at their critical points, but 
may still permit dissociation of ionic salts to give electrically conducting gas- 
phase solutions (figures 10,11). The recorded curves of conductivity as a func¬ 
tion of pressure and temperature show a close resemblance to the solubility varia¬ 
tion under similar conditions (111). This is related to tire fact that tire processes 
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of solution and ionization depend to some extent upon the same solvent char¬ 
acteristics. 

II. Nature op the Critical State 

A. PURE SUBSTANCES 

For any suffi ciently stable substance there exists a temperature, with asso¬ 
ciated pressure and specific volume, at which the liquid and vapor phases be¬ 
come identical. This point, known as the critical point, is often spoken of as the 
temperature above which a substance can exist only as a gas. The material 
existing in a state not too remote from the critical state may, however, have 
nearly as many of the characteristics, from the conventional viewpoint, of the 
liquid as of the gaseous state. As was shown by Andrews (4) and later corrobo¬ 
rated and developed from a theoretical point of view (112), a transition may be 
made from attenuated gas to cold liquid, passing through this region, without at 
any point encountering any discontinuous change of phase, as for example the 
formation of mist droplets, bubbles, or a meniscus. Thus water vapor or super¬ 
heated steam may be heated to 400°C., above the critical temperature, com¬ 
pressed isothermally under several hundred atmospheres pressure, and then 
cooled to cold water, without condensation. 

Although a substance above the critical point may be predominantly of a 
gaseous nature, it may still retain many of the attributes of the liquid phase. 
It may have comparable density, and may be capable of dissolving solids to about 
the same extent as liquid of that density, and of forming ionic solutions. It is 
perhaps not strictly correct to speak of solution properties as typical of liquids, 
in view of the data indicating solution and conductivity in the vapor phase even 
below the critical point (30,33, 45,46, 47, 63,106, 111). “Solubility above the 
critical point,” as used in this paper, refers always to solubility above the critical 
point of the solution, that is, in the gas phase. 

That such dispersion is true solution in the gas phase, and not volatilization, 
has repeatedly been stated, although the distinction is not entirely clear-cut. 
If volatilization, it is at least associated with an abnormally high vapor pressure. 
The quantity of solute found in the gas phase is frequently far greater than could 
be accounted for by normal volatility (103,106,118). The effect of pressure on 
the amount of solid dispersed is much larger than that expected from normal in¬ 
crease of vapor pressure due to external pressure. 

The spectra of such solutions have been observed to be the same as for solu¬ 
tions of the same solute in the usual liquid phase, and to differ from those ob¬ 
tained on vaporization of pure solid substances (19,50,51,119). Ionic solutions 
of salts conduct electric current above their critical temperatures (30, 33, 45,46, 
47, 63, 64). 

B. CRITICAL CURVES 

It was mentioned earlier that the presence of dissolved salts causes a rise in the 
critical temperature of a liquid. This rise is actually (75) only the beginning of 
a curve connecting the critical points of solvent and solute, and representing the 
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critical point at each, intermediate concentration (curve A e B e , figure 1). Points 
A e and B 0 are the respective critical points of the pure substances. The other 
lines of the diagram give pressure-temperature relations under conditions of 
equilibrium between different phases characteristic of this system of a volatile 
component A and a refractory component B. “B + L + V”, for example, refers 
to equilibrium between pure solid B, a liquid phase, and a vapor phase; that is, 
a solution saturated with respect to B, under its own vapor pressure. Such 
solubility curves run to the eutectic E from the respective triple points A t and 
B t of the two components. Diagrams similar to figure 1 may be drawn up, 
relating concentration to pressure, temperature, and specific volume (73, 77). 

The critical points for mixtures represent, in general, neither the maximum 
temperature nor the maximum pressure attainable in the presence of liquid when 



Fig. 1 . Pressure-temperature diagram for a two-component system without critical 
end-points (after Morey and Ingerson (73)). 

a mixture of two components in the proper proportions is heated, but are the true 
critical points, i.e., the point for each mixture where the liquid and vapor phases 
become identical. For pure substances, the points of maximum temperature and 
maximum pressure coincide with the critical point, but for mixtures these points 
are in general all different, permitting the occurrence of retrograde phenomena 
(3). For solutions of salts in ordinary solvents, the critical curves show a 
maximum pressure at some intermediate composition and temperature, the 
geological importance of which is to be pointed out. This is, however, not 
invariably the case. 


C. INFLUENCE OF SOLUBILITT 

Tn the case of very soluble substances, critical phenomena may never occur for 
saturated solutions, that is, in the presence of solid solute. This is a result of the 
raising of the critical temperature by the dissolved substance, which becomes 
increasingly soluble as the temperature rises, allowing further increases in the 
temperature of liquid solution, until the composition of pure solute is attained. 
This is the type of system, exemplified by water-silver nitrate, of which the 
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phenomenon of “second boiling point” is characteristic; the total vapor pressure 
of the mixture falling again, in general, as the composition of pure salt 
is approached (66). In this case the solubility curve, representing equilibrium 
between solid solute and solution, lies entirely below the critical curve, as in 
figure 1. The limitation of critical phenomena to unsaturated solutions under 
these conditions is obvious. 



Fro. 2. Pressure-temperature diagram for a two-component system having two critical 
end-points (after Morey and Ingerson (73)). 



Fio. 3. Temperature-composition diagram for a two-component 
critical end-points (after Morey and Ingerson (73)). 


system having two 


D. LIMITED SOLUBILITY 

Of more interest in this work is the case where solubility is more limited 
critical phenomena arise, and solubility in the supercritical “fluid” phase enters 
rnto consideration. This frequently occurs when the solubility of the solute 
faDs with rising temperature. In this case the solubility curve cuts the critical 
curve twice, and in the intervening region both curves are discontinuous, as 
shown in fipire 2. Two critical solution points P and Q exist, representing the 
upper and lower temperature limits, respectively, of two regions where equilib- 
num between liquid and vapor phases exists, these equilibria being represented in 
ngure 3 by the isothermal tie-lines connecting the two phases in equilibrium with 
solid at the given temperatures in the loops BP and B t Q, respectively. In the 
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intervening region, solid component B is in equilibrium with a single fluid phase, 
having certain characteristics of both liquid and gas. In this phase the solu¬ 
bility of component B depends upon both temperature and pressure, as may best 
be shown (figure 4) by the experimental curves of Smits (96) for the system 
ether-anthraquinone: an example, under comparatively mild conditions, of the 
type of behavior expected of sparingly soluble solids in solution in water and 
other common solvents. The two loops appear, as in the general temperature- 
concentration diagram (figure 3), representing equilibria between liquid and 
vapor phases in the presence of solid anthraquinone at various temperatures, 
n the intermediate region of a single fluid phase isobars have been drawn in, 
howing the solubility of anthraquinone in ether in this phase, as dependent 
pon pressure. It should be obvious, however, that a rigid designation of com- 
onents as solvent and solute, respectively, may lead to confusion; outside the 
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Fig. 4. Temperature-composition diagram for the ether-anthraquinone system, show- 
pgisobars (after Smits and Niggli (77)). 

ower loop of these diagrams the choice of “solvent” is often dubious. The 
actual situation is that of reciprocal solubilities; it would be least ambiguous to 
speak only of relative proportions of the two components in each phase. 

Other similar systems have been explored to a lesser extent than the ether- 
anthraquinone system, and some preliminary study (103,118) has shown parallel 
behavior in a small region immediately above the critical point for the system 
silica-water. 

In each of the two loops characteristic of these temperature-composition 
diagrams, three-phase equilibrium is represented between vapor and liquid 
phase solutions and solid B, three phases in all, with compositions fixed at the 
temperature in question, in accordance with the phase rule. Between P and Q, 
where only a single fluid phase exists in contact with solid, divariance (variation 
in composition with both temperature and pressure) is to be expected. In the 
small region A t E (figure 3), solid component A is in equilibrium solution 
and vapor, this being the region of the familiar lowering of the freesang fxfint of a 
solvent. < ' 1 ■ 
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These temperature-composition diagrams do not, of course, represent isobaric 
sections, but show conditions at pressures allowing multiphase equilibria. A 
pressure variation similar to that shown in figure 5 is characteristic of the three- 
phase portions of systems such as those shown in figures 3 and 4. 

E. MULTICOMPONENT SYSTEMS 

Where more than two components are present in a system, the relations in¬ 
volved are somewhat more complex, owing to the greater number of Variables. 
No phenomena occur, however, which are intrinsically different from those 
already described, and those considered in elementary phase study. 



Fig. 5. Temperature-concentration and temperature-pressure diagrams for a cooling 
ideal magma (Niggli (77a)). 


F. COMPOUND FORMATION 

Under certain conditions, two or more components present in a system may 
interact to form compounds, as for example the various silicates and hydrates 
formed in the system Si02-K 2 0-H 2 0 (69). An interesting example of compound 
formation, as occurring in systems of the type described in this paper, is the 
CaO-C0 2 system, which, though well known, has not generally been considered 
from this viewpoint. 


III. Geological Significance 

A large proportion of the information on phase relations between volatile and 
refractory substances is the result of studies of the formation of minerals and 
ores, that is, from a geological viewpoint. This is related to the fact that only 
under the tremendous external pressure which can be exerted by hundreds of feet 
of rock can appreciable proportions of volatile matter be kept in intimate contact 
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with refractory substances near their melting points, except under artificial 
conditions. Only the development of modem metals of high tensile strength has 
permitted the study of such systems. 

A. NATURE OP MAGMA 

A magma may be considered as a mass of fluid material in the earth’s crust 
consisting principally of the common rock-building elements, with traces of 
practically all other elements in some form or other. Originally it can be con¬ 
sidered as being an essentially homogeneous mass at something over 1000°C. 
Appreciable proportions of volatile materials, particularly water, hydrogen 
chloride, hydrogen fluoride, carbon dioxide, hydrogen sulfide, silicon tetra- 
fluoride, and certain of their reaction products with less volatile components, are 
present in the normal magma, being held in solution under pressure. 

B. ORTHOMAGMATIC STAGE 

As the magma loses heat to the surrounding rock, the highest melting major 
components, in general, begin to crystallize out. As a result, the concentration of 
volatile components in the remaining solution rises. The total vapor pressure of 
the system also rises, the increase due to the increased proportion of volatile 
materials being greater than the decrease resulting from the reduction of tempera¬ 
ture; there is thus observed an increasing pressure as the temperature falls (see 
figures 3 and 5). This is merely the generalized aspect of “second boiling point.” 
Under these conditions, a phase containing a large proportion of volatiles tends to 
separate in the magma, the system now entering the state described by the upper 
loop of figure 3. The principal processes occurring here are crystallization of such 
rocks as granites, and simultaneous separation of “contact gas.” This gas may 
(a) escape through fissures or other openings in the surrounding rock, (6) remain 
included in cavities in the newly formed rock, (c) be occluded in solid solution, 
( d ) react chemically, or (e) redissolve in the remaining liquid magma (121). This 
stage in magmatic evolution, known as the orthomagmatic stage, is characterized 
by the presence of molten rock-forming material, and is not entirely different 
from early concepts of the interior of the earth. 

One important result of the increase in pressure as the magma cools is the 
expansion of the containing space, resulting often in cracks in the surrounding 
rock, thus permitting escape of the more mobile phases, which may eventually 
produce such formations as veins, beds, and dikes. If it occurs close enough to 
the surface, volcanic eruption may result. 

C. PNEUMATOLYTIC STAGE 

As the magma cools further, the proportion of volatile material in both fluid 
phases becomes quite high, in agreement with figure 3; then eventually a portion 
of the siliceous material redissolves in the “contact gas,” and the two phases 
become identical at the point corresponding to the upper region critical point Q 
(figures 2 and 3). This and the region of a single fluid phase, immediately below, 
constitute the region of pneumatolytic processes, where a considerable amount of 
chemical activity and transport of dissolved material is facilitated by the ex- 



tremely high pressure and the action, chemically and as a vehicle, of the low- 
viscosity contact gas or supercritical fluid phase. The actual mechanism of the 
separation of phases has been a subject of considerable dispute (14). 

In the cooling of the magma, those substances crystallize out first with respect 
to which the solution first be comes saturated. Since a few rock-building minerals 
are present in overwhelming proportions (99 per cent of all igneous material is said 
to be included under only ten mineral types), these compounds crystallize out first, 
along with certain isomorphic substances, concentrating rare and valuable ores 
and minerals in the mother liquors. These rare minerals, being by virtue of 
their low concentration still in solution in the pneumatolytic stage, are often 
carried away from the main mass of the magma, the concentration continuing 
during transport, and are eventually deposited in veins, beds, or dikes. Peg¬ 
matite dikes are intrusive masses of coarse-grained granite formed during this 
stage, usually containing an appreciable proportion of rare minerals, which 
tend to concentrate further during deposition of the granite, giving associated, 
comparatively pure deposits of these minerals. Such minerals are consequently 
often found in pegmatites or in fissures in the surrounding rocks. The large 
size characteristic of pegmatite crystals is in harmony with the concept of their 
deposition from relatively dilute solution. 

D. HYDKOTHEEMAL STAGE 

On further cooling, the magma enters the final hydrothermal stage, in which 
liquid and gaseous phases are again present together, but now with a greater 
preponderance of volatile material. The processes occurring in this stage are 
solution, deposition, and reaction in an essentially aqueous medium, containing, 
however, significant proportions of other volatiles. Minerals are deposited from 
dilute solution under these conditions, large deposits being built up by continued 
flow of the cooling saturated solutions. Hydrothermal reactions, being closest 
to ordinary chemical experience, are comparatively well understood, and many of 
the postulated or proven reactions will be included in the next section. 

E. INFLUENCE OF VOLATILE CONSTITUENTS 

As suggested earlier, mineral deposition depends to a considerable degree on 
the action of volatile substances, of which perhaps the most important are water, 
carbon dioxide, hydrogen sulfide, hydrogen chloride, hydrogen fluoride, sulfur 
dioxide, and silicon tetrafluoride (25, 77,127). These substances are known as 
"mineralizers,” because of their action in promoting mineral concentration and 
crystallization during the solidification of rock-forming material, particularly in 
pegmatite dikes. They, or more commonly their ultimate reaction products, 
such as hydrated minerals, carbonates, sulfides, halides, and oxides, are found as 
constituents of, or associated with, minerals and ores, frequently those of com¬ 
mercial value. Thus, for example, fluorspar is often found with sphalerite (ZnS), 
galena (PbS), and chalcopyrite (CuFeSa). 

Volcanoes, fumaroles, and hot springs are all surface manifestations of mag¬ 
matic activity, and represent the ultimate separation and dispersal of volatile 
constituents. The sampling of substances from these sources gives valuable 



information toward the better understanding of geological processes, although it 
must be understood that the ejected material is in many cases heavily contam¬ 
inated with foreign substances (127). Gases such as those mentioned above, 
associated often with well-defined solid minerals, have frequently been detected 
in these exhalations (1,93,126,127,128). 

Mineralizers may include, however, not only such highly volatile substances, 
but a complete range of compounds, ranging from the most volatile to such ma¬ 
terials as fluorspar, with melting points above 1000°C. The characteristic be¬ 
havior of mineralizers is a type of solvent action, associated in some cases with 
chemical reaction. Any substance can be a mineralizer which appreciably 
increases the mobility of a system, allowing more rapid attainment of equilib¬ 
rium and thus promoting the separation of pure phases. Fluorides, in fact, owe 
their name to the viscosity-lowering properties of fluorspar, commonly uBed as a 
flux. 

The extent of the influence of fluorides, characterized as “mineralisateurs par 
excellence ,” on geological processes has perhaps been underestimated because of 
the difficulty of determining gaseous fluorides in samples, both because of their 
high reactivity, particularly on glass, and because of the difficulty of precise 
analysis in the presence of other reactive gases and of each other. Large propor¬ 
tions of fluoride gases were collected at the fumaroles of the Valley of Ten Thou¬ 
sand Smokes (126,127,129). 

Many systems and reactions have been studied, and others postulated, for the 
formation of minerals, particularly through the action of mineralizers as reagents 
(128). A few examples are given below (1,26, 77,127). 

Fe 2 Cl 6 + 3H 2 0 ^ 6HC1 + Fe 2 0 8 
FesCla + 2 H 2 0 ;± 4HC1 + 2 FeOCl 
Fe 2 Cl 6 ^ Fe 2 Ch + Cl 2 
6Fe 2 0 8 ^ 4Fe s 0 4 -f- 0 2 
4HC1 + 0^ 2H 2 0 + 2C1 2 
SnCl* + 2H 2 0 ^ 4HC1 + SnO s 
TiF 4 + 2H 2 0^4HF + Ti0 2 
CaF 2 + H 2 0 CaO + 2 HF 
BeCl a + H 2 0 ^ BeO + 2 HC 1 
2A1Fj + 3H 2 0 ^ 6 HF + A1*0, 

3SiF 4 “I - 2A1 2 0j ^ 3Si0 2 -f* 4A1F 8 

Si0 2 + 4HF^SiF 4 + 2H 2 0 

PbCl 2 + H 2 S^PbS + 2 HCl 

4AsCU H - 2 C 0 CI 3 Co 2 As 4 H - 9C1j 

FeS0 4 + H 2 S + S FeS 2 + ESO t 

3FeO + H 2 0 ^ Fe 8 0 4 4 * H 2 

3S + 2H 2 0 ^ 2H*S + S0 2 

HjiS + 2H 2 0 ^ 3H 2 + S0 2 , , ,, ■ 

2 H 2 S^ 2 H 2 + S 2 

S 2 + 4C0 2 2S0 2 + 4CO 

2 NaCl + HjO 2HC1 + N%0 
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Many of these are noticeably high-temperature reactions, particularly if 
equilibrium is regarded as occurring in the presence of appreciable proportions of 
the several substances concerned. There may be some doubt whether magmatic 
emanations often contain low enough concentrations of water to permit the 
extensive transfer of such elements as aluminum and titanium in the form of 
their halides. 

It has been stated that the gaseous emanations from certain incandescent 
lavas may consist principally of sodium chloride (28). How generally this may 
be true, however, is in doubt (1). 

There is increasing acceptance of the concept of simple solution in volatile 
substances, frequently in the gas phase, as the principal medium in the transfer 
and concentration of ore minerals, rather than the formation of volatile 
compounds. These solutions are generally primarily aqueous, though the pres¬ 
ence of other compounds acting as solvent is not excluded, but at lower tempera¬ 
tures water is usually present in far larger proportion than other potential 
solvents (56). 

With respect to the occurrence of solutions above their critical points, it is 
believed that the normal concentration of mineralizers of moderate volatility 
(alkali and alkaline earth halides, for example) in normal magmatic mixtures may 
be high enough to make true critical phenomena indeed of rare occurrence in the 
presence of the main body of the magma, the liquid phase of the magma then 
consisting, as it cools, of solutions in a series of increasingly volatile mixtures of 
compounds, but with no principal solvent substance above its critical point, as 
altered by the presence of other components, at any time. This does not 
necessarily apply, however, to fluid “emanations” separated from the magma, 
which, with their dissolved solids, are probably frequently above the critical 
temperature. 

The potentialities of sodium chloride as a solvent, or mineralizer, are shown by 
its use as such in industrially practicable syntheses (10, lib, 11c, lid). Fluorides 
have frequently been used in syntheses difficult or impossible in the absence of 
mineralizing action (27,125). 

Although much information has been acquired through the study of minerals 
and volcanic activity, no complete picture of mineral-forming processes can be 
built up until a great deal of further experimental study has been made of solu¬ 
tions and reaction equilibria at temperatures and pressures similar to those 
encountered in nature. 


IV. Engineering Significance 

It has frequently been observed that a solid deposit appears on steam turbine 
blades, in spite of precautions to prevent entrainment (24, 65, 70,104,105,106). 
These deposits are observed to occur particularly at regions of falling pressure, 
such as the convex sides of turbine blades, and consist principally of quartz, 
amorphous silica, and sodium salts. 

It has been the object of some study to prevent the formation of these deposits, 
since the efficiency of a turbine is appreciably impaired by their presence. The 
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deposition of silica is particularly undesirable, since it requires the use of either 
caustic or mechanical cleaning for removal. 

Reviews and criticisms have been written (70, 106) on the limited number of 
studies made, from an engineering point of view, of this problem. In some cases 
(24, 70, 106) turbines were examined, and the nature and quantity of the de¬ 
posits ascertained. An effort was made to correlate these observations with 
operating conditions. 

Of a somewhat more fundamental nature are experiments in which saturated or 
superheated steam is passed over dry solids or saturated solutions, and the 
effluent vapor analyzed (104, 106). In other experiments steam from a boiler 



Fig. 6. Solubility of silica in superheated steam as a function of temperature and pres¬ 
sure (Straub (106)). 

containing known concentrations of salts was analyzed, the primary objective 
being the prevention of the carrying over of silica by adjustment of operating 
conditions and addition of salts to form compounds less easily dissolved in steam 
(106). 

Since these experiments were carried out under such conditions as to exclude 
entrainment except as a known very minor source of error, it is established that 
many substances have a measurable solubility in steam (70,106). This solu¬ 
bility, first becoming prominent in the region of 50 atm., rises sharply with 
increasing pressure (figure 6), agreeing in this respect with measurements by 
different techniques above the critical point in the silica-water (118), anthra- 
quinone-ether (97), and other systems (23, 97, 111). The high solubility of 
silica, or silicic acid, in both liquid and gaseous water as the critical region is 
approached is noteworthy. 
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V. Experimental Methods 

A. INTRODUCTION 

Owing to the experimental difficulties encountered, studies involving critical 
conditions have been very limited in number and in scope. Studies of critical 
phenomena of mixtures as such have been largely limited to non-aqueous systems, 
because of the extreme corrosiveness of water at those temperatures, which is not 
likely to be decreased by the presence of dissolved salts. Ordinary construction 
metals and most glasses are attacked by water near its critical point. 

B. HYDROTHERMAL SYNTHESIS 

A large proportion of the work involving solutions above the critical point has 
been from the viewpoint of the hydrothermal synthesis and alteration of minerals. 
These procedures involve, in general, the heating of a mineral or a known mixture 
of pure chemicals with water and perhaps other reagents at the temperature of 
interest until equilibrium has been attained, the purpose being to simulate natural 
geological processes. Some type of pressure vessel is, of course, usually necessary 
as a container. The pressure vessel and contents are cooled rapidly, often 
quenched, to room temperature, preserving the phases formed under the experi¬ 
mental conditions. The crystals and glass (representing the liquid phase) from 
the bomb are analyzed chemically and microscopically. The techniques and 
history of these investigations, extending back to 1845, have been reviewed 
(55, 73, 75). 

From the various combinations of phases found stable at various temperatures, 
pressures, and proportions of components, a complete phase diagram describing 
the system can be drawn up. Many of these reactions are carried out at tempera¬ 
tures well above the critical point of water. Over a hundred minerfll p have thus 
been synthesized. 

As one possible variation, carbon dioxide may be introduced into the hydro¬ 
thermal bomb as an additional component, the action of carbonic acid at lower 
temperatures simulating the weathering of rocks (81), as well as taking part in 
syntheses. 

The results of hydrothermal reactions and more direct solubility measurements 
may supplement each other in the complete analysis of a system. 

1. Refinements of hydrothermal methods 

Much of the more recent hydrothermal work (74) has been done with a highl y 
complex apparatus in which steam is introduced into the reaction vessel from an 
external boiler. The outer parts of the container are kept at a desired tempera¬ 
ture, say 500°C., and an internal furnace heats the charge, wrapped in platinum 
foil, to the test temperature. The charge is suspended from fusible wires and is 
quenched by simply passing a current through the wires, which then allow it to 
fall into the cooler lower part of the container. It will be seen that great flexi¬ 
bility is attainable by the use of such an apparatus. Other gases, as well as 
steam, may of course be introduced at controlled temperatures and pressures. 
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For the study of the oxidation of minerals in water, a bleed-off valve attached 
to a hydrothermal bomb permitted the escape of evolved hydrogen, thus adding 
another variable to the simulation of magmatic conditions (31). 

C. DIRECT SOLUBILITY MEASUREMENTS 

1. Sampling methods 

Since the direct chemical analysis of the contents of a container at high 
pressures presents unusual experimental difficulties, it is desirable, in order to 
determine the solubility of a substance under such conditions, to withdraw a 
portion of the saturated solution from the bomb. Since the solution is exposed 
to considerable changes in both temperature and pressure upon leaving the 
bomb, it is usually necessary to separate the solution from the undissolved solid 
phase before it leaves the container. This requires, in general, some type of filter 
inside the pressure vessel. 

A popular technique is the intersection of a sintered filter stick through the top 
of a pressure vessel to a point near the bottom. Such apparatus was used to 
measure the solubility of calcium sulfate (107) in water to temperatures some¬ 
what below the critical. The liquid in this case was drawn off into a smaller 
pressure vessel, originally at atmospheric pressure. 

For measurements of the solubility of silica to 360°C., a filter in the base of the 
container, consisting of graded particles of the solute, was used. The solution 
was drawn off into a water-cooled condenser, a procedure said to be usable only 
where the solute is not deposited rapidly from supersaturated solution, or where 
it may be removed easily from surfaces (55). 

2. Internal filters 

In many cases it may be expected that an appreciable change in the constitu¬ 
tion of the solution will occur on passing through the filter, resulting in deposition 
of solute in and near the filter itself. In work close to the critical point, appreci¬ 
able changes may also occur in the nature of the solution remaining inside the 
pressure vessel, even while sampling. It is often of interest to examine this 
material in the equilibrium state. 

To effect the separation of solution from solid phases under equilibrium condi¬ 
tions, the internal filter was developed (108). In this type of apparatus the con¬ 
tainer is divided essentially into two sections by a filter or screen, the solid solute 
being restricted to one side. During the time equilibrium is being attained, 
usually with agitation, the solution is on the lower side of the partition, in con¬ 
tact with the solid phase. Filtration is effected by simply inverting the 
container, the solution then passing through the filter. Subsequent cooling may 
cause part of the solute to precipitate, but the entire contents, solid and liquid, 
of that part of the bomb will in general give the solubility at the equilibrium 
temperature. With this type of apparatus, unlike some'sampling devices, only 
one sample may be taken for each filling of the bomb. 

A disadvantage of internal filters is the difficulty with which vapor passes 
through pores blocked with liquid or solid. This may perhaps often be alleviated 
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by tilting the container slowly enough so that only part of the filter is, at any 
time, immersed in the solution. An improved design (60,61,62) has a small tube 
inserted through the filter, itself equipped with a filter disk. The displaced gas 
rises through this tube unhindered and passes out through the small filter, under 
an appreciable hydrostatic head, into the now uppermost compartment. 

A greatly refined and modified design of internal filter (72) includes a stirrer 
which, when equilibrium has been attained, is lowered to cut a gold diaphragm. 
The charge above the diaphragm can then pass through to a filter crucible. 
Steam pressure in the upper chamber is externally controlled, and that below 
made approximately the same, by the presence of a small, calculated amount of 
water placed there at the beginning of the experiment. 

S. Sampling of solutions near the critical point 

Rumpling methods and internal filters are applicable to solubility measure¬ 
ments, in general, which are made appreciably below the critical point. Above 
the critical, however, there exists only a single homogeneous fluid phase, and 
there is consequently no driving force to cause the liquid to pass through an 
internal filter, unless possibly some external force is applied to one side of the 
filter. In the case of external sampling, this is essentially the situation. The 
application of force, however, changes the state of the system, and equilibrium 
conditions then no longer exist. While this is of little importance at ordinary 
temperatures and pressures, a negligible amount of solvent being evaporated or 
condensed, with a corresponding small temperature change, in the critical region 
and above a large change in the density of solvent occurs under external in¬ 
fluences. The solubility of a solid in this region has been shown (97, 106,114, 
118) to Vary considerably with pressure, and therefore with the density of the 
solvent. 

Under these conditions, it is to be expected that as soon as a portion of the 
solution is removed, the remaining solution will become appreciably super¬ 
saturated. It is then likely that a part of the dissolved salt will precipitate, 
either in the container or in the pores of the filter itself. The extent of this 
deposition may be difficult to estimate. 

Where pressure is applied to an internal filter, the compressed fluid will in 
general tend to dissolve more solute. This will often lead to negligible error, 
owing to the slowness of the dissolving process. 

Apparatus not necessarily subject to these difficulties has been developed (8, 
122 , 123). In these the sampling chamber is an integral part of the pressure 
vessel. 

Both upper and lower phases of a two-phase mixture can be sampled by a 
technique involving displacement with mercury. In one such apparatus (55a) 
two smaller bombs were connected at the sides of the main pressure vessel. Tubes 
connected the tops of these two bombs with, respectively, the upper and lower 
parts of the large chamber. The lower ends of the two were both connected 
through tubes, closed by valves, to the bottom of the larger container. When a 
valve was opened, mercury flowed down into the main chamber, displacing a 
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sample of its contents into the space formerly occupied by mercury, in the top of 
one of the small bombs. Solubilities above the critical point are, of course, thus 
measurable. Since there is no change in pressure or volume, the equilibrium 
conditions are maintained while sampling. Filters could, if necessary, be in¬ 
serted in the lines. 


4. Synthetic method 

One of the more successful procedures for the determination of solubilities 
in closed systems, where transparent containers may be used, is the synthetic 
method (21, 111). Known quantities of solvent and solute are enclosed in the 
system, and, sufficient agitation being supplied, the points are observed at which 
the solute is completely dissolved and at which it begins to crystallize out 
again. These temperatures can be very precisely observed, in the case of an aniso¬ 
tropic solute, by the use of polarized light, the crystals shining brilliantly against 
a dark field (11a). The synthetic technique has been successfully used above 
the critical point (23, 95, 111). 

D. PHYSICAL MEASUREMENTS 

Although chemical determinations on solutions above the critical point are 
very difficult, certain physical methods have more promise. The methods which 
have been used in this and related fields are ( 1 ) spectrometric or colorimetric and 
08) electrical conductivity. 

1. Spectrometric measurements 

The observation of visible color and qualitative spectroscopic examination of 
solutions of cobalt chloride, ferric chloride, a chlorophyll extract, and alizarin 
in ethanol (7, 50, 51, 52, 53), and of iodine in carbon dioxide (19,119) were used 
to indicate the presence and physical state of dissolved material in liquid, vapor, 
and “fluid” phases. A similar technique has been used on aqueous solutions of 
potassium dichromate, copper sulfate, cobalt chloride, and cupric chloride (7, 
92). These methods have apparently not yet been used for precise quantitative 
measurement. 


2. Conductivity measurements 

The use of electrical conductivity measurements for the determination of 
solubilities of sparingly soluble salts in ionizing solvents has been recommended 
(82,87). Although excellent conductivity and dielectric constant measurements 
have been made above the critical point on solutions of known concentration 
(30, 33, 45, 46, 47, 63, 64, 124), the somewhat more tedious determination of 
solubility in this region by such means has apparently not been carried out. 

For solutions in alcohols, ammonia, and sulfur dioxide at the critical point, 
glass capsules with sealed-in electrodes were found satisfactory. For other, more 
corrosive, solvents, such as water and hydrogen fluoride, metal apparatus 
modelled after that used by A. A. Noyes and his colleagues (82) for their classic 
studies on conductivity and ionization of water and aqueous solutions at elevated 
temperatures should be suitable. 
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The limitation of most chemical thought to “beaker chemistry” is well demon¬ 
strated by the fact that in the forty years since the conductivity measurements of 
Noyes, no attempt has apparently been made to check or extend the observations 
(54), in spite of improved available techniques and materials of research. Though 
these studies did not extend to the critical point, there is at present no apparent 
reason why such apparatus could not be used. 

E. LOSS OP WEIGHT METHOD AND VAPOR-PHASE TRANSPORT 

If a substance shows no tendency to deposit back on the original charge when 
cooled, the solubility may be obtained from the loss of weight of that charge 
(58), which may be isolated from the rest in a capsule or crucible. This principle 
was applied (44, 58) to the determination of the solubility of silica. If there is 
some intermediate state of ma ximum solubility which must be passed through to 
reach the temperature and pressure of interest, heating and cooling must be 
rapid to minimize errors from this source. At one laboratory, at least, the bomb 
containing the charge is quenched in 1 min. to near room temperature. Silica 
was observed in most cases to remain in colloidal solution in water; occasionally 
flakes were observed to separate out (44). 

A modification of this method was used for the determination of the solubility 
of silica in water above its critical point (118). In this apparatus the silica was 
supported in a crucible near the top of an autoclave, this location minimizing, 
though not eliminating, error due to flooding by the expanding liquid just below 
the critical point. 

By the use of a similar apparatus, the transport of silica through the super¬ 
critical fluid phase was observed (68, 115, 116, 117). The silica was here dis¬ 
solved from one crucible, and absorbed by reaction with zinc oxide in a second 
crucible. 

Similar experiments were carried out with chromium (59b) and molybdenum 
(59d) compounds, using ferric hydroxide as a “getter” for chromium, and calcium 
and lead oxides to absorb molybdate ions. In these investigations, flooding by 
liquid was avoided by using less than the critical volume of solution. 

In the course of pneumatolytic experiments using a furnace inside the auto¬ 
clave (57, 74), under conditions encouraging some convection, the gas-phase 
transport of several refractory substances from the furnace and charge at 
temperatures above 450°C. was observed. Deposits of sillimanite, rutile, corun¬ 
dum, quartz, and amorphous silica were identified. 

It is obvious that measurements of solubility by weight loss cannot be carried 
out accurately if temperature differences exist in the autoclave, resulting in 
circulation and the deposition of dissolved material at cold spots, and consequent 
positive error in solubility values. 

F. BALANCING METHOD 

One apparatus for establishing the critical points of solutions and rough 
measurement of solubility at the critical point consisted of a steel tube mounted 
on knife edges, the whole being heated in an air bath (59c, 59e). When two 
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phases co-existed in the tube, it was unbalanced and tilted, with the denser phase 
in the lower end. When the contents of the tube, on passing through the critical 
point, became homogeneous, the tube assumed a horizontal position. When a 
small amount of solute remained in the solid phase or was precipitated, the tube 
did not become horizontal, but assumed some intermediate angle. Since the 
angle of tilt could be fairly accurately measured, the final tilt could be observed, 
giving the critical temperature of the saturated solution. The critical solubility 
could be approximated by varying the concentrations of solid in successive tests. 

A modification of this method, in which the tube was attached to one arm of an 
analytical balance (9), has been used for the determination of the critical tempera¬ 
tures of pure liquids, and could no doubt be adapted to solutions. 

G. AGITATION 

Agitation, or the introduction of any mechanical motion into a high-pressure 
vessel, is a difficult problem. Leakage along a shaft or chemical action on packing 
is nearly unavoidable. Filter autoclaves with externally driven stirrers have, 
however, been developed for use to above 200 atm. pressure and 400°C. (72, 
110 ). 

In most hydrothermal experiments the use of stirrers has been avoided. A 
small charge is ordinarily used, and sufficient time given for equilibrium to occur 
through diffusion. The filter autoclave of Konigsberger and Muller, however, 
was agitated by simply rocking the entire furnace containing the bomb (60, 61, 
62). 

The apparatus used at Western Reserve University (11,11a, 12,13) for agita¬ 
tion in most high-pressure studies is the magnetic stirrer. This consists of a 
small piece of iron, commonly sealed into glass, placed inside the high-pressure 
cell, and activated by the intermittent magnetic field of a solenoid surrounding 
the cell. This type of stirrer should be usable for other than glass cells. The 
design of a system can, of course, be much simpler when a magnetic stirrer is used, 
eliminating leaks due to entering shafts. 

H. MATERIALS 

Pressures and temperatures encountered in critical studies do not always 
present the greatest experimental difficulties; the critical points for most stable 
organic compounds can be observed in sealed borosilicate glass tubes and by 
other methods (9, 12, 13). Ordinary carbon steel containers could be used, 
except where ionizable substances are concerned. With water and many other 
inorganic materials, however, corrosion presents a serious problem. 

Most glasses are disintegrated within a few hours by the action of pure water 
under elevated pressure at 300° to 500°C., although glasses containing large 
amounts of lead and barium are somewhat more resistant. Borosilicate and 
soda-lime glasses are very susceptible to such corrosion (71). Although fused 
quartz is observed (55, 68, 118) to have an appreciable solubility in water at 
temperatures near the critical point, it has been used successfully (92) for observa¬ 
tions on the behavior of aqueous solutions in the critical region. Crystalline 
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quartz, used for electrical insulation (82) at elevated temperatures, was observed 
to be little affected by long exposure to usually somewhat milder conditions, 
although hydrated silica under like circumstances was rapidly dissolved. 

Several early investigators (73) overcame both the fragility of glass and con¬ 
tamination due to corrosion of metal by sealing the sample in a glass capsule 
which was enclosed in a steel pressure vessel. In the steel container, outside the 
glass tube, was placed some of the solvent used in the sample, the effect being to 
equalize approximately the pressures inside and outside the glass. This principle 
was used again recently (72) in an intricate filter autoclave. 

Ordinary steels are, in general, too easily corroded for use with water in the 
critical region. Earlier workers used tool steels, soft steels (82), or nickel steels 
(60, 61, 62), lined with gold, platinum, or platinum-iridium alloy. A silver- 
plated copper-nickel alloy calorimeter was used (83) in the measurement of 
thermal properties of water to 270°C. Later work was done with a special 
chrome-nickel alloy steel (84). Alloys based on 18-8 stainless steel have been 
used commonly by recent investigators, in particular by Keyes (59) in his well- 
known studies of the thermodynamic properties of steam. A tendency of pure 
nickel to creep and crystallize was reported (59). 

The problems of gaskets for closures and valve packing have been among the 
most serious encountered in all but the sealed-tube systems. Ordinary gasket 
materials are too soft, and usually chemically unsuitable, for most critical 
determinations. Gold and annealed copper have been used successfully; a 
gold-copper alloy was, however, discarded (82) in favor of pure gold. At 
temperatures above 250°C. gold welds under pressure to noble metals, and hence 
is often not usable as gasket material when the autoclave is lined or plated with 
such metals (82, 44). This difficulty is eliminated in the recent common use of 
unlined alloy steel containers. 

A metal-to-metal cone joint (6,15, 59) eliminates altogether the use of gaskets 
in contact with chemicals. In this design a tight joint is made by a 57-59° 
cone fitting into a 60° conical seat, leaving nothing but the resistant metal in 
contact with the charge. This closure requires very precise machinin g; and 
somewhat more complex design to give a tight seal and to avoid abrasion of the 
units. 

Sampling devices, although they may have a metal-to-metal joint at the valve 
seat itself, usually require some type of packing on the valve stem. For tempera¬ 
tures not too elevated, ordinary packing materials may suffice for some systems. 
With water in the critical region, however, none of these is satisfactory. A 
packing consisting of alternate layers of talc and graphite, precisely cut, was 
used successfully for aqueous solutions near the critical point (55). 

I. MISCELLANEOUS INVESTIGATIONS 

A number of studies, while not strictly solubility measurements of the type 
stressed here, are, however, of fundamental importance and essential to a com¬ 
plete picture of these processes. 
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Most closely related are investigations concerned with the solubility of water 
in rock-forming minerals near their melting points, essentially a study of the 
upper loop of figure 3 (37,38,39,40,41,42). 

Studies have been carried out relating volume changes due to temperature, 
pressure, and admixture of various solutes in aqueous systems (34, 35, 36). In 
connection with this it was noted, for example, that the solubilities of calcium 
carbonate and sulfate in water were increased 50 per cent by an exter nal pressure 
of 1000 atm. It is suggested, however, that the reverse may be true for certain 
magmatic components. Further information has been obtained concerning 
solubility as a function of temperature and pressure (58). 

Of a similar nature is the careful measurement of pressure-volume-tempera¬ 
ture relations for salt solutions of different concentrations (6). 

VI. Systems Reported in the Literature 

A. INTRODUCTION 

In this chapter are reviewed the most important systems described in the 
literature, and those most prominent in the development of the solution above the 
critical point. The arrangement of systems is alphabetical, the name of the more 
volatile component coming first. Studies of the electrical properties of solutions 
in the critical region are reviewed together at the end of the chapter. 

B. INDIVIDUAL SYSTEMS 

1 . Systems with ammonia 

The solubilities of a number of organic compounds in ammonia, extending up 
to the critical point, have been measured by Centnerszwer and others (20, 23). 
The synthetic method was used, known quantities of solute and ammonia being 
placed in sealed tubes. In no case were true critical phenomena of the saturated 
solutions observed. The solutes tested included diphenylmethane, triphenyl- 
methane, naphthalene, anthracene, phenanthrene, a-naphthol, /3-naphthol, 
resorcinol, diphenylamine, a-naphthylamine, /3-naphthylamine, benzil, anthra- 
quinono, camphor, dimethyl-d-tartaric acid, and urea. The raising of the 
critical point of ammonia due to dissolved substances was found to be 13.0°G. per 
mole per cent of solute. 

2. System: carbon dioxide-iodine 

Cailletet and Colardcau (19) dissolved iodine in liquid carbon dioxide in a 
sealed tube. When the solution was heated past its critical point, the rose color 
of dissolved iodine remained in the lower part of the tube. The spectroscope 
showed the absorption spectrum characteristic of dissolved iodine, not the fluted 
spectrum of iodine vapor. The interpretation of these data was that although 
the meniscus had disappeared, the liquid state persisted above the critical 
point. 

The more thorough experiments of Villard (119,120) led to a more logical and 
more complete explanation of this system. Upon agitation or long standing of 
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the iodine-carbon dioxide system above its critical point, the iodine coloration 
became uniform throughout the entire tube. Diffusion of iodine into the vapor 
phase did not occur in the presence of liquid except with considerable agitation. 
Any coloring of the vapor phase was in general considerably fainter than that of 
the liquid, the difference approaching zero as the critical point was approached. 
Crystals of iodine in the top of the tube dissolved in the vapor, sometimes making 
the vapor temporarily more highly colored than the liquid phase. 

Experiments with iodine in compressed, but unsaturated, carbon dioxide at 
20-25°C. showed that an unsaturated vapor may dissolve solids. It is not neces¬ 
sary to postulate liquid dissolved in vapor to explain the solubility of solids in the 
gas phase. 

Spectroscopic examination by Villard of solutions of iodine in both saturated 
and unsaturated carbon dioxide vapor also showed only the spectrum of dissolved 
iodine, not of iodine vapor. 

S. Systems: carbon dioxide with various solutes 

The solubilities of a large number of organic and inorganic substances in carbon 
dioxide in the region of the critical point were measured by Buchner (16). Many 
organic compounds, particularly the more volatile, were found to give a complete 
range of solubilities, eliminating critical phenomena, except of unsaturated solu¬ 
tions. Many other organic compounds, however, and almost all inorganic com¬ 
pounds except gases had more limited solubility, passing through critical points 
in saturated solution. Organic compounds giving critical points with carbon 
dioxide included naphthalene, phenanthrene, methyl iodide, p-dibromobenzene, 
bomeol, substituted phenols (except nitrophenol), p-chloronitrobenzene, p- 
bromonitrobenzene, 1,2,3-dichloronitrobenzene, 1,3,2-dichloronitrobenzene, 
phthalic anhydride, succinic anhydride, a-naphthylamine, urea, and benzamide. 
The inorganic compounds tested were not listed. The compounds giving un¬ 
broken solubility curves included p-dichlorobenzene, acetic acid, camphor, 
ethanol, carbon disulfide, ethyl ether, pentane, amylene, acetylene, benzene, and 
p-xylene. 

The raising of the critical point of carbon dioxide by dissolved substances was 
found to be 8.8°C. per mole per cent of solute. Comparison of this result with 
the data of Centnerszwer (20, 23) led to an interesting approximate empirical 
relationship between the absolute critical temperatures of the pure solvents 
ammonia, sulfur dioxide, and carbon dioxide, and the changes in these tempera¬ 
tures due to the presence of 1 mole per cent of dissolved material: 


AT e = 0.029 To 


4- Systems with carbon disulfide 

Hannay and Hogarth (50, 51, 52, 53) observed no deposition of sulfur from 
solution in carbon disulfide 50°C. above the critical point. Arsenic was also 
soluble in this region, apparently as a sulfide. 
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5. System: ethane-hexachbroethane 

Holder and Maass (55a) measured the solubility of hexachloroethane in ethane 
in both liquid and vapor phases, as well as above the critical point of the solution. 
Solubilities were determined by sampling the solutions in the upper and lower 
parts of the phosphor bronze bomb used, the material being displaced by mer¬ 
cury, a technique avoiding the disturbance of equilibrium. The proportions of 
the two components and the partial density of ethane in each phase were obtained 
by weighing the small sampling bombs, evaporating out the ethane, and reweigh¬ 
ing. 

It was observed that a difference in the proportions of hexachloroethane in 
solution in the upper and lower regions of the container, respectively, persisted 
for 4°C. or more above the previously observed point of disappearance of the 
meniscus of a saturated solution, the two solubilities approaching each other 
asymptotically. This was interpreted as a persistence of liquid-like structure 
over a limited range above the conventional critical point defined by the disap¬ 
pearance of the meniscus. 

The partial densities of the ethane in the upper and lower parts of the bomb 
were found to give curves very similar to the solubility curves, though covering a 
narrower percentage range of variation. A direct relation between solvent 
power and partial density of solvent is indicated. 

Good precision in solubility measurements in this system is made possible by 
the solubility of about 14 per cent by weight of hexachloroethane in ethane at the 
critical point, and in general by the ease of handling and lack of corrosive proper¬ 
ties of the substances. The consistency of results and the use of a Podbielniak 
column in the purification of the ethane, as well as other refinements, suggest that 
the unique results of Holder and Maass be seriously considered, particularly in 
view of their support of certain recent theories favoring a critical region of finite 
extent, rather than a critical point (54a, 65a). 

6. Systems: ethanol-anorganic compounds 

The pioneer studies of Hannay and Hogarth (50,51,52,53) on solutions above 
the critical point included solutions of several inorganic salts in ethanol. Potas¬ 
sium bromide, potassium iodide, cobalt chloride, and ferric chloride all gave clear 
gas-phase ethanol solutions far above the critical point. Observations extended 
to about 380°C., 150° above the critical temperature. Solubility was observed 
to depend upon both temperature and pressure. 

The absorption spectrum of cobalt chloride in ethanol solution was the same 
at 300°C. as at 15°C., indicating no change in electronic structure on passing into 
the critical region. 

The rather complex behavior of calcium chloride-ethanol solutions above 
their critical points, including the re-formation of two fluid phases at'an elevated 
temperature, was said to give evidence of compound formation, xhe later 
interpretation of Smits (96), however, is that the observed phenomena are 
typical of a system of the ether-anthraquinone type, having t\Vo critical end- 
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points. Smits also believed the potassium bromide and potassium iodide solu¬ 
tions in ethanol to be of this type. 

Ramsey (86) heated a solution of potassium iodide in ethanol to above its 
critical point. Observing that solute crystallized out under these circum¬ 
stances, and that solution above the critical point failed to dissolve iodide crystals, 
he concluded that the solubility reported by Hannay and Hogarth was simply 
solution in hot liquid, the liquid phase persisting above the critical point. This 
position was strengthened by his critical experiments with presumably pure 
compounds in sealed tubes. In these experiments the refractive indices in the 
upper and lower parts of the tubes were found unequal after the disappearance 
of the meniscus. 

Hannay (48) ascribed the results of Ramsay to traces of impurities, particu¬ 
larly water, which, he had observed, lead temporarily to appreciable differences 
in properties between the upper and lower parts of the contents of a sealed tube. 



Solubility - Grams per too grams ethanol 

Fig. 7. Solubility of sodium iodide in ethanol above the critical point as a function of 
solvent density (Tyrer (111)). 

Saturation with potassium iodide was found to raise the critical temperature 
of ethanol by 0.8°C. On the basis of his summed observations, Hannay (49) 
concluded that solvent power increases with temperature in the single-phase 
region, at constant specific volume. 

Tyrer (111) determined the solubilities of potassium iodide in methanol and 
sodium iodide in ethanol up to and above the critical temperatures of the sat¬ 
urated solutions. The synthetic method was used, known quantities of salt and 
alcohol being heated in sealed glass tubes with agitation, and the temperatures 
of disappearance and reappearance of crystals being noted. 

The solubilities were observed to reach a maximum some distance below the 
critical temperature, and dropped very rapidly in the neighborhood of the 
critical point. A sharp break occurred at the point where one of the phases 
disappeared, whether with or without critical phenomena. In the single-phase 
region, the solubility at constant volume decreased slowly with increased tempera¬ 
ture, and was dependent upon the density of the solvent and therefore upon the 
pressure (figure 7). Solubility in the vapor phase a few degrees below the critical 
temperature was measured in some cases. 
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The rapid fall in the solubility of salts in the liquid phase just below the critical 
temperature was explained by the large dilation of the liquid phase in that region, 
a corollary of the effect of “solvent concentration” on solubility above the critical 
point. 


7. Systems: ethanol-organic compounds 

Tho solution of a chlorophyll extract in ethanol was observed spectroscopically 
by Hannay and Hogarth (50, 51, 52, 53) above its critical temperature. The 
spectrum of the solution at 300°C. was the same as at 15°C., indicating that no 
change in electronic structure occurred on passing through the critical region. 

Pictet (85) used a solution of alizarin in ethanol to demonstrate that a solid 
remains in solution above the critical point. The vapor phase remained colorless 
until the meniscus disappeared, after which uniform diffusion throughout the 
tube occurred. 

The same result was obtained by Bertrand and Lecarme (7). They observed 
also the raising of the critical point of ethanol by the dissolved solid, which for a 
5 per cent solution of alizarin amounted to 7°C. 

8. System: ethyl ether-anthraquinone 

The ether-anthraquinone system, investigated principally by Smits (95, 96, 
97,102), is the classic example of a system having two critical end-points (figures 
2, 3, 4). When ether is heated with excess anthraquinone, the liquid and vapor 
phases coalesce at critical point P, at 203°C., with 0.15 mole per cent anthra¬ 
quinone in solution. Upon further heating more anthraquinone is dissolved, 
and eventually two fluid phases are again formed, this second critical point Q 
occurring at 247°C. and 13 mole per cent anthraquinone. Upon further heating 
increased solubilities of anthraquinone occur in the liquid phase, up to the triple 
point of anthraquinone. 

In some of the later experiments (97) pressure and volume, as well as tempera¬ 
ture, measurements were made, permitting the drawing of isobars (figure 4) 
giving concentration of anthraquinone as a function of both temperature and 
pressure in the region of a single fluid phase. 

The phase relations for this type of system were graphically developed, and 
used to design a space model (96,102). 

9. Systems mth ethyl ether 

The system ethyl ether-ferric chloride was one of those used by Hannay and 
Hogarth (50,51,52,53) to show visually the persistence of the solution above its 
critical point. In this state the yellow color remained, diffused uniformly 
through the tube, but eventually disappeared as reaction with the solvent 
occurred. 

A number of ethereal solutions were investigated by Pictet (85), who measured 
the raising of the critical temperature by the dissolved solute. His data were 
apparently not sufficiently precise for the establishment of any general 
relationship between temperature rise and concentration. The solutes studied 
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in ether solution included borneol, cineole, terpineol, phenol, guaiacol, and 
iodine. 

Smits (96) found saturated solutions in ether of mercuric iodide, silver nitrate, 
potassium nitrate, ca dmium iodide, and alizarin to be of the ether-anthraquinone 
type, having critical end-points. The ether-anthraquinone system is described 
separately in this paper. Saturated solutions of p-hydroxybenzoic acid and 
borneol in ether showed no critical phenomena. 

10. Systems: hydrogen-alkali metals 

Hannay and Ho gar th (49, 50, 51), after their initial success in demonstrating 
the solubility of solids in gases, investigated certain more extreme systems: 
solutions of alkali metals in hydrogen gas at high pressure. Samples of sodium, 
potassium, and lithium were placed in high-pressure containers, also containing 
mercury, not in contact with the alkali metals. Dry hydrogen was then ad¬ 
mitted up to pressures of from 300 to 1000 atm. The alkali metal gradually 
disappeared, and the mercury became pasty, owing to the formation of amalgam. 
This process occurred in about half an hour at room temperature and within a few 
seconds at 100°C. The alkali metals were presumably transported through 
solution in hydrogen to the mercury. 

11. Systems: methanol-inorganic salts 

Centnerszwer (21) measured the solubilities of several inorganic salts in 
methanol up to, but not above, the critical points of the solutions by heating 
known quantities in sealed tubes. The system methanol-potassium iodide was 
studied with particular care. The raising of the critical point by dissolved salts 
was found to be proportional to the molality of the salt. Of the many salts 
investigated, most were found to be very insoluble in methanol, having no 
appreciable effect on the critical temperature. The salts having measurable 
solubility at the critical point were sodium chloride, potassium bromide, barium 
bromide, sodium bromide, mercuric chloride, cadmium chloride, potassium iodide, 
mercuric bromide, mercuric iodide, and cadmium iodide, in order of increasing 
solubility at the critical point. 

The observations of Tyrer (111) on potassium iodide in methanol are described 
under “Systems: ethanol-inorganic compounds.” 

12. Systems with sulfur dioxide 

The solubility measurements on organic compounds in ammonia, carried out by 
Centnerszwer and others, were repeated on the same compounds with sulfur 
dioxide as solvent, hydroquinone being added to the list (20,23). Similar results 
were obtained, no system showing critical phenomena in the presence of free 
solute. The critical point of sulfur dioxide was raised 11.3°C. per mole per cent 
of dissolved material. 

IS. Systems: water-dnorganic compounds 

The high critical temperature and pressure of water, and its corrosiveness in 
that region, have discouraged many investigators from the study of aqueous 
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systems, despite their outstanding importance in natural processes. Bertrand 
and Lecarme (7), however, observed that potassium dichromate remained in 
solution in water on passing through the critical point, although it deposited if 
the water all vaporized before the critical temperature was attained. This is in 
harmony with the low vapor-phase solubility below the critical point noted for 
alcoholic (111) and other solutions. The dichromate in solution above the criti¬ 
cal point diffused throughout the entire tube and was still in solution at 20°C. 
above the critical point. 

Bertrand and Lecarme postulated, as an explanation of their observations, a 
solution of liquid in gas in equilibrium with a solution of gas in liquid, the two 
becoming identical at the critical point, and the liquid in gaseous solution per¬ 
sisting for a considerable distance above the critical temperature. 

SchrSer (92) made a careful study of the raising of the critical temperature by 
salts in aqueous solution. Solutions of alkali and alkaline earth halides in water 
at various concentrations were heated to above the critical point in sealed fused- 
quartz tubes. The behavior of the solutions on heating and cooling was ob¬ 
served. Unambiguous results were obtained only with alkali halides, and only 
up to 0.684 M. Complex phenomena were observed in the case of alkaline earth 
chlorides, where the solubility curve cuts the critical curve. In some cases two 
liquid phases were formed. 

The dispersion of solute in the gas phase above the critical point was demon¬ 
strated by colored solutions of cupric chloride and cobaltous chloride. Pro¬ 
longed heating of these and other substances led to decomposition. 

The raising of the critical point of water by dissolved salts was found to follow 
the law: 

A T 0 = x 1,n + C 

where n is greater than 1. Schroer gave a theoretical development of this 
formula, which disagrees more in form than in quantitative evaluation with the 
linear relation of Centnerszwer (20, 23). Observations were made on aqueous 
solutions of sodium chloride, potassium chloride, potassium bromide, potassium 
iodide, rubidium chloride, calcium chloride, strontium chloride, barium chloride, 
cupric chloride, and cobaltous chloride. 

No quantitative observations of solubility in the gas phase were made by 
Schr6er. 

Khitarov and others (59b) heated aqueous solutions of chromic acid, sodium 
chromate, and chromic sulfate to above their critical points in a steel tube. The 
chromium compound in the gas-phase solution was absorbed in ferric hydroxide 
in a crucible at the top of the tube. The volume of solution placed in the tube 
was carefully calculated, to avoid flooding of the crucible by liquid. In all cases 
a considerable quantity of the chromium compound was transported through the 
gas phase, to react with the ferric hydroxide. The possibility of pneumatolytic 
transfer of chromium in any of the forms tested was thus established. 

Sodium molybdate solutions were heated in the same apparatus (59d), the 
crucible at the top of the bomb containing either calcium oxide or lead oxide, to 
absorb molybdate ion. Although only a trace of molybdenum was transported 
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through the gas phase from pure sodium molybdate, the presence of silica gel 
greatly enhanced the transfer, to give concentrations of up to 21 per cent molybdic 
oxide in the crucible after 5 days at 430°C. This transport was greatly 
diminished by the addition of alkali. These observations agree with the postu¬ 
lated geochemical transport of molybdenum with silica in the form of a heteropoly 
acid. 

In connection with the same project (59a, 59c, 59e) aqueous solutions of a 
number of compounds and mixtures were heated to above the critical point of 
water in a silver-plated steel tube balanced on knife edges. The tube was heated 
in an air bath, its angle of tilt indicating the state of its contents. A horizontal 
position showed the contents to be a homogeneous gas or gas-phase solution. 
Presence of solid or liquid phases was indicated by deviations from the horizontal. 

When no excess solid phase was present, the critical point of the solution in the 
tube could be determined directly. In the presence of excess solute the critical 
point of the saturated solution was observed, and the critical solubility could be 
estimated from a series of runs, including concentrations above and below that at 
the observed critical point. 

The accuracy of the apparatus was checked by comparison with the observa¬ 
tions of Schroer (92). The raising of the critical point of water by a number of 
inorganic solutes was measured. By comparing the raising of the critical point 
by a number of acidic substances, notably silica, boric acid, alumina gel, molybdic 
acid, and chromic acid, with that produced by their alkali salts, it was seen that 
the effect of a salt was much greater than that of an equal molarity of the cor¬ 
responding acid. From this it was concluded that alkali ions have an effect on 
the structure of water, inhibiting gasification. It was not made clear why this 
effect could not be interpreted in terms of the respective degrees of ionization and 
association of the several substances, the raising of the critical point being con¬ 
sidered as a colligative property. 

Solutions containing both sodium metasilicate and boric acid in varying 
proportions, with constant total molarities of solute, showed a minimum critical 
point at near-equal mole concentrations, indicating formation of a complex 
(59a). The same phenomenon was observed for solutions containing molybdic 
oxide and silica, giving additional support to the heteropoly acid concept (59d). 

Solubilities in steam of compounds of importance in boiler chemistry were 
measured by Spillner (104). The solubilities of sodium chloride, sodium hydrox¬ 
ide, sodium sulfate, and potassium chloride in saturated and superheated steam 
at various temperatures and pressures were determined. Solubility became 
appreciable at about 75 kg. per square centimeter pressure. Salts were found 
nearly equally soluble in saturated and in superheated steam. In general, solu¬ 
bility at a given pressure decreased with temperature increase. The techniques 
used were the passing of superheated steam over dry solute, and the boiling of 
solutions of known concentration. 

The experiments of Spillner and others were criticized by Straub in his review 
on turbine blade deposits (106). Straub, in his much more complete and more 
precise measurements of solubilities in steam, found that the solubilities of 
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sodium chloride, sodium hydroxide, potassium hydroxide, sodium sulfate, and 
silica in steam varied sharply with both temperature and pressure. Respective 
solubilities in vapor and liquid phases were seen to approach each other as the 
critical region was approached. No data were taken close to the critical point. 
Measurements above the critical temperature were made on superheated steam, 
that is, at a lower pressure. 

Hydrothermal and pneumatolytic syntheses of minerals, many of which in¬ 
volved critical transitions, were reviewed by Morey and Niggli (75) and Morey 
and Ingerson (73). In the papers reviewed, however, the emphasis was on the 
products of the reactions, and little information was obtained relative to solu¬ 
bilities in the gas phase. 


14 . System: water-silica 

Because of its outstanding importance, both geologically and from an engineer¬ 
ing viewpoint (70,106), the silica-water system has been studied more frequently 
and in greater detail than systems of other substances involving critical phe¬ 
nomena or solution in the vapor phase (56a). 

In 1930 van Nieuwenberg and Blumendal (115) observed gas-phase transfer of 
silica. Two crucibles, containing silica and zinc oxide, respectively, were sup¬ 
ported near the top of a pressure vessel containing a calculated quantity of water. 
The apparatus was heated to 400°C. and 300 atm. for several hours. On cooling, 
the weight of silica was observed to have decreased, the weight of the zinc oxide 
crucible having correspondingly increased. Zinc silicate (willemite) was detected 
in the second crucible. The transport of silica through the gas phase, presumably 
through the medium of solution, was thus demonstrated. 

The above experiments were interpreted by Smits (103) in terms of phase 
study. The silica-water system is of the same type as the ether-anthraquinone 
system (96, 97) (figure 4), but complicated by the several crystalline modifica¬ 
tions of silica. Phase diagrams comparing pressure-temperature-composition 
relations of the two systems were drawn. 

The experiments of van Nieuwenberg and Blumendal were repeated by Morey 
(68). The experimental conditions were similar, except that the volume of water 
was carefully chosen to avoid flooding of the crucibles by the dilated liquid just 
below the critical point. A small loss in weight of silica was observed, presum¬ 
ably due to vapor-phase transport, but of lesser magnitude than in the earlier 
experiments. 

van Nieuwenberg and Blumendal (117) explained this discrepancy by the 
greater relative quantity of water used in their experiments. The capacity of 
their container was actually less than the critical volume of the contained water, 
a result of which was a transitory flooding of the crucibles by liquid during both 
heating and cooling. That this flooding was merely a source of error rather than 
the prime vehicle of transfer was established by runs of varying lengths in a later 
experiment (118). In this experiment, as well as others, the dependence on 
pressure of solubility in the gas phase was amply demonstrated, explaining the 
disagreement of Morey’s results. 
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The solubility or volatility of silica with steam having been demonstrated, a 
quantitative measurement of it as a function of temperature and pressure was 
made by van Nieuwenberg and van Zon (118). Runs were made essentially as in 
the earlier experiments, but with only a single crucible, containing quartz. 
Temperatures were varied from 380° to 420°C., and pressures from 293 to 500 kg. 
per square centimeter, adjusted by the quantity of water placed in the con¬ 
tainer. 

The solubility of quartz was determined from the loss of weight of the contents 
of the crucible. Rims of varying lengths established the error due to flooding of 
the crucible by liquid, which was used as a correction factor, depriving the final 



Fig. 8. Solubility of silica in water above the critical point as a function of temperature 
and pressure (van Nieuwenberg and van Zon (118)). 

results of any great precision. Results (figure 8) are in agreement with the theory 
of Smits, and correlate well with the similar ether-anthraquinone system. 

Ingerson and Morey (57, 70) heated samples of quartz and amorphous silica 
with approximately the critical volume of water in a hydrothermal bomb. 
Approximate measurements of solubility at 300°, 400°, and 500°C. were made. 
At 500°C. 0.5-1.0 per cent of amorphous silica dissolved in the gas phase, and 
at 400°C. half as much. The solubility of quartz at each temperature was half 
that of the amorphous silica. The solubility at 300°C. agreed with the 0.17 
per cent of Hitchen (55). 

Kennedy (58) made a series of solubility measurements on fused quartz along 
the 300-atm. isobar from 200° to 420°C., by the method of weight differences. 
Reconnaissance measurements up to 500°C. and 1000 atm. were made. Results 
suggested that the solubility of silica in steam is an inverse function both of 
temperature and of specific volume. As the density of the gas phase approaches 
that of a liquid, the solvent power approaches that of liquid. 

Grieg, Merwin, and Shepherd (42) heated pieces of rock, ranging from basalts 
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to obsidians, to 600° to 1200°C. for periods of from 16 hr. to 2 weeks in evacuated 
silica tubes. Silica evaporated from the tubes, to deposit as fine crystals on 
platinum foil wrapped around the rock. When no platinum was present, a 
glassy coating formed on the rock. These phenomena were explained by the 
dissolving of the silica of the tube by water vapor liberated from the rock, with 
subsequent deposition (a) in the less soluble crystalline form, or (6) in a solution or 
compound with the elements of the rock, having a lower vapor pressure of silica 
than pure fused silica. This hypothesis was proven by later experiments with 
dry synthetic minerals in the presence or absence of water. The presence of a 
very small quantity of water greatly increased the quantity of such crystalline 
or glassy deposits. 

Additional evidence of the transfer of solids through vapors was obtained by 
Morey and Ingerson (74) with a hydrothermal bomb having a furnace inside the 
bomb. Silica was observed to deposit at colder points of the container 
and around any leak, where a release of pressure occurred. 

In a run of several days’ duration, refractory substances were observed to 
deposit on the refractory furnace core and on platinum leads, the deposit being 
zoned as the temperature dropped from estimated levels of 1000° to 500°C. 
The successive deposited materials were sillimanite, rutile, corundum, quartz, 
and amorphous silica. The steam pressure was 200 atm. The deposited ma¬ 
terials were believed to have dissolved in the steam, to be re-deposited at points 
where their solubilities decreased owing to lowered temperature. 

With the recent development of steam turbines operating at pressures of the 
order of 75 atm., the deposition of silica on turbine blades has become a serious 
problem. Silica and certain salts are carried from the steam boiler through the 
superheater in the vapor phase, and deposit on the turbine blades as the tempera¬ 
ture and pressure become lower. As mentioned earlier in this paper, a number of 
studies have been made with the object of preventing this deposition. Although 
none of these observations extend above the critical point, they are of interest 
and are related to the problem, since they concern solubilities in the gas phase. 
The work done on this subject was reviewed by Morey (70) from a phase study 
viewpoint. A later review by Straub (106) is more concerned with the engineer¬ 
ing features of the problem, and presents the results of his extended experiments, 
as well as their interpretation in terms of the various theories of turbine blade 
deposits. 

The experiments of Straub involved a variety of boilers and bombs, in which 
saturated or superheated steam was brought in contact with solid silica and 
solutions containing silica or silicates in known concentration. The steam leav¬ 
ing these containers was condensed and analyzed for silica. The solubility of 
silica in superheated steam was found to vary with both temperature and pressure 
(figure 6). The ratio of the solubility of silica in steam to its solubility in the 
liquid with which it was in contact was found to vary inversely vdth pH. 

C. ELECTRICAL PROPERTIES OP SOLUTIONS 

Conductivity measurements of both liquid- and vapor-phase solutions of 
sodium iodide and sodium bromide in sulfur dioxide were made by Hagenbach 
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(45, 46) at temperatures extending to above the critical point. The resistance 
of the liquid solutions increased rapidly up to the critical point, but only a slow 
increase in resistance occurred above that point. Conductivities of liquid and 
vapor phases approached each other with rising temperature, becoming identical 
at the critical point. 

The conductivities of solutions of cadmium chloride, calcium chloride, and 
acetic acid in ethyl ether were measured, but the increasing conductivity of glass 
made it impossible to continue to the critical region. 

Eversheim (30) made conductivity and dielectric constant measurements on 
ethyl ether, ethyl chloride, and sulfur dioxide, and solutions in these solvents. 
The conductivity measurements on sulfur dioxide were in complete agreement 
with those of Hagenbach (45, 46). The dielectric constants were measured by 
a sealed-in condenser of four concentric cylindrical plates. An abrupt, though 
not large, change in dielectric constant occurred at the critical point, but little 
change was observed in the single-phase region at constant volume. 

Walden and Centnerszwer (124), in the course of extensive investigations of 
the properties of sulfur dioxide, observed the conductivity of sulfur dioxide and 
its solutions to become zero at the critical point. This is, of course, in disagree¬ 
ment with Hagenbach (45, 46). A conclusion from this observation was that 
the dissociating power of solvents depends upon their surface tension, as well as 
other properties. Electrolytes used in these determinations included hydrogen 
chloride, quinoline, triamylammonium iodide, benzylammonium chloride, and 
trimethylsulfine iodide. 

Hagenbach (47) explained the discrepancy between his results and those of 
Walden and Centnerszwer by the greater sensitivity of his apparatus, which was 
capable of measuring small currents which seemed equal to zero with less refined 
equipment. 

Kraus (63, 64) made a series of very precise determinations of the electrical 
conductivities of solutions of potassium iodide and ammonium chloride in metha¬ 
nol, and reconnaissance measurements on potassium iodide in ethanol. Both 
solute concentration and degree of filling of the tubes were varied. Conductivi¬ 
ties were measured for some distance above and below the critical point, and 
were determined in both liquid and vapor phases, where both existed (figures 
9 and 10). 

Conductivities above the critical point, and of the vapor phase below the 
critical point, were observed. Though a sudden change in the temperature 
coefficient of conductivity was observed when liquid was present up to the critical 
temperature, no abrupt change in the conductivity itself occurred at that point. 
Unsaturated vapor-phase solutions showed no discontinuity in conductivity at 
the critical temperature. The conductivity where a single phase existed was 
found to increase with the density or “concentration” of solvent, and conse¬ 
quently with the pressure. Conductivity fell off slowly with increased tem¬ 
perature above the critical point. 

Although most solutions show a maximum in conductivity at some distance 
below their critical points, the conductivity then monotonically diminishing with 
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■further temperature rise, certain solutions show a minimum conductivity in this 
region (33,124). Since these solutions have not been carried to the critical tem¬ 
perature, their behavior at that point is unknown. 

An electrolytic cell using dry sulfur dioxide as solvent was set up by Hagen- 
bach (47). The b.m.f. values in the liquid- and vapor-phase solutions were 
found equal at all temperatures, and no singularity of e.m.f. marked the critical 
point of the solution. 




Fig. D. Conductance of ammonium chloride in methanol as a function of temperature in 
the critical region (Kraus (64)). 

Fig. 10. Specific conductance as a function of solvent density for 0.00463 N potassium 
iodide in methanol at 245°C. (after Kraus (64)). 

VII. Conclusion 

An effort has been made, in this review, to present to the chemist and the 
chemical engineer a field of endeavor of which, despite its wide potentialities, 
comparatively little systematic study has been made. The solubility of solids 
in vapors and above the critical point has been presented both for its own in¬ 
trinsic interest, as a challenge in pure research, and from the points of view of its 
geological and industrial applications. The work in this field on the more 
important systems reported has been reviewed. 

Proper control of the phenomena described here is capable of increasing the 
over-all efficiency of oertain power installations and of prolonging the useful life 
of turbine and superheater units. The contribution of such study to the under¬ 
standing of the mechanism of ore deposition may well aid in the more efficient 
location and exploitation of valuable ore deposits. 

Certain synthetic processes may be found to occur more readily under the 
conditions of high solvent mobility occurring in the critical region (110a). It is 
possible that further information obtained from these studies may lead to a 
modification of present concepts of solution, ionization, and association, and 
may be used as a basis for the growing of large crystals of various substances for 
optical and other scientific purposes (57a). 

It is true that comparatively careful machine work and moderately expensive 
construction materials are often required for studies at elevated temperatures 
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and pressures, yet the cost can be small as compared with, for example, a record¬ 
ing potentiometer, which is a useful, though not essential, accessory. The 
principles of the design of such equipment (15, 76,109) are well understood, and 
the day is past when the experimenter with high pressure would build his equip¬ 
ment as strongly as he knew how, and then hope for the best. The materials 
of construction are readily available, and the compounds of greatest interest 
are among the commonest. 

New industrial applications for knowledge of solubilities in the gas phase will 
probably appear as soon as such knowledge becomes available. The pos¬ 
sibilities of this comparatively unexplored field are large, and may be quite 
unexpected. 
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